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4, — Statement of the Problem. 


a Quantum mechanics, as is well known, unlike classical mechanics, does 
not in general categorically assert that a certain physical event is going to 
happen; rather, it predicts expectation values for each of several possible out- 
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comes of the same experiment. This state of affairs has been interpreted in 
two different ways [5, 21, 22 iv, 23] (*): 


(a) The statistical description given by quantum mechanics is the most 
complete description possible; the behavior of individual sub-microscopic 
systems is intrinsically indeterminate, erratic, and non-causal; in fact, the 
very concept of a single, precise model must be abandoned, in favor of two 
complementary, mutually interfering pictures., However, the statistical laws 
of quantum mechanics give a seemingly regular and causal behavior to en- 
sembles of large numbers of sub-microscopic systems. 


(b) The statistical description given by quantum mechanics is inadequate; 
there exists a more fundamental, and, in principle, fully causal description, 
with respect to which quantum mechanics takes a position analogous to the 
position held by classical statistical mechanics (of an ensemble of molecules) 
with respect to Newtonian mechanics (of the individual molecules). At the 
present time, this more fundamental theory is not known, but one must con- 
tinue the search for it, as it is unreasonable to assume that there are physical 
phenomena not governed by physical laws. 


The first point of view was urged most strongly by BOHR and HEISENBERG, 
and the second by EINSTEIN and PLANCK. Most modern physicists share the 
Bohr-Heisenberg point of view (+). One argument often alleged in favor of 
that point of view is the great success of quantum theory, and the lack, until 
recently, of the causal theory sought by the adherents of the Einstein view. 
However, the success of a theory never proves that that theory is not an appro- 
ximation, valid at a certain level, of another, underlying theory; for instance, 
Newtonian mechanics and classical statistical mechanics are eminently suc- 
cessful, but, as is known to-day, approximate theories. The Bohm-DeBroglie 
formulation of quantum mechanics proposes a causal theory of the type sought 
by the aderents of the Einstein view (7). 

Except for a few preliminary remarks, the philosophical controversy will 
not be entered upon here; rather, the formal assumptions and deductions from 
them are emphasized. If one leaves out general philosophical arguments, there 
remains only one question to answer: does the Bohm-DeBroglie formulation 
provide a consistent formalism for the prediction of observed quantum mecha- 
nical effects? If so, it must be admitted as a competitor of the usual formul- 
ation until deductions from either formulation are shown to contradict exper- 


(*) Numbered references (e.g. [5, 21], ete.) are collected in Sect. 23. 

(+) This is not true of the author of this article. 

(-) For an entirely different approach to the problem of «completing » quantum 
- Mechanics, see [63]. 
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iment. The causal formulation need not agree with unverified or unverifiable 
predictions of the usual formulation. 

It may be asked: If the causal formulation is merely equivalent to the 
usual formulation in its predictions, what purpose does it serve? Is not the 


_ usual formulation quite adequate? If the predictions (and much of the mathe- 


matics) of the two formulations are identical, is the causal formulation, in 
fact, a new formulation at all? [21 iv]. 

To such objections, there is, first, a simple philosophical answer: a phy- 
sical theory is not only a computational tool; it is also a conceptual model. 
Even though the two formulations predict the same outcome for all exper- 
iments to which they have so far been applied, their underlying conceptual 
models are so diametrically opposed that one is faced, indeed, with two dif- 
ferent physical theories. Further, if one believes in the objective existence 
of nature, then at most one of the two formulations of quantum mechanics 
can be an approximate description of what actually occurs. It is thus unlikely 
that the coincidence between the prediction of the two formulations of quantum 
mechanics will endure indefinitely. Not the least value of the causal inter- 
pretation lies in the possibility of using it as a starting point for further 
innovations in the realm of physical theory. Boum [6], VIGIER [12, 26], TAKA- 
BAYASI [24, 59], SCHILLER et al. [34], and SCHONBERG [51-54] have suggested 
several such possible innovations, which might be pertinent at that level of 
physics at which quantum mechanics, in its usual form, has been unsuccessful 
(the theory of the elementary processes, dimensions of order 10-! cm). The 
application of such innovations would indeed lead to predictions which depart 
from those of the usual formulation; one should await experimental verification 
to decide which formulation, if either, is right. One should not conclude from 
the great successes of the usual formulation at the atomic level that like suc- 
cesses await it at all levels of physics to be investigated hereafter, with only 
changes in the mathematical apparatus. During the last decade, the failures 
of quantum theory have been as spectacular as its successes, and some new 
basic physical idea are sorely needed. When one of the founders [66] of the 
quantum theory of fields—the pinnacle of quantum mechanics—is ready to 
express pessimism in public concerning the ability of the quantum field theory, 
plagued as it is by divergences and other mathematical difficulties, to serve 
as a reasonable model of physical reality, it is time perhaps to question the 
foundation upon which the entire edifice of quantum theory is based. From 
that point of view, the causal formulation is primarily a computational tool, 
more flexible than the usual formulation, with which one may attack problems 
in which the usual formulation has failed. 

However, in the present review article, no attempt is made to go beyond 
as much of the causal formulation as predicts observed results in agreement 
with those of the usual interpretation. The possible innovations are only re- 
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ferred to in passing. Further, except for some comments in Sect. 16, only è: 
quantum dynamics of particles are discussed, as the causal formulation of |. 
quantum dynamics of fields is still in a rather primitive state. 
A historical survey of the problem will be found in references [5, 12, 21, 
23, 58]. 
: 
: 
| 
| 


A) Non-Relativistie Theory. 


2. — Notation. 


(i) Classical Mechanics. — The Bohm-De Broglie formulation of quantum 
mechanics is closely related to the Hamilton-Jacobi formulation of classical 
mechanics. Since many versions and notations are in common usage, a brief 
recapitulation of that used in the sequel may be in order. Proofs are omitted 
(see e.g. reference [36]). 

A classical mechanical system of particles, of N degrees of freedom alto- 
gether, is described by N general, possibly curvilinear, co-ordinates g‘. The 
summation convention is used throughout, in classical as well as in relativistic 
physics. Superscripts denote contravariant tensor components, subscripts 
covariant components, related by 


(2.1) A; = GiaA® 


where g,;, is the metric tensor in configuration space. The distinction between 
covariant and contravariant indices, while not necessary from the point of 
view of classical.mechanics, is very convenient whenever differential operators 
are applied in configuration space and in general co-ordinates. It also permits 
a more synthetic notation in the many particle case, avoiding the necessity 
of explicitly indicating the summation over the various particles [31-33]. 

Units are chosen in such a way as to make the kinetic energy 7 of clas- 
sical mechanics 


(2.2) T= 3404" = 39 09°Y ; 


where ¢' = dq‘/dt. The missing mass factor in (2.2) is incorporated into the 
metric tensor; in Cartesian co-ordinates for » particles, (q', q@, ...,q”) = 
= (2, Yrs +++) Sn)s 

Gix = diag (Mi, M451, Mar, 5 My) 
and 


g®= diag (mr, mr). mz). 
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The general mechanical properties of a system are contained in a Lagran- 
gian L(q‘, q’, t), which, for conservative systems, is given by 


(2.3) L=V—T 


where V(g°) is the potential energy. The expression (2.3) differs from the more 
conventional one by a minus sign. The possibility of «open» systems, i.e. 
systems under an external influence, need not be considered; such a possibility 
adds nothing to a fundamental discussion, since, by suitably enlarging an 
open system, it can be closed.. However, the possibility of time dependence 
in the particle Lagrangian must be admitted, as the particles may interact 
through non-central forces; as an alternative not followed here, the combined 
particle-field system could be considered. The momenta are defined by 


(2.4) Pi = 9L/da'[= — ql 


(the second equality does not hold in the presence of a vector potential) which 
results, for one particle in Cartesian co-ordinates, and in the absence of a 
magnetic field, in p = — mv. 

The Hamiltonian is given by 


(2.5) H(q', Pis t) = L— d"Pa . 


A solution to the mechanical problem may be sought by solving the Hamil- 
tonian equations of motion, 


(2.6) qi=— 0H 2p. , 
(2.7) p, = 0H eq’ . 


Alternatively, a solution may be obtained with the aid of the Hamilton- 
Jacobi equation. In terms of the action function 


(2.8) S(q', x, t) 
the momenta are given by 
(2.9) pi = Vi8 


(V, is the covariant derivative in configuration space) leading to the Hamilton- 
Jacobi differential equation 


(2.10) H(g',V,8,t)— e8/at = 0. 


The x appear as constants of separation in the solution of (2.10). The in- 
tegrated equations of motion are 


(2.11) OS|eat = Bi. 
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The constants «’ and f; must be determined from the initial conditions 
of the given problem; the first are a statement of initial momenta, the second 
of initial positions. 

The form (2.8) is not the most general form of specifying a particular so- 
lution of (2.10). The form (2.8) occurs in those cases in which (2.10) can be 
solved by separation of variables, a situation typical of problems amenable to 
the theory of canonical transformations. Because of the separation of va- 
riables, (2.8) is only incidentally a solution of the partial differential equa- 
tion (2.10), and primarily a sum of solutions of the N ordinary differential 
equations resulting from separation. In general, however, a solution of (2.10) 
cannot be specified merely by N non-additive constants «*. The general method 
of specifying a particular solution S(q‘, t) of (2.10) is to give the initial con- 
ditions 


(2.12) S(q‘, 0) = S(4°), 


which, as KELLER [20] pointed out, implies specification of initial conditions 
for a (configuration space) field rather than for a system of particles. Only 
solutions of the form (2.8) are generators of canonical transformations. 

In the causal formulation of quantum mechanics, however, it is necessary 
to consider the more general, « hydrodynamical », theory, with boundary con- 
ditions (2.12), in which (2.10) is considered a field equation for the velocity 
potential field S(q‘, t) in configuration space, for which all reasonable boundary 
conditions (2.12) are allowed, not only the special sub-class of the form (2.8). 
In some special cases the solution of (2.10) may be put into the form (2.8); 
but to account for all quantum effects, one must also consider motions of a 
non-classical type, for which this cannot be done. This circumstance is con- 
nected with the fact that the velocity potential S turns out to be intimately 
coupled with another field (in configuration space) R(q‘, t) (see Sect. 3); this 
results in the fact that the «true» variables (see Sect. 3) do not, in general, 
obey the classical conservation laws (see Sect. 10). 

If a solution of (2.10) cannot be put into the form (2.8), the law of mo- 
tion (*) is not given by (2.11). Rather, (2.9) is the basic law of motion, which, 
with the aid of (2.4), specifies a velocity field in configuration space. 


(*) By law of motion is meant the set of equations which give a theory its physical 


content, by specifying how particles or matter move, as contrasted to field equations, — 


which govern the behavior of entities which are not directly observable. This defi- 
nition of law of motion is not restricted to equations which specify q‘. Here, for instance, 
the law of motion specifies ¢’. It was suggested (by Grorae E. Hupson) to call a law 
of motion which specifies g' « Aristotelian », as contrasted to the Newtonian type, which 
specifies 7’. [One might argue that (2.9) does not involve the notion of sufficient cause, 
such as force, and thus differs conceptually from Aristotle’s idea of a law of motion]. 
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The motion of a representative point immersed in a hydrodynamical velo- 
city field (in configuration space), and participating in the hydrodynamical 
motion, is fully determined, in the sense of classical mechanics (*). To give 
an explicit expression for q‘(t), it would suffice to integrate the velocity field 
from the initial position of the representative point, which must be specified 
in addition to (2.12). It is true that in this case Hamilton-Jacobi theory does 
not furnish the integrated equations of motion in the ready form (2.11), and 
loses much of its computational attractiveness. That, however, is a difficulty 
of computation rather than of principle. 

In the simple examples discussed in Sections 2(ii) and 4, the particle so- 
lution of the type (2.8) is used, for the sake of illustration, realizing all the 
while that, in general, such a form of solution may not exist. 

For (3-dimensional) physical space, as distinguished from configuration 
space, the usual (Gibbs) vector notation is used. 


(ii) A Simple Example. — As an illustration, the trivial example of a 
particle of mass m moving uniformly in the + direction is worked out. 
Reference to this example will be made in Sect. 4. Here 


(2.13) Gg —=2, Ga = Is ga Lim, 
(2.14) L=-T=- ima 

(2.15) 1 =),=—h=—m, 
(2.16) H=—pz+L = (2m)*p?. 


The Hamilton-Jacobi equation is 


(2.17) (2m)-1(0S/dz)? — dS/d = 0. 
Trying 
(2.18) S = S,(t) + S,(2) , 


separates the Hamilton-Jacobi equation into 


(2.19) dS,/dt = «, dS,/de = + (2ma)}, 


(*) Erratic fluctuations, such as those resulting from turbulence, which must be 
considered in Sect. 6 and 7 (ii), are also assumed to be governed by classical laws. 
In classical hydrodynamics, turbulence is in fact governed by the same fundamental 
laws as the coherent flow, but, because of its erratic nature, is not included in the 
mathematical description of the coherent flow. 
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so that 


(2.20) S = ot 7 (2ma)*z + const. 
The integrated equation of motion becomes by (2.11), 


(2.21) z= + (2a/m)*(é— B) . 

One now verifies from (2.9) that x = 4ms?= E (E is the total energy), and 
is thus a statement of the initial velocity, whereas 6 is a statement of the 
initial position. Note that by (2.9) 


The hydrodynamical type of solution would lead here to the same result. 
From (2.4), (2.9), and the solution (2.20), the uniform velocity field 


(2.23) z= + (2a/m)* 


is obtained. The integrated equation of motion for a particle immersed in 
this velocity field is again (2.21), where 8 is a constant specifying where the 
particle was inserted into the velocity field. 


(iii) Quantum Mechanics (Usual Formulation). — Transition to the usual 
formulation of quantum mechanics is effected by constructing the Hamiltonian 
operator H_,, which is obtained from the classical Hamiltonian H(q‘, p;, t) by 
setting (*) ; 


(2.24) pi = MV; . 

The temporal evolution of the (complex) wave function y(q‘, t) is determined 
by the Schrédinger equation 

(2.25) ih oy/ot = Hy, 


with suitable initial conditions 
(2.26) v(q', 9) = pol") - 


Because of the Hermiticity of the Hamiltonian operator, the complex conjugate 
wave function y* satisfies 
(2.27) — th op*/ot = H y*. 


(*) (2.24) again differs by a minus sign from the more conventional notation, since 
p; is the negative of the quantity usually denoted by that symbol. 


i | 
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Physical predictions are then obtained from the wave function by the 
usual procedure [3, 28]. In every state, there are some dynamical variables 
(observables) about the measurement of which no predictions can be made with 
certainty [28]; only the probability of obtaining each of a spectrum of pos- 
sible values can be computed. Such statistical information is physically 
meaningful only if a large number of measurements is made. This is usually 
the case for measurements at the atomic level, but, in principle, need not be so. 
For instance, there is no reason why one cannot send a single electron through 
a diffraction slit. The behavior of this single electron, according to the usual 
formulation, is almost entirely erratic, as the wave function is said to contain 
all physical information about the electron. 


3. — Basic Postulates of the Causal Formulation. 
It has long been known [2-4] that the substitution 
(3.1) = R exp [—iS/h] , 
where A(q', t) and S(q‘, t) are real functions, separates (2.25) into a real part 
(3.2) H(q'‘, VS, t) — 3? R-V_,V*R — 08[ot = 0 
and an imaginary part, which, in the case of a Hamiltonian without vector 


potentials, is 


(3.3) OR?/ot — V,(R2V28S) = 0. 
(3.2) and (3.3), with suitable initial conditions (2.12) and 
(3.4) R(q', 0) = (4) 


constitute a self contained field theory (if the potentials are specified; see also 
Sect. 11) for the fields S and È in configuration space. Compatibility of (3.2) 
and (3.3) follows from the fact that both are derivable from a single varia- 
tional principle (Sect. 12). The field theory (3.2), (3.3) offers the bizarre feature 
that the two field equations, one of which is non-linear, fit together, via (3.1) 
into a single linear field equation (2.25) for a complex field, which, in general, 
is easier to solve than the pair (3.2) (3.3). 

The similarity of (3.2) and the Hamilton-Jacobi equation (2.10), from which 
it differs only by the extra term 


(3.5) U(qgi,t) =—*R-1V.V°R, 
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was already noticed by DEBROGLIE, who sought to establish in this manner 
a description of quantum effects by a modified form of classical mechanies [2, 12]. 
DEBROGLIE used the term «pilot wave » to describe his theory, as the wave 
function, via a velocity field, « guides » the motion of the particle. He was 
unfortunately dissuaded from pursuing further work along that line by PAULI, 
at the 1927 Solvay Congress [12, 43] (see also Sect. 14(ii)). The early efforts 
of DEBROGLIE [2] and RosEN [4] were recently expanded by Boum [6, 7], 
and, with further contributions by DEBROGLIE [12, 22 i, 73], VIGIER [12, 25, 26], 
and TAKABAYASI [24], and, following extensive discussion [8-11, 13-17, 19-22], 
brought into a consistent formulation, the fundamental axioms of which are: 


(a) Associated with every mechanical system, there are two real fields È 
and S in the configuration space of the system, which satisfy the field equa- 
tions (3.2) (3.3), with initial conditions (2.12) (3.4), which must be specified 
in each case. 


(b) The fundamental law of motion of matter is (2.9) (2.4); i.e. given 
a solution S of the field equations (3.2) (3.3), the velocity field g* (in configu- 
ration space) obtained from it by (2.9) (2.4) represents the possible motions 
of the mechanical system described by the configuration space. 


(c) A single, precise picture of the motion of a system of particles, in 
the sense of classical physics, specifying simultaneously position and momentum 
of each particle, is possible in principle. The actual motion of a mechanical 
system depends on where (in configuration space) the representative point of 
the system is introduced into the velocity field obtained in (b), that is, on the 
specification 


(3.6) q'(0) = 4 3 


once that is specified, the further mechanical development of the system is 
fully determined by the velocity field obtained in (bd). 


Because of the considerations adduced in Sect. 2 (i), immediately preceding 
and following (2.12), the law of motion (2.11) is inadequate in the present 
case. It was pointed out by HALPERN [8] that there is no indication that a 
solution of the system (3.2) (3.3) can, in general, be put into the form (2.8). 
But the « Aristotelian » law of motion (2.9) (2.4) is equivalent (in the case 
of a classical scalar potential V(g°)) to the Newtonian law of motion 


(3.7) pi =VAV+0), 
which, together with (3.5) (2.4), could be chosen as the law of motion, instead 


of (b) above. This alternative formulation of the law of motion of a particle 
under the combined influence of the classical force F; =— V;V and the « quan- 


| 
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tum force» f; = — V;U will occasionally be used in the sequel. The equi- 
valence of the « Aristotelian » and the Newtonian laws of motion was shown 
by Boum [9], using (2.9) (2.4) and (5.1), 


ie 
oa 


pi = Op,|ot + GV.pi= OV.S/0t— peVp,= OV S/ot— (V8)VV.8 = 


L 


= V[28/dt—3V8)(V,8)] = VAV +0). 


(For a further discussion, see TAKABAYASI [24], who had already discussed 
the case V= 0 in [10]. TAKABAYASI also introduced « quantum stresses » as 
an alternate procedure to quantum force [10, 62]). Even in this case, the 
field problem for R and S must be solved to find U. The extension to the 
case of a classical vector potential offers no difficulty. 

In practice, at the present time, it is impossible to ascertain or prepare 
simultaneously, with infinite sharpness, the boundary conditions (2.12) (the 
initial velocity field) and the initial configuration of the mechanical system (3.6), 
because all measuring or preparation devices known to-date are subject to 
the quantal laws. The initial velocity field and the initial configuration can 
therefore be specified only to the extent allowed by the uncertainty relations (*). 
Because of this uncertainty in initial conditions, in practice, only statistical 
predictions can be made. These are identical with those of the usual formulation 
(Sections 7 and 9); but conceptually, the motion of a mechanical system is 
of a classical kind, though it is not the classical motion of the system, because 
of the quantum term U in (3.2). As a matter of fact, it is precisely this quantum 
term which is responsible for the wave-like behavior of particles (electron dif- 
fraction), or the stationary states unexplained by classical theory (Sect. 8). 

Dynamical variables, such as position, momentum, etc., appear here with 
three distinct meanings, which should not be confused. On the one hand, there 
are the true variables, really possessed by the mechanical system, and used 
as verbal and mathematical instruments to convey a picture of an actual 
physical process. Used in this sense, they are (sometimes only partially) 
« hidden variables », and are not subject to the uncertainty principle. They 
are not, in general, the values that will be observed if a measurement is per- 
formed; the latter, within the framework available at the present time, are 
subject to the uncertainty principle, and can only be predicted statistically 
(Sect. 9). Finally, there are the mean (or expectation) values of the dynamical 


(*) Actually, only the observed velocity field, that is, the velocity field in that 
region of configuration space where the representative point is partially localized, is 
subject to uncertainty; but requirements of continuity introduce an uncertainty 
throughout the entire velocity field. 
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variables. Unless otherwise stated, the true variables will always be meant 
in this article. 

The mean values obey the classical equations. The observed values are 
the eigenvalues of operators; the operators also obey the classical equations 
of motion, but as operator equations, the individual values, in general, obeying 
no equations at all. One may thus say that observables obey equations which 
are classical in form, but non-classical in interpretation; while the true values 
obey equations which are non-classical in form (because of the quantum term U 
in (3.2)), but classical in interpretation, at least conceptually. 

Adherents of the causal formulation hope that at some level of physics 
to be investigated in the future (perhaps the elementary processes), the true 
values and observables will again merge. If such a level of physics exists, 
the usual formulation of quantum mechanics cannot provide a starting point 
for reaching it, as that formulation rejects the possibility of true values as 
distinct from observables (Sect. 18). 

In (3.2), the external field (only a scalar potential was explicitly introduced 
so far, but this restriction is removed in Sect. 11) was assumed to be given. 
However, it will usually be influenced by the motion of the particles; in that 
case, the field equations for the field become more intimately connected with 
the theory. This is discussed further in Sections 5, 10 and 11. 

With the law of motion (2.9) (2.4), (3.3) is an equation of continuity for 
the (configuration space) « density » R?, 


(3.9) OR?/ot + V.(R24*) = 0. 


This fact is important for the statistical interpretation of the theory (Sect. 7); 
but the statistical interpretation should not be inferred at once from (3.9) 
or the casual use of the word « density ». The statistical consequence should, 
as in any causal theory, follow from the causal axioms; it is shown in Sect. 7 
that they do, on the assumption of a reasonable physical model. It is inte- 
resting to note that in the present theory, the same mathematical apparatus 
(the Schrédinger equation) is used for both the causal theory, and the statis- 
tical theory based on it. This is possible because there is, associated with the 
basic axioms of the causal theory, an equation of continuity (3.9). The present 
theory thus differs from those based on suggestions that the Schrédinger equa- 
tion deals only with statistical predictions, while the underlying causal theory 
must come from entirely different sources [38]. 

Some caution should be used in calling (3.2) (3.3) field equations. By a 
field, one usually means a quantity which has a definite value at each point 
in physical space (or in space-time). However, the quantities S and R are 
defined, and obey equations, in configuration space. This argument was used 
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by DEBROGLIE against attributing physical objectivity to R. It is quite pos- 
sible that R cannot be interpreted as a physical field analogous to, say, the 
electromagnetic field, but must be viewed as a more abstract entity of con- 
figuration space related to a new, though still perfectly causal, law of motion. 
DEBROGLIE later indicated, with partial success, how the causal formulation 
might be expressed in physical space alone, with interpenetrating fields, in 
physical space, one for each kind of particle [12] (Sect. 5). 

It is possible to give a causal formulation of quantum mechanics without 
reference to (3.1) (3.2) and (3.3), as follows (*): 


(d) Associated with every mechanical system, there is a single complex 


field (in configuration space) w(g'°, t) satisfying (2.25) (2.27) with boundary con- 
ditions (2.26). 


(e) The fundamental law of motion is 


(3.10) = bih(p*yY(yViy* — p*Viy) , 


which, on applying (3.1), is seen to be entirely equivalent to the law of mo- 
tion (2.9) (2.4). The velocity field (3.10) (in configuration space) represents 
the possible motions of the mechanical system. 


(f) The actual motion of the mechanical system depends on the speci- 
fication of initial conditions (3.6). 


There is again a continuity equation identical to (3.9), for y*y = R?, 
which follows directly from (2.25) (2.27) in the usual manner. 

The formulation in terms of axioms (a), (b), (c) (i.e. the de-linearization 
of (2.5) into (3.2)) is very enlightening, as it permits identification of the 
quantum potential energy (3.5), and employs the familiar language of clas- 
sical mechanics (though in a hydrodynamical modification). However, it need 
not be considered more fundamental than the alternative formulation (d), (e), (f). 
As a matter of fact, the elegant result (3.2) of the Ansatz (3.1) is strongly 
dependent on the form of the Hamiltonian, assumed to be quadratic in the 
momenta. If this is not so (for instance, if, as in the case of the Dirac equa- 
tion, the Hamiltonian is linear in the momenta), the result of the Ansatz (3.1) 
is anything but elegant. On the other hand, it is shown in Sect, 19 that the 
formulation in terms similar to (d), (e), (f) still holds for the Dirac equation. 
The formulation of the type (d), (e), (f) is applicable, in fact, (except possibly 
for the description of degrees of freedom such as spin; cfr. TAKABAYASI [10]), 
in all wavemechanical theories in which it is possible to construct an equation 
of continuity from the field variables. That is a very large class of field theories, 


(*) For a still different formulation, in terms of /? and q’, see [62]. 
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which includes as a subset all theories in which the Lagrangian is gauge in- 
variant. In all such field theories, the law of motion is, as in (3.10), 


(3.11) qg =J' le, 


where j‘ and © are, respectively, the matter probability current density and 
and the matter probability density constructed from the field variables in 
the usual manner. 

From the point of view of this alternative formulation, y is a velocity 
potential, and the translation from classical to quantum mechanics consists 
in the « linearization » of the equation for the velocity potential, i.e. the trans- 
ition from (2.10) to (2.25) by the addition of the quantum potential energy (3.5). 
This is somewhat analogous to the original formulation of DEBROGLIE who 
accomplished the «linearization » more brutally, following optical analogies. 
This does not preclude a further de-linearization at some subsequent level 
of physics, at which the Schrédinger equation may need to be generalized. 

Finally, it should be conceded that the axioms enumerated in this section 
contain unverified assumptions, such as the existence of true, though partially 
hidden, variables, beyond observables. An effective answer against this oper- 
ationalist objection is that it can be raised against every successful physical 
theory, including in particular the usual formulation of quantum mechanics (*) 
(see Sect. 15). 


4. — A Simple Example: the Free Particle. 


The Schrédinger equation for a free particle, restricted to motion in the 
+ direction, is 


(4.1) ih oy/ot = — h?(2m)-! 024/02? . 
the solutions being of the form 
(4.2) y— exp [— ipe/h — iEt/h), 


where, as in Sect. 2 (ii), 


(4.3) p.= + (2mE). 


(*) Boum [6] has suggested that the law of motion (2.9) (2.4), which is an un- 
verified assumption needed to yield the physical (statistical) predictions of the usual 
formulation, may have to be modified at levels to be reached subsequently. In parti- 
cular, he and VIGIER [25] suggested, on the basis of the hydrodynamical model (Sect. 6) 
that only the «smeared out » flow might be irrotational, according to (2.9) (2.4), while 
there might be vortices on a small scale. 
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These solutions are referred to, in the usual interpretation of quantum 
mechanics, to explain how the uncertainty principle is already « written into » 
the Schrédinger equation, being merely the extension of the classical un- 
certainty relation in wave analysis. Thus, if p, is to be known exactly, one 
must choose a monochromatic solution (4.2) of (4.1), i.e. one whose Fourier 
transform, as a function of p,, is a delta function; but in that case, y*y is 
everywhere the same, and nothing at all can be said about the e location of 
the particle. On the other hand, if the particle is to be localized, a super- 
position of solutions (4.2) must be chosen, centered about a certain value of 
p, and constituting a wave packet. Then the momentum of the particle is 
no longer sharply defined. One may even choose a delta function (as a funetion 
of 2) as a solution, but this is obtained by superposing solutions (4.2) belonging 
to all values of p., with equal amplitude, so that nothing may now be said 
about the momentum of the particle. In each case, the uncertaintly relation 
AzAp, = h will apply, being a consequence of the classical relation of wave 
analysis, AzAk, ~ 2x, where k, is the wave number, related to p. by the 
DeBroglie relation p, = nk,. 

In the causal formulation, the Schrédinger equation and its solutions are 
not regarded as containing all information about the physical state of the 
particle. In the present case, choosing a monochromatic solution (4.2), and 
referring to (2.20) (2.22) (3.1) and (4.3), one simply obtains confirmation that 


(4.4) S=pe+ Et. 


The Hamilton-Jacobi action function S, like the monochromatic wave func- 
tion y, does not contain any information at all about the position of the 
particle; but on applying (2.11) (or, in the general case, (3.6) and the law of 
motion (2.9) (2.4)) an expression for 2(t) is obtained from the choice of the 
constant f which specifies the initial position of the particle. The Schrodinger 
_equation is not violated in any way; what was violated, rather, was the as- 
sumption that the Schrédinger wave function contains all information about 
the physical state of the particle. Here, the constant / provided additional 
information, which, in principle, has physical meaning. In is not measurable 
by methods now known without destroying the monochromatic momentum 
character of the solution. It is a « hidden variable ». 

In this simple example U [(3.5)] vanishes because È is everywhere constant. 
The modified Hamilton-Jacobi equation (3.2) is exactly the same as the clas- 
sical Hamilton-Jacobi equation (2.10) (2.17); the motion of the free particle 
is likewise the same. The initial condition R = constant will be maintained 
by (3.3). 

If, instead of a monochromatic solution (4.2) of (4.1), a superposition of 
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a modulated continuum of such solutions (a wave packet) is chosen (*), R(z, t) 
is not constant as a function of 2; consequently, according to (3.5), U does 
not vanish, and the modified Hamilton-Jacobi equation (3.2) differs from the 
classical equation (2.10) (2.17).. An extremely complicated motion of the 
particle, under the influence of UV, now occurs, in the course of which the 
momentum of the particle is not conserved; this difficulty is discussed in 
Sect. 10. The particle still has a definite value of momentum at every instant, 
which is not necessarily the value obtained if a measurement of momentum 
is made. The statistical distribution of a large number of measurements is 
that given by the usual formulation (Sect. 9). 


5. — Many Particles. 


In the usual formulation of quantum mechanics, the wave function wp is 
sometimes viewed as a subjective quantity (SCHRODINGER uses the term 
« psychical » (*)), reflecting the state of knowledge of an observer about a 
system. While this extreme point of view is not universally shared, the 
wave function is usually regarded as a purely mathematical entity used to 
describe a « state », perhaps somewhat akin to a Fourier amplitude, certainly 
not a field in the traditional sense. It would be interesting to inquire to what 
extent the wave function y (or its modulus R), may, in the causal formulation, 
be regarded as an objectively existing field, in the same sense as (though, of 
course, not identical to) the electromagnetic and gravitational fields. One 
facet of this question is closely connected to the many particle problem, and 
is discussed in this section; other aspects are discussed in Sections 10 an 16. 

It was pointed out in Sect. 3 that the interpretation of y, S and R as fields 
offers some difficulty, since they are defined, and obey differential equations, 
in configuration space rather than in physical space. In the case of one par- 
ticle, no problem arises, as configuration space and physical space are then 
identical. In the many particle case, the situation deserves closer attention. 
Writing out (3.2) explicitly for the case of a scalar, but no vector, potential, 


(5.1) KV,8)(V28) + V(q') + U(gi, t) — 8/=0, 


(*) A particle, originally free, and in a state of sharp momentum, can be trans- 
ferred to such a «wave packet» state by switching a uniform electric field in the di- 
rection of motion of the particle for a finite time interval. This example was supplied 
by Davin Bonm (private communication). 

(*) In the discussion of this question contained in reference [23], « physical » appears 
instead of « psychical », as a result of the activities of an overzealous proofreader. Un- 
fortunately, the editors of the journal in question have not responded to repeated 
requests to insert an erratum notice; therefore the author avails himself of this somewhat 
unusual method of correction. 
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there appears to be a complete symmetry between the classical potential 
energy V and the « quantum potential energy» U [(3.5)], responsible for 
quantum effects; the discreapancy in the arguments of V and U is discussed 
in Sect. 10. The analogy, however, is somewhat superficial. From the point 
of view of field theory, V(q‘) is merely a shorthand way of writing, as a function 
of co-ordinates of a representative point in configuration space (i.e. as an inter- 
action at a distance), an energy which really resides in the field. In some cases 
(for instance, non-linear interactions, of the type used in Hinstein’s theory of 
gravitation) such a shorthand description is impossible. 

The effect of describing an interaction, which actually occurs via a field, 
by means of an «interaction at a distance function», such as V(g°), is to 
eliminate explicit reference to the field. If the field is to be considered expli- 
citly, for instance in the case of electrostatic interaction, the term V(q‘) in 
(5.1) would be replaced, in vacuo, by (*) 


(8.2) Vig = (say fear, 


(where € is the electric field, € = — Vg, and dV is an element of volume 
integration in physical space). One must then adjoin to the Hamilton-Jacobi 
equation (5.1) the field equation for the scalar potential g, 


(5.3) V?g(x) = — 4are, 6(@ — &n), 


where x denotes position in physical space (not configuration space), 7, denotes 
position of the n-th particle, and e, its charge. From the solution of (5.3), 
the «interaction at a distance function » 


(5.4) VAY) rae’ Enea 


mon 


(*) Attention is confined here to the case of slowly moving particles, in which 
interaction through the vector potential is not significant, and only the longitudinal 
(Static) field need be considered, The introduction of interaction through the vector 
field is possible by using the more general Hamiltonian of Sect. 11 and the equations 
for the vector potential. No new questions of principle arise. The possibility of con- 
sistently eliminating explicit reference to the electromagnetic field equations, even in 
the case of rapidly moving particles, using retarded solutions, was shown by R. P. 
FryNMAN [Rev. Mod. Phys., 20, 367 (1948) and Phys. Rev., 76, 749, 769 (1949), where 
references to earlier work are given]. FryNMAN’s and (P. W. BripG@MAN’s) program 
of eliminating explicit reference to field equation is, of course, doomed to failure in 
the case of non-linear field theories, and apparently also in the causal formulation of 
quantum mechanics, though for different reasons (see Sect. 10). The opposite attempt, 
eliminating explicit reference to particles, probably has greater chance of success. 
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(where 7,,, is the distance between particles m and ») is obtained. The pos- — 
sibility of an external potential is ignored for the reasons stated in Sect. 2. 

It is apparently not possible to write U(g°,t) in a form analogous to (5.2), 
adjoining a field equation in physical space analogous to (5.3). Nor is it pos- 
sible, in general, to replace U by an explicit «interaction at a distance func- 
tion », analogous to (5.4). This is due to the peculiar relation (« lack of re- 
lation» might be more accurate) between the particles and the È «field », 
discussed in more detail in Sect. 10. Speaking loosely, U is not primarily a 
potential energy of mutual interaction, but rather a (somewhat unusual) « at- 
tached » potential energy. It may be present already in the one particle case, 
when all mutual interactions vanish, although through the boundary con- 
ditions R must satisfy, it also includes the effect of the surroundings (or of 
the absence thereof). It is associated with the motion of a particle, without 
being « emitted » by the particle in the usual sense (see Sect. 10). Unlike the 
initial conditions on, say, g, the initial conditions on R[(3.4)] may be for- 
mulated independently of these on the particle positions [(3.6)]. 

Despite these distinctive features, some progress towards an objective 
interpretation of the fields y, S and R may be made by formulating the many 
particle problem in physical space rather than configuration space. This ap- 
pears to be possible in the causal formulation, although some problems remain 
unsolved in this connection. DEBROGLIE has pointed out [12, 55, 56] that 
the Hamilton-Jacobi description of many particles, either classical [(5.1) with 
deletion of the term U] or modified so as to include quantum effects [(5.1)], 
need not be formulated in configuration space. Instead of referring to the 
configuration space equations (3.2) (3.3) (2.12) (3.4), the (quantum mecha- 
nical) problem may be formulated in terms of separate (modified) Hamilton- 
Jacobi equations, one for each particle; that is, one must solve by (modified) 
Hamilton-Jacobi theory the problem of the motion of several particles, each 
under the influence of the others, the trajectory of the others being assumed 
known, and manifesting itself through a parameter r: 


| 
i 
i 
| 


(5.5) (2m,)-(VS,)? + V(r) + U,(a, t; 7) — 08S,fot=0, 
(5.6) OR? /ot + V(R2v,) = 0, 

(5.7) v, =— MVS, 

(5.8) U,(a, t; r) =—72(2m,) 3 R-V?R, , 


with boundary conditions 

(5.9) Sn (#, 0) = Syo(#) 
(5.10) Bale, OF = Ra), 
(5.11) Ult =O) =; 
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where » identifies the n-th particle, x again denotes position in physical space, 

and , is the position of the n-th particle; r, the relative position of the par- 
ticles, appears as a parameter in the solutions S,,(v7,¢; 7) and R,(x,t; 7), and 
the usual differential operator V operates on #. (If description of motion 
without quantum effects is desired, (5.6), (5.8), (5.10) and the term U, in (5.5) 
should be deleted.) 

There is one major mathematical difference between the configuration space 
formulation (3.2) (3.3) (2.12) (3.4) and the physical space formulation (5.5)-(5.11). 
The former constitutes a complete field theory in configuration space without 
either the law of motion (2.4) (2.9) or the particle position initial condition (3.6). 
These equations [(2.4) (2.9) (3.6)] are necessary for a physical interpretation, 
but not-for mathematical consistency. In the latter (physical space) formu- 
lation, the pure field equations are completely meaningless by themselves, 
even in principle, without the law of motion (5.7) and the particle initial con- 
dition (5.11). This is so, because the actual trajectory of particles 2, 3, 4, 5 etc., 
| appears in the Hamilton-Jacobi equation of particle 1, and vice-versa, through 
the parameter r. 

In the usual formulation of quantum mechanics, the physical interpretation 
is via the Born probability relation 


(6.12) P(q°, t) =|w(g',1)|® = (RW, OP 


ì (where P(g',t) is the probability density of configuration q' at time t) and 
i not via (2.4) (2.9) (3.6). In fact, a statement such as (2.4) (2.9) (3.6) is usually 
| said to be meaningless, as it involves the simultaneous use of conjugate con- 
cepts. Hence, in the usual interpretation, in which the particles are not con- 
sidered to possess definite trajectories, the physical space formulation, ana- 
logous to (5.5)-(5.11), would at first appear to be an impossibility; however, 
as is explained below, the usual formulation of quantum mechanics is not 
irrevocably tied to a description of many particle systems in configuration 
‘space. Instead of being computed from actual trajectories, V(r) would be com- 
puted from a quantum mechanical density. Thus, in either formulation, as- 
suming that the difficulties of anti-symmetry mentioned below can be solved, 
the description may be couched either in terms of configuration space, or in 
terms of physical space. If R is to be interpreted as an objectively existing 
field, the description in physical space should be viewed as more fundamental; 
the configuration space description would be a tool useful for computations, 
| especially statistical computations where, because of the effect of the un- 
certainty principle, complete initial conditions are unavailable. 
There remains the partially unsolved question of the relation (equivalence 
or at least compatibility) of the formulation in configuration space (Sect. 3) 
with that in physical space (5.5)-(5.11). In classical mechanics, compatibility 
is shown, for instance, by the fact that both Lagrangian formulations lead to 
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the same Newtonian equations of motion for each particle. The latter result. 
is easily established, because V(q‘) and V(r), as well as the retarded and vector 
interactions, are really the same functions ((5.4) in the electrostatic case, equi- 
valent to the same field energy (5.2) (5.3)). In the quantum mechanical case, 
the problem is more complicated, because U(q',t) and U,(#,t; 7) are not 
obviously the same; the former is derived from R(q’, t), which satisfies the 
configuration space equation (3.3), while £#,(z;,t; 7), from which U, is derived, 

satisfies equations (5.6) (5.7) in physical space. If one takes the physical space 
formulation (5.5)-(5.11) as the basic one, it should be possible to derive the 
configuration space formulation from it. Steps in that direction were taken 
by DEBROGLIE and VIGIER [12]: 


(4) VIGIER defined the configuration space functions S(q‘, t) and R(q‘, t) by 
(5.13) — m; VS, =—mV,8 
IT È 
n 


(where V, refers only to the explicit dependence on the co-ordinates of the 
n-th particle of the configuration space function S) and inquired into the equa- 
tions satisfied by these functions. From the equations of continuity (5.6) (5.7) 
together with (5.13) follows that R defined by (5.14) must satisfy (3.3) (the 
converse is not true). Happily, a theorem due to A. RÉGNIER (quoted in [12]) 
establishes the existence of a function R satisfying (3.3) for any reasonable S 
and initial conditions (3.4). VIGIER then shows that (3.2) is the only type of 
equation for S compatible with (3.3) if w(q‘, t) [(3.1)] is to satisfy a linear dif- 
ferential equation. By an equation «of the type (3.2) » is meant that equation 
itself, but without identification of V(g°) with V(r), which is a problem of 
classical mechanics. Vigier’s proof consists in substituting (2.4) (2.9) (3.10) 
into (3:3). 


(b) DEBROGLIE (*) established the following relations between certain 
functions in configuration space and physical space (in the two particle case): 
p 5 Il 


(5.14) R 


I 


(5.15) 8(gî,1) = Sis(a,, #) + 8x5(0,,1) + 8,(1, t) 
(5.16) Se (ex t; r) = Binda t) Sr Sett; t) 
(5.17) U(g', t) = Uy(%,, t) + Us(2, t) + U,(7, t) 


(5.18) Un(Cn3 t3 7) = Unn(tn, t) + U,(r, t) , 


(*) The proof is based on the following theorem: Given two independent variables 
xv and y, and function me y), F.(®, u), Fly, u), F(a, y, u), if 0F/0x=@0F,/0x and 0F/dy= 
= 0Fs/0y. then F,=f,(2)+g(u). F.=fs(y)+9(«) and F=f,(r)+f.(y)+g@). This theo- 
rem is applied to (5. vi and ee a similar expression for the ‘dant of « quanver 
forces » computed in configuration space and in physical space. 
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where n = 1, 2, and Sin, S,, Un», U, are suitable functions of the arguments 
indicated. 7x, here does not indicate the position of the n-th particle, but simply 
indicates position in physical space in the description of the n-th particle. 
(5.18) shows the decomposition of U, into a quantum potential energy of self- 
interaction U,, and a quantum potential energy of mutual interaction U,; 
this is somewhat of an analogy to the electromagnetic case, although, as is 
pointed out in Sect. 10, the relation between the field R, and its particle is 
very unusual. Note however that U, is quite symmetrical; it is the same on 
particle 1 as on particle 2. 


(c) In the case of several particles of the same kind, agreement with the 
observed predictions of the usual interpretation requires (see Sections 7 and 9) 
that R(q', t) be symmetrical (in the case of bosons) or anti-symmetrical (in the 
case of fermions) in the co-ordinates of like particles. This imposes restrictions 
on the motion of the individual particles, which should already be present in 
the physical space formulation. If the physical space formulation is primary, 
the symmetry or anti-symmetry of R(q’,t) should follow from the physical 
space formulation. Clearly, this will not be so if the physical space formulation 
consists of a separate set of equations (5.5)-(5.11) for each particle; for in that 
case, as is apparent from the structure of the equations, no sudden change 
occurs in the transition from near identity to complete identity. To overcome 
this difficulty, DEBROGLIE suggested [12] that all particles of the same (say n-th) 
kind require only one pair of functions PR, and S, in physical space. This idea 
is very similar to the model of Dirac’s new classical theory of electrons (Sect. 21), 
and entails, as a physical restriction on the motion of particles, that contiguity 
in position (of particles) imply continuity in velocity, since the velocity of 
all particles of the same kind is derived from the same velocity potential S,, 
by (5.7). Unfortunately, DEBROGLIn’s suggestion (and the concomitant res- 
triction on the motion of contiguous like particles) implies exclusively symmetry 
of R(g',t). To see this, consider the case of two like particles of the n-th kind. 
By (5.14), the function R(q', t) is 


(5.19) R(q‘, t) = Ra’, wv", t) = R,(a', t; rR, lw", t; 7) 


(where g°= (x, x’) is a point in the configuration space of the two particles), 
the symmetry of which is apparent. The author does not know whether this 
difficulty admits of a solution short of field quantization (causally formulated) 
based on the exclusion principle (see Sect. 16). Already in the usual form- 
ulation of quantum mechanics, the exclusion principle does not really belong 
to «classical» quantum mechanics, but arises naturally only in the course 
of field quantization. It might conceivably be possible to reconcile the exclu- 
sion principle with the physical space formulation, perhaps by modifying the 
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definition (5.14) of R, together with suitable restrictions in the physical space 
description (*). 3 | 

If a single pair of functions S, and £, is to describe all particles of a given 
kind, the solution S,, depends on the actual trajectories of all particles which 
give rise to V(r), including those which move according to $, itself, that is, 
particles of the n-th kind. The problem then becomes extremely involved; 
the author understands that is was solved by VIGIER [26], but does not have 
access to his work at the time this is written (+). Strangely enough, if there 
are a large number of particles of the same kind, an obvious simplification is 
possible in the equilibrium case, in which (Sect. 7) the density of particles of 
the n-th kind is proportional to R?; for in that case V in (5.5) can be written 
as a space integral involving R°. The result is then an integro-differential 
equation. In principle, this procedure could also be used in the usual formul- 
ation; a set of one particle equations (one for each kind of particle, for a 
suitably normalized wave function y,) could be used to describe a system of 
interacting particles; but the equations will contain a space integral involving 
all the |p,|?. Again, the results are equivalent to a wave function sym- 
metrical rather than anti-symmetrical in configuration space. 

The partial success of the physical space description shows that the one 
particle equations already contain all essential physical features, except those 
which depend on the anti-symmetry of the wave function in configuration 
space. Two alternatives are then open: one may consider the configuration 
space formulation as the basic one, in which the anti-symmetry of the wave 
function is simply imposed axiomatically wherever required; alternatively, one 
may adhere to the physical space description, expecting the exclusion prin- 
ciple to arise naturally from field quantization (Sect. 16); in that case the 
configuration space formulation is a temporary expedient to describe those 
features which the unquantized one-particle theory does not include. This 
alternative has its analogue in the usual formulation of quantum theory. 


6. — The Hydrodynamical Model and the Double Solution. 


The hydrodynamical model of quantum mechanics, based on an old idea |. 
of MADELUNG [1], was recently revived by TAKABAYASI [10, 24], Boum and 


(*) DeBroGLIE only proves [12] that either symmetry or anti-symmetry follows. «I 
from his suggestion, but does not discuss whether the decision between the two pos- 
sibilities is already inherent in the physical space description. De-Broglie’s proof con- 
sists in remarking that U(q‘, t) must be symmetrical in the co-ordinates of like particles, 
from which symmetry or anti-symmetry of R(q’, t) follows by (3.5). : 

(*) The author is indebted to J.-P. VicieRr and E. SCHRODINGER for pointing out 
this difficulty in a letter. 
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VIGIER [25, 26] and ScHONBERG [52] (see also FRANKE [71]). It provides a 
lucid conceptual picture for the hydrodynamical formalism outlined in the 
preceding sections as the mathematical framework of the causal formulation. 
It also leads, in a natural and physically obvious way, to the desired statis- 
tical equilibrium distribution (Sect. 7). 

Space is assumed to be permeated by a set of interpenetrating compressible 
background fluids, the density d, of each being 


(6.1) d,(x, t) = [R,(0, t)}? . 


If (see Sect. 5) a separate field R, is associated with each particle, a separate 
fluid is likewise required, which would make the total number of fluids some- 
what unreasonable; it would also tax one’s imagination to assume that such 
an objectively existing fluid should at times (for instance, in the case of a 
monochromatic plane wave solution of the Schrédinger equation) fill with 
appreciable density sections of space far removed from the actual location 
of the particle. (This latter objection is actually not too serious, as plane 
| waves are probably non-existent mathematical idealizations.) Both objections 
may be overcome if only one fluid is assumed for each kind of particle. There 
would thus be an «electron fluid», a «proton fluid», ete. Of course, this 
model carries with it the difficulty of anti-symmetrization of the physical 
space formulation of Sect. 5. Alternatively, one may imagine the fluid in 
question to flow in configuration space; but the model then loses its physical 
clarity, becoming, rather, a tought device to supplement the mathematical 
formalism. The statistical argument to be invoked in Sect. 8 is most con- 
vincing if only one fluid, in physical space, is assumed for each kind of particle; 
it is this assumption which is made throughout, unless otherwise indicated, 
on the hope that anti-symmetrization difficulties will be solved. 

The fluid itself is not observable. Its density d, is given by (6.1), except 
possibly for an irrelevant normalization factor. Its velocity, except for local 
fluctuations, discussed below, is derivable from a potential S, by (5.7). Thus. 
(5.5)-(5.11) constitute the law of development for the (unobservable) back- 
ground fluid,. It is shown in Sect. 20 that this law can be somewhat simplified 
in the case in which the fluid is that associated with charged particles inter- 
acting through the electromagnetic field; this simplification is discussed more 
readily in the relativistic case. The interpretation (6.1) is permissible because 
of (5.6). 

1 Particles are assumed to be highly localized irregularities, perhaps singu- 
. larities or vortices, in the background fluid, and, except for irregular (tur- 
bulent) fluctuations, swept along with the motion of the fluid. Only the par- 
ticles are observed. Strictly speaking, particles do not interact directly. They 
emit fields, which appear (for instance as scalar potentials V(r)) in equations, 


È 
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such as (5.5), for the velocity potential S,. The interaction is thus one-way, 
from the particles to the background fluid; it is reciprocal beeause the emitting 
particle is also immersed in its background fluid. 

The nature of these localized irregularities is irrelevant in the present dis- 
cussion, which aims only at showing the adequacy of the causal formulation 
in predicting the experimental results of the usual formulation. However, 
the question of the nature of these irregularities in the background fluid may 
well be identical with the problem of the nature of the elementary processes, 
and thus the opening door to the next major advance in theoretical physies. 
Some work has already been done in the direction of describing the spin of 
particles as angular momentum associated with local vortex motion; then 
the local velocity, within the vortex, is no longer of the irrotational type (5.7), 
but has a solenoidal part, derivable as the curl of a vector velocity poten- 
tial [24, 25, 34]. Other attempts have been made in the direction of con- 
necting the irregularities with regions of extremely high concentration of fields 
of a non-linear type, encountered in the theory of gravitation and unified field 
theories based on it, i.e. in terms of distortions of the geometry of free space- 
time [12, 26]. This represents a return to Einstein’s picture of particles as 
regions of « bunched up » fields though not the same fields as govern the motion 
of the particles; it may properly be called a description of particles as « quanta 
of the field », but in the sense of EINSTEIN rather than of FERMI [23] (see also 
Sect. 16). The localized charge of the irregularities is, to the author’s knowledge, 


entirely unexplained in terms of the hydrodynamical model; this can hardly 


be used as an argument against the model, as there is no alternative expla- 
nation; but it certainly must eventually be solved. The creation, annihilation, 
and transmutation of the elementary particles would be explained in terms 
of interactions or internal dynamics of these irregularities, the mechanism of 
which is now unknown. It might be possible to associate a new fundamental 
constant, of dimensions of length, with the dynamics of these vortices. 
Boum and VIGIER [25] proposed that the flow of the background fluid was 
not smooth, but, in analogy with the flow of all physical fluids known to-date, 
subject to erratic fluctuations, of a type similar to those encountered in turbu- 
lence or Brownian motion. No precise model is offered for these fluctuations, 
as their mechanism is not understood. (One model was suggested by ScHOÒN- 
BERG [52]). Their effect, however, is that the particles, instead of each re- 
maining on the same streamline, fluctuate within the fluid in random fashion. 
This random fluctuation is superimposed on the relatively smooth velocity of 
the background fluid, and entails important and necessary statistical conse- 
quences to be discussed in Sect. 7. Even though the erratic nature of these 
fluctuations admittedly introduces a certain unesthetical element into an 


otherwise impeccably causal theory, it should be kept in mind that in prin- 


ciple, the erratic fluctuations are themselves fully causal, though the causal 


Di 
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mechanism governing them has been relegated to another level of physics. 
This situation is not too different from assuming random initial conditions, 
in principle causally brought about by a prior sequence of events, which is 
the rule in many fields of classical physics (*). 

The « background fluid » is perhaps only a synonym for an « ether », though 
not in the sense of Maxwell. Maxwell’s ether was thought to be a macroscopic 
phenomenon; for instance, it was thought possible to detect the velocity of 
the earth relative to the ether. The background fluid-ether, on the other hand, 
arises from the description of sub-microscopic phenomena; since its velocity 
locally determines the velocity of particles, it does not have any coherent 
velocity on a macroscopic scale. DIRAC, while not adhering to the physically 
lucid picture of a hydrodynamical ether in the sense of Boum and VIGIER; 
has pointed out [29], that an ether with a random distribution of velocities, 
and, in the relativistic case, an accumulation of probability (of velocity) at 
the light cones, still yields a picture of the universe which looks alike in all 
Galilean frames of reference (+) (7). 

DEBROGLIE [2, 12, 56, 57, 74] has proposed a model differing somewhat 
from the hydrodynamical model of Bohm and Vigier: with each particle or 
each kind of particle, there are associated two sets of wave fields. A regular 
solution of the wave equation (DEBROGLIE dealt with the Klein-Gordon equa- 
tion, but this is not essential), which does not exist objectively, describes the 
statistical results of the usual formulation of quantum mechanics. <A singular 
solution, with singularity at the actual location of the particle, describes, by 
means of its phase and quantum potential energy, the actual motion of the 
individual particle. This model (the «double solution ») presents stupendous 
mathematical difficulties which DEBROGLIE was unable to overcome. In the 
hydrodynamical model of Bohm and Vigier, on the other hand, the regular 
solution is also assigned physical objectivity, as the «pilot wave», i.e. as a 


- velocity potential; the statistical consequences follow from the physical model 


(Sect. 7); and while the particles are singularities in the broad sense of the 
word, the fields of which they are singularities need not satisfy the same equa- 
tions as the «pilot wave». The singularities of the «double solution » of 
DEBROGLIE and the irregularities of the hydrodynamical model may well be 


(*) This point of view, as applied to classical physics, sharply differs from that 
of LANDE [22,iv, 49]. 

(*) The recognition that a universe in which all velocities are present, with aceu- 
mulation of probability (of velocity) at the light cones, looks alike to all observers, is 
originally due to E. A. MILNE: Relativity, Gravitation, and World Structure (Oxford, 
1935) and E. ScHRÒDINGER (unpublished Princeton lectures, 1935). 

(-) For a discussion of the relativistic considerations involved from a somewhat 
different point of view, see H. Freisrapr: The Meaning of Relativity: Invariance or 
Covariance? Rev. Mex. Fis., 5, 43 (1956) (In Spanish). 
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solutions of the equations of causal quantized field theory, discussed quali- 
tatively in Sect. 16. The theory outlined there is closer to the « double solu- 
tion» than to the hydrodynamical model, as only the « singularities » (the 
« bunched » solutions of the quantized field equations), not the pilot wave, 
exist objectively. 


7. — Statistical Consequences. 


This section begins the discussion of the crucial question whether, sta- 
tistically, particles moving according to the postulates of the causal formu- 
lation of quantum mechanics assume the statistical distribution predicted by 
the usual formulation. In other words, is the statistical mechanics of an en- 
semble of particles obeying the postulate of the causal formulation identical 
with the usual formulation of quantum mechanics? 

Only a partial answer is given in this section. It is shown that (with some 
limitations) the actual configuration assumed by the true variables is, statis- 
tically, that predicted by the usual formulation. The answer is completed in 
Sect. 9, where it is shown that the results of measurements, as contrasted to 
- the values of the true variables, also are, statistically, as predicted by the 
usual formulation. 

As an introduction, an elementary proof, given by DEBROGLIE in 1927 [2, 12], 
is reproduced; it is fairly convincing for the case of scattering and diffraction 
experiments, but hardly for bound states. Following this, a more general 
proof, based on the hydrodynamical model, is given. A discussion of some 
questions connected with the approach to equilibrium follows. 


(i) DeBroglie’s 1927 Proof. — In diffraction and scattering experiments, 
the situation is usually as follows: a beam of initially free particles, of known 
momentum, is shot at or through some target (other particles, slits, external 
fields), and the subsequent spatial distribution of the particles of the incident 
beam is-observed. The particles in the incident beam are assumed to be mu- 
tually non-interacting (their mutual interaction is neglected); it makes no 
difference whether the particles are sent one at a time, with long intervals 
between particles, or in a cloud. The initial position (in the direction of their 
motion, and often also in a direction perpendicular to it) is practically un- 
controlled (i.e. the limits within which the initial position is known are so 
wide that the conjugate momenta can be known to within extremely narrow 
limits). In the notation of Sections 2 and 4, this means that the constants a 
are known exactly, but the constants f;, which characterize the initial position, 
are unknown (although each particle has a definite value of each 6; when it 
is shot at the target) and in fact cannot be ascertained experimentally (by 
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experiments subject to the uncertainty relation) without destroying the mono- 
chromatic momentum character of the beam. In line with the usual statistical 
postulate of equal a priori probabilities, all values of f; are assumed equally 
probable, so that there will be, in general, a completely random distribution 
of the actual £; possessed by the individual particles (among the possible values, 
which are specified only within very wide limits). 

In the region in which the particles are free, before they are influenced by 
the target, the statistical consequence of purely classical motion of such par- 
ticles (known «‘, random #,) is that the probability of finding a particle is 
everywhere the same (in the region specified within wide limits). That result 
corresponds exactly to the result of the usual formulation, according to which 
the probability of finding a particle is proportional to |y|?, which, in the 
instant case (cfr. Sect. 4, eq. (4.2)) is everywhere one. (The discussion here 
in terms of the constants x’ and f; of classical particle Hamilton-Jacobi theory, 
possible because of the special example chosen, is not essential. But the choice 
of the special example is essential.) 

The trajectory of each particle under the iiiuanoo of U, in the region 
of the target is governed by fully causal laws, but is strongly dependent upon f};; 
the nature of the R,, field is such that small changes in f; can result in specta- 
cular changes in the trajectory. Since the /; are unknown, only a statistical 
distribution of final positions can be predicted in actual practice (e.g. an inter- 
ference pattern). This statistical distribution (the relative density of the par- 
ticles, or the probability density P,(x,t) of finding the n-th particle or a par- 
ticle of the n-th kind) is given, as in the usual interpretation, by 


(7.1) P,(@, t) = K[Ra(2,t)]}?; 


where K is a proportionality constant. To prove this assertion, note that (7.1) 
held before the influence of the target was felt. Any statistical distribution 
P, satisfies the equation of continuity 


(7.2) OP,,/ot + V:(Pavn) =0, 


which is exactly the equation satisfied by R?, (5.6). The conclusion then follows, 
since two solutions of the continuity equation (with the same velocity field 
(5.7)), which are proportional initially in some region Q(0) of space (at the 
same time ¢ = 0), remain proportional at a later time in regions Q(t) into which 
(0) is carried by the specified velocity field. 

Note that U, is infinite where R,, is zero; if U, = oo, an infinite force 
may be thought to repel the particle from that position; if U,= — oo, the 
particle goes through that position with infinite speed, spending no time at 
all there. These results are in line with the predictions of the usual formulation. 
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An entirely similar result follows if the partieles, in the final state, are 
interacting (for instance, are captured by nucleons), provided they were ini- 
tially free and of random initial positions; a statistical distribution or proba- 
bility density P(g°, t) in configuration space satisfies the equation of continuity 


(7.3) oP|et + V.(Pi°)=0, 


which is just (3.9), with the same velocity field q’. (As shown in Sect. 5, even 
the case of particles which are interaeting in the final state, could be discussed 
in physical space, i.e. by equations (7.1) (7.2), except for those effects due to 
the anti-symmetry of R(q’, t).) 

Thus a system of particles, initially free and of random initial positions, 
moving according to the postulates of the causal formulation of quantum 
mechanics, have a statistical distribution given by 


(7.4) P(g‘, t) = KLR(q', t)P . 


(7.4) applies to actual configurations of true variables; but it is shown in 
Sect. 9 that it also applies to measured configurations, which is required to 
connect the statistical results of the causal formulation with those of the usual 
formulation. 

The compatibility of (7.1) for the individual particles and (7.4) for a many 
particle system follows from (5.14). Note that in DEBROGLIn’s 1927 proof 
the distributions (7.1) and (7.4) are obtained because the postulate of the 
causal formulation are obeyed exactly. This situation differs from the proof 
based on the hydrodynamical model (Sect. 7 (ii)), in which the distributions 
(7.1) and (7.4) are obtained as equilibrium distributions because of erratic 
fluctuations about the motion predicted by the postulates of the causal for- 
‘mulation. 


(ii) Statistical Consequences of the Hydrodynamical Model. — It would be 
desirable to free the results (7.1) and (7.4) from the assumptions stated in 
Sect. 7 (i) for the following reasons: 


(a) The results (7.1) and (7.4) are well established experimentally; on 
the other hand, the assumption that all quantum mechanical systems (atoms, 
molecules) are formed by the aggregation of initially free particles of random 
initial positions is somewhat unnatural, though one could perhaps argue that 
n the process of formation of systems, the component particles go through 
ian approximately free stage. 


(b) There may be physical effects, the exact nature of which is unknown 
at the present time, such as departures from the laws postulated in Sect. 3, 
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the etfect of which would be to destroy (7.1) and (7.4), even if they initially 
hold. Since one of the basic purposes of the causal formulation is to provide 
a starting point for theories which go beyond the results of the usual formu- 
lation, and in some points probably contradict them, the possibility of such 
effects must be considered. At the atomic level, where (7.1) and (7.4) are well 
established, such effects, if they exist, must be very small as compared to a 
counteracting mechanism. However, at other levels, their effect might be 
cumulative. 

Since no observed deviations from (7.1) and (7.4) are known it would be 
desirable to propose a mechanism for restoring the distribution (7.1) (7.4) if 
it is disturbed, or for establishing it, as an eventual distribution function, it 
an initial arbitrary distribution of configurations 


(7.5) P(qi, 0) = Po(q') # KLR(q', 0) 


is given to an ensemble of systems. This could be done, for instance, if at 
some future time processes not subject to the uncertainty relations are dis- 
covered; it might also occur in the course of formation of some quantum 
mechanical systems. 

Such a mechanism was proposed by Boom and VIGIER [25] on the basis 
of the hydrodynamical model of Sect. 6 (*). If the density of particles 0,(%, t) 
is proportional to the density of the background fluid d,, then random fluctuat- 
ions, of the type discussed in Sect. 5, will not disturb that relationship. 


(7.6) K-19, (a, t)-= d(0, t) =[R,(2, t) |? 


therefore represents an equilibrium distribution of particles. If (7.6) does not 
hold initially, then random fluctuations will tend to bring it about; for they 
will cause more particles to leave regions where 0, > Kd, than enter such 
regions, and the opposite in underpopulated regions. This is a standard result 


(*) An earlier proof by Boum [19] contains some questionable mathematical ope- 
rations, and is therefore not reproduced here. The formal proof has some resemblance 
to Boltzmann’s proof of the velocity distribution function for molecules in a gas, and, 
like the latter, depends on the random character of collisions. It would be extremely 
desirable to give a correct proof of the type of Bohm’s first proof [19], for two reasons: 
(a) Bohm’s first proof stays entirely within the framework of the axioms of the causal 
formulation. The distribution (7.4) is achieved because of those axioms (and the random 
character of collisions, a usual assumption in any statistical theory), not, as in the 
proof based on the hydrodynamical model, because of fluctuations about the motion 
according to these axioms. (b) The proof based on the hydrodynamical model is not 
very convincing in the configuration space description; but the physical space des- 
cription, as was seen in Sect. 5, is correct only for bosons. 


30 ; H. FREISTADT 


of statistics, and no formal proof is necessary here, although one was given 
by Boum and VIGIER. 

In the case of a few particles of one kind, especially in the one particle 
case, one can hardly speak of a density of particles, as there are only a few 


‘irregularities (or only one) immersed in the background fluid. In that case, 


one should consider instead the probability P,(#, t) of a particle being at 2, 
which corresponds to a density if a ensemble of systems (of same R,, Sn, and 
number of irregularities) is superimposed. The equilibrium distribution of 
probability density is then (7.1). No assumptions as to initial distribution 
or state were necessary, as in Sect. 7 (i). 

In the case of fermions, as was seen in Sect. 5, the distribution (7.1), to- 
gether with the simple hydrodynamical laws of the background fluid (5.5)-(5.11) 


and the definition (5.14), is inadequate to yield a distribution (7.4) incorpo- 


rating the requirements of anti-symmetry. One may, of course, adopt a hydro- 
dynamical model, with erratic fluctuations, in configuration space, which, by 
the same reasoning as before, leads directly to (7.4). However, a « background 
fluid in configuration space » should be thought of as a heuristic device, rather 
than as a physical model. As was mentioned in Sect. 5, it is possible, but not 
certain, that the restrictions imposed by the anti-symmetry of R(q‘, t) may 
be incorporated into (5.5)-(5.11) and (5.14); if that is possible, then the sta- 
tistical proof based on the hydrodynamical model in physical space applies 
to fermions as well; otherwise, it may be necessary to resort to erratic fluctua- 
tions about the velocity field in configuration space, or to give a proof related 
to Boum’s first proof [19], or to relegate the description of fermions to the 
causal theory of quantized fields. 

Since the statistical predictions of the usual formulation depend only on 
(7.4) (with suitable symmetry or anti-symmetry) and on the theory of measu- 
rements (Sect. 9), the fact that, in the causal formulation, particles have indi- 
viduality in the classical sense, does not violate the predictions of the usual 
formulation. The partially unsolved difficulty in the physical space description 
of fermions should not be attributed to the individuality of the particles in 
the causal formulation, since, according to the usual formulation, bosons are 
as indistinguishable as fermions, without offering any difficulties in the causal 
formulation in physical space. 


(iii) Some Questions Connected with the Approach to Equilibrium. — The 
initial conditions (7.5) (for an ensemble of systems) may be specified inde- 
pendently of (3.4). The function P(q‘,t) will then evolve according to the 
equation of continuity (7.3), with g° given by (2.4) (2.9). P is thus affected 
by S, but here the relation is strictly one-way, as P does not appear in (3.2). 
For instance, if . 


(7.7) P,(q') si d(g' — dì) 
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| then, at a later time t, 


(7.8) P(g',t) = dla — dî), 


where g; are the values into which gj are carried at time t by the velocity 
field ji. A delta-function configuration, in the absence of any mechanism in 
addition to the axioms of Sect. 3, is carried into a corresponding delta-function 
configuration, in the same way as in the classical case. On the other hand, 
if R, is specified as a delta-function, R(g', t) will decay, i.e. spread out, as is 
well known from the usual formulation, although it satisfies the same con- 
tinuity equation as P (*). The reason is that a delta-function R, will bring 
about, via equation (3.2), a velocity field of such a nature as to bring about 
a rapid spreading of R, while P, has no effect on the velocity field. 

In the approach to equilibrium, two cases must be distinguished: 


(a) If a mechanism, such as that postulated in Sect. 7 (ii), is present, 
then the velocity field 4‘ appearing in the equation of continuity (7.3) is the 
smooth velocity field derived from S by (2.4) (2.9) only. between fluctuations. 
Therefore P and R? do not satisfy the same continuity equation at all times. 
An initial configuration distribution (7.7) does not in general lead to (7.8), 
while R does develop in time according to the pattern (7.7) (7.8). Thus the 
distribution (7.4) can be reached, as an equilibirum distribution, exactly, even 


from initial conditions (7.5). 


(b) If the type of mechanism postulated in Sect. 7 (ii) is not the correct 
one, equilibrium being achieved, as in Boum’s first proof [19] by strict adhe- 
rence to the axioms of Sect. 3, then initial conditions (7.5) can never lead 
exactly to (7.4) as an equilibrium distribution. In that case, P and R? satisfy 
‘ the same continuity equation, with same velocity field 4°, so that P(q’, 1)=P,(4) 
and [R(q', t)|? =[R,(¢;). These will not be proportional in the case of initial 
conditions (7.5). In Boum’s first proof [19], it was not claimed that (7.4) 
would be reached exactly, as a result of motion according to the axioms of 
Sect. 3, from initial conditions (7.5), but rather that the probability density 
fluid in configuration space would be so shredded, as a result of random col- 
lisions, that (7.4) would hold under equilibrium conditions as an average over 
extremely small volumes in configuration space, i.e. 


(7.9) P (g', t) = KL R(q', t)P, 


(*) A delta function R, will also be carried into a « delta-function » R(q', t) accord- 
ing to the pattern (7.7) (7.8); but the notation here is deceptive, as in R(q', t)= dla — gi.) 
the right hand side is not really a delta funetion; this is due to the fact that a delta 
function R, spreads out the point qj. Such an R, is only a limit of real cases. 
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where the bar denotes such an average (*). Boum expects that cases in which 
P + R? will actually be observed, at a level of physics different from that at 
which the uncertainty relations are valid. Failure to admit such a possibility 
led to some erroneous statements by KELLER ([20] next to the last paragraph). 

Finally, note that it follows from the discussion of this section that if the 
wave function of a system, in the space of a complete set of commuting 
variables M, is given by 6(M— M'), where M’ is a set of eigenvalues, then 
the true value of the variables M of the system is exactly M'. This result 
is used in Sect. 9. 


8. — Quantization. 


By quantization is meant, etymologically, the parceling out of certain 
physical quantities (energy, angular momentum, etc.) in discrete quantities. 
To the extent to which such parceling out occurs in quantum mechanics, it 
is associated with stationary states and transitions between stationary states (+). 
In the causal formulation, this parceling out is explained as due to modifi- 
cations in the laws of motion, explained in Sect. 3, which confine a mecha- 
nical system to certain types of motion. 

A stationary state is an eigenstate of the Hamiltonian operator H; the 
wave function of a stationary state can be written 


(8.1) —-y,(q', t) = B,(q") exp [— tB,t/h] = R,(q') exp [— i8,/h — iB t/h] 
or 


(8.2) S,(q', i) = S.(q') + Bi, 


where the subscript q denotes the set of all quantum numbers (such as n, #, m, 
the total, orbital, and azimuthal, quantum numbers) characterizing the statio- 
nary state associated with the eigenvalue E,. S,(q‘) is the phase of the time 
independent wave function y,(q‘), and as shown by (8.2), is also the generator 
of the canonical transformation of time independent Hamilton-Jacobi theory, 
which is applicable here; S, could here be written in the form of classical 


(*) The discussion leading to (7.9) was contained, in slightly different form, in a 
pre-print of [19], but was unfortunately deleted in the printed version. 

(+) The somewhat unusual mechanical behavior of particles in scattering and dif- 
fraction experiments, correctly predicted by quantum mechanics, can hardly be called 
« quantization » in the etymological sense. It is rather « wavization » (the expression 
is SCHRODINGER'8) of particles. The transformation theory [3, 28] has provided a 
uniform approach to all these phenomena, but whether quantum mechanics is still an 
appropriate name for the result is debatable. 
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mechanies (2.8), and likewise S, could: be written S,(q', xi). Conservation laws 
of a classical type are obeyed. The motion is of a classical nature, though it 
is not the classical motion of the system (see also Sect. 10). Note that R, is 
time independent, which, according to the discussion of section 7, leads to a 
time independent distribution of configurations in an ensemble of like systems; 
it does not follow that the configuration of each system must be time inde- 
pendent, though in some simple cases ((a) and (bd) below) it is. From (3.2) 
and (8.2), 


(3.3) H'=H+U=oS8[o=E,; 
the eigenvalue £, can be interpreted as the sum of the classical energy H and 
the « quantum potential energy » U. 


A simple calculation leads to the following typical results for one particle 
systems: 


(a) s-state [6] 


(8.4) y = f(r) exp[(i/f)(— constant — Et)] 
(3.5) S = constant + Ht 
(8.6) v =—m VS =0; 


(b) particle in a one-dimensional box [4] 
(8.7) y = constant x sin ((2mE)*a/h) exp [— i#t/h] 


again leading to the result (8.6); 


(c) state of finite angular momentum [6] 


(8.8) w = fi(r)P (cos 0) exp [(i/h)(— constant — Et — hmp)]| 
(3.9) S =— constant — Et — hmp 
(8.10) L, = XP, —YPa=Y08S[/0x — x 0S/oy =— 08[/0p = hm. 


In examples (a), (b), (c), #, y, 2 are the usual Cartesian co-ordinates of a 
particle, r is the distance from a force center, f denotes functional dependence, 
P? are the associated Legendre polynomials, L is the angular momentum, p 
is the longitude and 0 the co-latitude. In (8.6) and (8.7), m denotes mass, 
while in (8.8) (8.9) (8.10) m denotes the azimuthal quantum number. 

The situation in examples (a) and (c) may be visualized in terms of a 
quantum force which confines the particle to an appropriate position or 
trajectory. Thus, in the s-state, the stationary position of the electron is pos- 
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sible because the forces F+f=—VV—VU=0. From the information 
given by the wave function alone, the location of the particle cannot be cal- 
culated; in fact, any position is consistent with (8.6); but in line with the 
discussion of Sect. 7, the usual statistical distribution of configurations results. 

The results (8.6) were considered unsatisfactory by PAULI [43], DEBROGLIE 
and Rosen, and apparently contributed to making the latter two abandon 
their investigations along this line. They indeed appear to violate the results 
of the usual formulation. Thus, in case (b), the usual formulation predicts 
observed values of momentum + nhz/d and of kinetic energy n?h?2?/(2md?) = E 
(n = 1, 2,..., is a quantum number, and d is the length of the box), while here 
in case (b) the momentum, calculated by the rules of the causal formulation, 
is zero. This objection is met by pointing out that the value (8.6), calculated 
according to the causal formulation, is the true value of the velocity of the 
particle (in the absence of a measurement of velocity by methods subject to 
quantal laws). As shown in Sect. 9, if a measurement by an interaction subject 
to quantal laws is performed, the value obtained will be consistent with the 
predictions of the usual formulation; by measuring velocity, one will not, in 
case (b), obtain the velocity of the particle just before the measurement. The 
interaction of the measuring apparatus so disturbs the measured system as 
to transform the true value of velocity, just before the measurement, into the 
measured value consistent with the usual formulation. 

The kinetic energy which is missing in cases (a) and (b), is supplied instead 
by the «quantum potential energy » Thus, in case (b), instead of the clas- 
sical result, 7= H, here U= E, as a simple calculation shows. Likewise, in 
case (a), U+V= E. 


9. — Measurements and the Uncertainty Principle. 


The statistical results (7.1) (7.4) are, by themselves, insufficient to show 
that the causal formulation (together, if necessary, with the assumptions of 
the hydrodynamical model) leads to the statistical predictions of the usual 
formulation. This is due to the circumstance that the latter refer to a proba- 
bility of observed results, while P(q’, t) refers to the probability of true con- 
figurations. The outcome of a measurement of a dynamical variable is not, 
in general, the true value of the variable bearing the same name, but rather 
depends on both the measured system and the measuring apparatus. In the 
usual formulation, one may not speak of «true values » as distinguished from 
observed values. It is said that only the latter have meaning, and that 
the system and the measuring apparatus blend into an indistinguishable 
whole [21 iv]. Until a measurement is performed, it is said in the usual for- 
mulation that the system (if it is not in an eigenstate of the variable in 
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question, i.e. a delta-function in the space of that variable) does not have 
any value of that variable at all; it only has the latent potentiality of assuming 
one of a set of possible eigenvalues with calculable probability. The usual 
formulation is thus a theory the elements of which are observed and observable 
results; it offers a combined description of submicroscopic systems together 


with their interactions with ideal measuring instruments. The elements of 


the causal formulation, on the other hand, are the true values, from which 
the measured values may be derived by further reasoning, in general sta- 
tistical. Every system has a true value of every meaningful variable; but the 
disturbance by the measuring apparatus, subject to quantal laws, may change 
the true values possessed by the system just before the measuring interaction 
was switched on. The outcome of the measurement is, in principle, fully causal, 
and determined by the axioms of the causal formulation applied to the measured 
and measuring systems in interactions. The actual outcome, in general, is 
strongly dependent on minute variations in initial conditions (of the type (3.6)) 
of both systems. In practice, at the present time, knowledge of these initial 
conditions is limited by the uncertainty principle. Therefore only statistical 
predictions, based on a distribution of configurations as found in Sect. 7, have 
experimental meaning at the present time. It was shown by Boum [7], whose 
proof is reproduced in this section, that these statistical predictions of observed 
results, based on the causal formulation, coincide with those of the usual for- 
mulation. 

A measurement in quantum mechanics, in either formulation, consists in 
the interaction of a micro-system, of which a certain variable is to be measured, 
with a macro-system, the measuring apparatus. The interaction must be of 
such a nature as to produce macroscopic changes in a significant variable y 
(such as the position of a pointer on a dial) of the macro-system or in its 
conjugate momentum p,. Both before and after the measurement, there is 
no interaction between the macro-system and the micro-system. The wave 
function of the macro-system, in the space of the variable y or that of its 
conjugate momentum, both before and after the measurement, consists of a 
wave packet. Each wave packet is centered about some value of the variable y 
or p,; in the course of the measurement, the wave function of the macro- 


| system, e.g. in the space of the variable y, changes from the initial function 7,(y) 


| 


to the final function y,,(Y). This change, which must be ascertainable by 
classical means, is interpreted by saying: The dynamical variable M of the 
micro-system has been measured, and the value M’ obtained. The set of pos- 
sible eigenvalues (final packets) in the space of y or p, is assumed to be discrete. 
It is not at all obvious to the present author that variables with a continuous 
spectrum of eigenvalues can be measured at all, either in the usual or in the 
causal formulation of quantum mechanics, in the absence of a mechanism for 
the separation of packets in the space of y or p,. (In this connection, ef. also 


' 
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[67]). Different packets y,,(Y) and yx, 4,,(y) can be distinguished by classica] 
means only if the separation of their centers in y space, Ay = Yy, jy Va: 
is much greater than the mean width of the packets in y space, dy, or if they 
differ greatly in the number of their nodes. This requirement limits the pre- 
cision AM’ with which M can be measured; it also applies in the usual for- 
mulation of quantum mechanical measurements [28, 45]. 

Let M and N be incompatible (non-commuting) observables of a mecha- 
nical micro-system, in the usual sense of quantum mechanics, and let w,,.(9*) 
and v,,(q¢‘) be their respective eigenfunctions, represented in the configuration 
space of the micro-system. Let (9°) be the wave function of the micro- 
system immediately before a measurement is taken, and let it be expanded as 


(9.1) WA") = Cy Uy (Q") 5 


where ¢,, are normalized complex expansion coefficients, and summation over 


M' is implied. Let 
(9.3) Uy (q') 7 ay ye? y(1') ’ 


where 4,,y. is a normalized complex expansion coefficient. 
Boum [7] showed that if a measurement of M is performed on the micro- 
system in the manner outlined in the foregoing discussion, then: 


(a) An eigenvalue M’ will be obtained. 


(b) The probability D,, of obtaining the measurement M' is 
(9.4) Die | Og lhe 
(c) Immediately after the measurement, the wave function is 
(9.5) Wy(d°) = Uy (G') 5 
i.e. a delta-function in M-space, though the transition from (9.1) to (9.5) is 
a continuous process. From (9.4) and (9.5) it follows that: 


(d) If another measurement of M is taken at once, the same value M’ 
is obtained; but 


(e) if a measurement of N is taken as soon as the measurement of M is 
completed, 
» lo 
(9.6) 190 Wap (I 
(f) In particular, if M and N are conjugate variables, immediately after 
a measurement of M, the probability D,. is the same for all values N”. 


(g) If the measurement of M is not quite sharp, but leaves an uncer- 
tainty AM’, then immediately following the measurement of M, the result 


— 


THE CAUSAL FORMULATION OF QUANTUM MECHANICS OF PARTICLES 37 


of measuring N can be predicted to within an uncertainty AN” where 
(9.7) AM' AN’ wh. 


In this form, the uncertainty relation (9.7) is not at all a restriction on the 
actual values of the variables possessed by a mechanical system, but only a 
restriction on the sharpness with which conjugate observables may be measured, 
because methods of measurement known to-date underlie quantal laws. For 
instance, in the examples of Sect. 8 (examples (a) and (b) are most striking), 
the momentum is known exactly, while each particle also has an exact position 
(the latter determined by (5.11)); but the measured values of momentum are, 
in practice, uncertain, in the same quantitative manner as in the usual for- 
mulation. 

As long as the interaction between the macro-system and the micro-system 
is not appreciable, the wave function of the combined system (9°, y, t) is 
simply the product of the wave functions of the separate systems; until the 
beginning of the measurement, when 


(9.8) PAT, ¥) = vo(d')LoY) » 


each wave function evolves in time independently of the other, under the 
influence of its own free system Hamiltonian. However, while the interaction 
is operating, the changes it induces in the course of a measurement are of 
such order of magnitude, and of such short duration, that the effect of the 
free system Hamiltonians may be neglected, the approximate Schrédinger 
equation being 


(9.9)... th op|ot = Hg 


instead of (2.25), where H, is the interaction part of the Hamiltonian of the 
systems in interaction. Typical interaction Hamiltonians used in measuring 
the variable M may be either co-ordinate coupled, 


(9.10) Ho = My 

or momentum coupled 

(9.11) H, = Mp, = ihM 0/0y. 

The inevitable constants of interaction are absorbed in the variable M. More 
general Hamiltonians of interaction would be of the form H,(M,y) or 


H,(M,0/0y); the discussion in such cases closely parallels that based on the 
more common cases (9.10) (9.11) (*). 


(*) The general case of a measurement by a co-ordinate coupled interaction Hamil- 
tonian is worked out in [45], for the usual formulation. The case (9.11), for the causal 
formulation, is given in detail in [7], with, however, some unfortunate misprints. 
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While H, is acting the wave function g of the combined system is no longer 
of the simple form (9.8); but it can be expanded in terms of the eigenfunctions 
uy of M; 


(9.12) P(A°,Y,t) = fap ly, 1) U(G*) - 


Substitution of (9.12) into (9.9), and consideration of (9.1) and (9.8), leads to 
the solution 


(9.13) P(G's Ys t) = CyUy(d') Zoly) exp [— tM’ yt/h] , 
in the co-ordinate coupled case (9.10), and to 
(9.14) p(q', Y; t) ee CU (4°) Lo(Y + M't) , 


for the momentum coupled case (9.11). The nature of the solutions (9.13) 
and (9.14) is such that if the interaction constant incorporated into the eigen- 
values M’ is sufficiently strong, and the time of interaction t sufficiently long, 
the states belonging to different eigenvalues M' become classically distin- 
guishable in the space of the variable y or that of its conjugate momentum. 
In the case (9.13), such a classical distinction in the space of p, is possible 
because the difference between adjacent states in the number of nodes in the 
(real part of the) wave function, in the region of y space where y,(y) is appre- 
ciable, becomes increasingly large. In the case (9.14), the separation, in the 
space of the variable y, of packets belonging to adjacent eigenvalues M’, 
increases steadily; of course, the separation of such packets must be much 
greater than the mean width of each. Since adjacent states are eventually 
distinguishable classically in the space of the variable y, or that of its conujgate 
momentum p,, the true value of y (i.e. the position of a pointer) or p, can no 
longer fluctuate wildly from packet to packet, as it could while the packets 
overlapped, but is confined to one packet in the space of y or p,, which de- 
termines the outcome of the measurement. The reason why the true value, 
say of y, cannot fluctuate from packet to packet is that the dynamics of the 
causal formulation are such as to prevent configurations for which R vanishes; 
therefore y cannot enter the space between packets; such a prohibition does 
not apply as long as the packets overlap. After the configuration or the 
momentum of the macro-system has become established in one of the classically 
separated packets, i.e. after the measurement has been performed (e.g. the 
pointer on the dial could be read without further sophistication) all packets, 
except that in which the true variable y or p, is located can be ignored; the 
wave function of the macro-system can then be taken as x (y+M't) or 
Xo(y) exp [—iM'yt/h] respectively, since the packets belonging to other values 
of M' do not affect the true variables y or p, of the macro-system. To establish 
assertion (a), there remain only the question of identifying the classically 
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separated packets, one for each M’, with the physical quantities M'; that is 
a problem of interpretation and calibration. 

At the time the true value of y or p, definitively enters the packet be- 
longing to the value M', the true value of the variable M must be M'. For, 
as is seen from (9.13) (9.14), the wave functions in the space of the macro- 
system are coupled to those of the micro-system. As the separation of the 
packets in the space of the macro-system occurs while the systems are still 
interacting, the fact that a single packet, belonging to the value M', can hence- 
forth be taken as the wave function of the macro-system, implies that the true 
value of M at that juncture must be M', so that the micro-system is adequately 
described by the eigenfunction v,, until the systems cease interacting; for 
each wave packet (say y(y+M’'t) for the momentum coupled case) satisfies 
the Schrédinger equation (9.9) for the combined system in interaction only 
if multiplied by the corresponding w,,. This establishes the result (c) in the 
weaker but physically equivalent form: immediately after a measurement of M 
in which M' is obtained the true value of M at the instant the interaction 
ceases is M', so that the microsystem thereafter behaves as if its true wave 
function at the instant of separation were %,,. 

The probability of obtaining the measurement M' is the probability that, 
as the packets separate in the space of y or p,, the true value of y or p, will 
be in the packet belonging to M’. Since the wave functions u,, and % are 
normalized, that probability is given by (9.4), as is seen from (9.13) (9.14) by 
integrating (7.4) over the packet belonging to the value M’, which establishes (b). 
(d), (e), and (f) follow at once from theorems of expansion of functions in terms 
of a complete set of ortho-normal eigenfunction. 

There is no guarantee that the separation of the packets, in the space of 
the varible y or p,, will always be sufficient, as compared to the mean width 
of each, to permit distinguishing among them by purely classical means. 
Whether this will be so or not depends on the strength of the interaction, 
absorbed into M, and on its duration. If the product M't is too small, no 
measurement of M’ has taken place. The same requirement applies in the 
usual theory of quantum mechanical measurements [45]. It is possible that 
the adjacent packets cannot be distinguished classically, but packets belonging 
to values M' separated by 4M’ can be. Then the true value of the variables y 
or p, is not confined within one packet, but within a group of packets belonging 
to values M' of spread AM’. Then the measurement of M was not sharp, 
but left an uncertainty 4M’. Likewise, the true value M’ fluctuates over a 
range AM’, and the effective wave function of the micro-system at the instant 
of separation of the two systems will be 


M"=M' —AM'/2 


(9.15) D> Gate 


M'+Am'/2 
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(where g,. is a normalized modulating amplitude) or an analogous expression 

in the case of bands of eigenvalues. The assertion (g) and (9.7) follow readily. 
Although to disencumber the language, M was considered to be a single 

variable, it should really have been called a set of commuting variables. 

Erratic fluctuations, of the type discussed in Sect. 8, do not lead to vio- 
lations of the results of this section, as a simple analysis shows. Should a more 
refined analysis show that violations are possible, it could be assumed that 
the time between such fluctuations is large as compared to the time required 
for completing a measurement. 

The analysis of the process of measurement based on the causal formulation 
is, conceptually, more satisfactory than the discussion based on the usual 
formulation [28, 45]. For the latter, as shown with great clarity in [45], rests 
on a conceptually unsatisfying, if logically consistent, blending of classical and 
quantum concepts, each applying at its level, rather than on a limiting process 
(such as the transition via the short wave limit, which connects the axioms 
of quantum mechanics to those of Newtonian mechanics). This difficulty is 
due to the fact that the variable y or p,, according to the usual formulation, 
does not have a true value as long as the packets overlap, as the system is then 
not classically describable. In the process of the separation of the packets 
in the space of y or p,, the true value of these variables is, so to speak, « born » 
out of a dying quantum mechanical situation. Here, on the other hand, there 
always is a true value y and p,, but it cannot be ascertained without further 
sophistication until the packets have separated. 

Note that in the discussion of this section, as in general, a co-ordinate 
coupled interaction leads to separation of packets in the space of p,, while 
a momentum coupled interaction leads to separation of packets in y space. 

The theory of quantum mechanical measurements, summarized in this 
section, was used by Boum [22 iii] in his reply to an objection raised by 


EINSTEIN [22 ii] against the causal formulation (*). EINSTEIN points out that 


in example (b) of Sect. 8, the particle would be exactly at rest, even in the 


(*) In [22(ii)] as elsewhere (e.g. [5]) EINSTEIN does not argue against the idea of 
a causal theory underlying the usual formulation of quantum mechanics, but only 
against the possibility of basing such an underlying theory on the Schrodinger equation. 
The latter, according to EINSTEIN, can only be given a statistical interpretation in the 
sense of Born, but cannot describe the physical reality of a single system. EINSTEIN’s 
ideas in this connection are similar to those of Blohincev [38]; but Bonm’s reply 
to EINSTEIN’s objection was left unanswered, without, however, any indication from 
EINSTEIN whether he agrees with Boum’s reply. EINsTEIN’s essay concludes with the 
strongest argument yet advanced against the widely held view that the basic laws of 
nature are statistical, without any underlying causal theory: « Nature as a whole can 
only be viewed as an individual system, existing only once, and not as a “‘collection,, 
of systems.» (Translation from the German by the author of this article). 
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case of a macroscopic system, say a ball 1 mm in diameter between two per- 


| fectly smooth and elastic walls 1 m apart, the wave function still being given 


by (8.7). Such a macroscopic system could be detected by purely classical 
means (i.e. simply looked at without serious disturbance) and would, by the 
axioms of the causal formulation, be seen at rest. On the other hand, classical 
mechanics predicts that a particle of kinetic energy H# should bounce back 
and forth between the walls with speed (2E/m)}. This result violates the re- 


quirement, suggested by EINSTEIN, that « all microscopic theories must always 


become identical with previously accepted macroscopic theories, when one 
considers sufficiently large dimensions » (*). BoHM points out that this re- 
quirement would eliminate e.g. physical optics, as there is nothing, in prin- 
ciple, to prevent interference under proper conditions between sufficiently 
smooth and well adjusted plates several miles apart, although, by EINSTEIN’s: 
requirements, ray optics exclusively should apply to this situation. 

In practice, a ball of kinetic energy H between two smooth elastic walls 
will bounce back and forth with speed (2H/m)', as predicted by classical theory; 
but such a ball will not be in the state (8.7); to obtain such a state, a special 
type of wall, not available at the present time, is needed, with irregularities 


much smaller than the wave length of the ball. If such walls were available, 
and the ball put in the state (8.7), there is no reason to believe that it would 


not in fact be at rest; but if an observation of velocity is made, then, by the: 
theory of this section, the result + (2H/m)* would be obtained, both with 
equal probability,.as predicted by the usual formulation; which result is ob- 
tained would depend on the exact initial conditions of the situation prevailing 
at the time of the measurement. The kinetic energy £ suddenly imparted to 
the ball does not come from the comparatively minute energy exchanged 
during the measuring process, but may be visualized as coming from the 
«quantum potential energy », where, as was seen in Sect. 8, £ is stored while 
the ball is at rest. The fallacy in EINSTEIN’s objection lies in the implication 
that the ball could be observed without being disturbed, simply because it 
is a macroscopic system. The observation, in Boum’s words, could «trigger » 


a spectacular change in an unstable situation. 


10. — Conservation Laws. 


In interactions (of a classical type) between particles through a field, a 


| particle, while under the influence of a field, does not in general satisfy the: 


conservation laws of a closed system (momentum, kinetic energy, etc.). This 
is explained by saying that the particle alone does not constitute a closed 


(*) This is a paraphrase in Boum’s words [22(iii)]. 
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system; but the joint particle-field system does obey such conservation laws (*). 
This is brought about by the fact that the field and particle are in mutual 
interaction. The field acts on the particles, and the particles in turn act on 
the field, through sources in inhomogeneous field equations such as (5.3). 

The quantum field R also acts on the particles (a convenient way of visua- 
lizing its effect is through a quantum potential energy U from which a quantum 
force is derived; but, unlike other fields, it is' not acted upon directly by the 
particles. This is seen from the fact that the field equations (3.3) or (5.6) are 
homogeneous, as in fact they must be if (7.1) (7.4) are to hold [16, 24]. Sources, 
e.g. in (5.6), would correspond to the creation or annihilation of particles, and 
are in fact used for that purpose in theories of field quantization. Furthermore, 
the homogeneous character of the Schrédinger equation, from which the homo- 
geneity of (3.3) (5.6) follows, is well established, as the energy levels of the 
Hydrogen atom, among other results, depend on it (*). 

These unusual features appear most strikingly in the case of one particle 
in a wave packet state, mentioned at the close of Sect. 4 (or, in general, in 
a non-stationary state). The initial position (3.6) (5.11) can be specified quite 
independently of the initial conditions for the fields S and R (2.12) (5.9) (3.4) 
(5.10), so that the actual trajectory of the particle has no influence what- 
soever on the temporal development of R, though R influences the motion 
of the particle. 

It appears that the motion of a particle in a wave packet solution of the 
free particle Schrodinger equation (Sect. 4), or in a non-stationary state, cannot 
be reconciled with conservation theorems of a classical type. Because of such 
considerations the term « quantum force » has been. used in this article with 
cireumspection; a force, in the Newtonian sense, necessarily entails a reaction, 
which is absent here. Although the concept of quantum force is occasionally 
a helpful thought device, the causal formulation is in no way tied to it; the 
axioms of the causal formulation may simply be thought of as a new law of 
motion; the term U in the modified Hamilton-Jacobi equation need not be 
considered as an added potential energy, but, like the intimate coupling of 
the Hamilton-Jacobi equation with the continuity equation for R, may simply 
be considered as part of the new law of motion. We tend to think of force 
as «physical», because we can «feel» it, as contrasted to « artifices » such as 
velocity fields in configuration space, Riemannian spaces, etc.; but this is 


(*) In some elementary cases (electrostatics, Newtonian gravitation) it is possible 
(cf. Sect. 5) to include the field energy as a potential energy of the particles, expressing 
it in closed form as a function of the relative positions of the particles, i.e. as a point 
function in configuration space. No reference to the field need be made in such cases. 
See also footnote page 17. 

(*) This was pointed out to the author by B. T. DARLING (Colloquium discussion). 
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perhaps only an anthropocentric prejudice. Recent developments in unified field 
theory as connected with the causal formulation of quantum mechanics [12, 26] 
would suggest that the hydrodynamic-geodesic formulation of mechanics may, 
after all, be more fundamental that the Newtonian idea of force (in this con- 
nection, see also [36]). One should not restrict the appellation « causal theory 
of mechanics » to theories involving the concept of force. The only requi- 
rement is that the future flow causally out of the past. 

The usual formulation of quantum mechanics is not faced with a similar 
problem, as it explicitly excludes consideration of the actual motion of particles 
between observations. The observed values themselves are quite erratic, but, 
because the operators obey the classical conservations laws. (i.e. certain oper- 
ators commute with the Hamiltonian), the mean values likewise obey the clas- 
sical conservation laws, which is all that is required for agreement with exper- 
iment. By Sections 7 and 9, the mean values observed in the causal formu- 
lation are the same as those in the usual formulation. The violation of con- 
servation laws of a classical type pertains exclusively to the (thus far un- 
observed) true motion of the particles. 

ZILSEL [16] and EINSTEIN [22 ii] based their criticism of the causal for- 
mulation partly on the violation of classical conservation laws; but there is 
no logical necessity for physical theories at all levels to obey such laws. ZILSEL 
pointed out that the correspondence principle connects the classical variables 
with the quantum mechanical operators, via the limit of short wave length, 
rather than with the true variables (via the limit # +0, which does not cor- 
respond to any physically meaningful situation). ZILSEL’s argument, in this 
respect, is self-defeating, as it only underlines that the true motion of the 
particles need not obey classical conservation laws. 

The point of view preferred by Boum [17] is that the motion of, say, an 
electron in a wave packet state is analogous to the motion of an electron through 
an externally given electric field. In both cases, according to BoHm, the con- 
servation laws are not satisfied because the system is not closed. The diffi- 
culty with this view is that in the case of an external electric field (say, the 
field provided by condenser plates), there is a tangible separate source of the 
field (the condenser plates). In the case of the wave packet solution of the 
Schrédinger equation for a free particle, it is difficult to see what, other than 
the physical process which gave rise to the particle itself, could be considered 
as giving rise to the field. It is possible to conceive of the electron without 
any external electric field, but not without any È field. A behaves much more 
like an attached field than like an external field. It is possible that, as sug- 
gested by Boum, it will be necessary to introduce, at some level of physics 
to be reached in the future, a reaction of the particle on this attached field; 
but there is no reason to expect that such a reaction would reintroduce. clas- 
sical conservation laws into the particle-self-field system, as the true motion 
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without such conservation laws is precisely what is needed to lead to the same 
experimental predictions as the usual formulation at the atomic level. 

If S and £ are both considered fields in configuration space, (3.2) (3.3) can 
be obtained from a variational principle (Sect. 12); there are thus conservation 
theorems associated with the functions R and S. They do not directly involve 
the actual trajectories of the particle. The velocity potential S, as distinguished 
from the actual trajectory, obviously reacts on R, as it appears in (3.3) (5.6). 

Only in the one particle case, and in the case of a purely static interaction 
between many particles described in configuration space, is the actual trajectory 
absolutely irrelevant to, and without influence on, the temporal evolution of 
the functions S and R. In DeBroglie’s formulation of the many particle case 
in physical space (Sect. 5), the actual trajectory of other particles (say par- 
ticle 2) influences, through V(7) in (5.5), the development of, say, R, and Si, 
which influence the trajectory of particle 1, which in turn reacts on R,. If only 
one pair of functions S, and R, is associated with all the particles of a kind, 
the reaction of each particle on its fields S, and R, occurs both via its influence 
on other particles of its own kind, and on particles of other kinds. This is a 
somewhat roundabout reaction, and anyhow does not resolve the difficulties 
in the one particle case. In the many particle case in the configuration space 
description, the actual motion of the system does influence the temporal de- 
velopment of the functions S and R, if the interaction between particles is 
via a vector potential, or if it involves a retarded interaction. In that case, 
the potential that appears in the Hamilton-Jacobi equation (11.6) cannot be 
written as a closed point function in configuration space, in analogy to (5.4), 
but depends on the velocities and/or actual trajectories of the particles. 

Mathematically, the violation of conservation laws of a classical type, in 
the causal formulation of quantum mechanics, reflects itself in the requirement 
of explicitly including the time ¢ in the argument of U,(@,t; 7). In the case 
of electrostatic interactions, V,(r) depends only on the actual location of the other 
particles. In the case of electrodynamical interactions (see footnote page 17), 
the interaction potential is retarded, and thus depends on the actual trajectories 
of the other particles; the electromagnetic self-interaction, if it is included, 
depends on the third derivative of the position of the particle itself. In all 
these cases, the potentials of interaction can be written as explicit functions 
of the trajectories. In the case of non-linear interactions, there do not exist 
general Green’s function type solutions to eliminate explicit reference to the 
field; but in principle, even in the absence of the superposition principle, each 
possible case could be solved separately, and the influence of any set of other 
trajectories on a given particle studied, though it may have to be expressed 
as an ad hoc interaction function. All the cases other than the R,, field have 
in common that the initial conditions of the field cannot be arbitrary, but 
must be consistent with the initial positions of the particles. On the other 
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hand, the initial conditions (5.10) for R, and (5.11) for particle positions are 
quite independent. It is thus not possible to eliminate explicit dependence 
of U, on t, replacing it by dependence on the trajectories of the particles. 
This is best seen in the form (5.18); the part U,, (essentially the attached 
or «one particle » part), does not, as was seen earlier in this section, depend 
on the actual motion at all. 


11. — Interaction with an Electromagnetic Field. 

The classical Hamiltonian for a single particle in an electromagnetic field is 
(11.1) H = 3(Pa+ eAa/0)(p°+ eA*/e) + ep , 
where all mechanical quantities have the meaning attributed to them in Sect. 2, 
all electrical quantities are expressed in unrationalized Gaussian units and 


A;=(A,, A,, A.). The classical equations of motion (2.6) (2.7) which follow 
from (11.1) are 


(11.2) ie = e€;+ (€/e)G"Bia ; 
where 

(11.3) E, =—Vip—c10A;|0t 
and 

(11.4) B,, = V:A;— V;A; . 


Note that here, by (2.6) (2.9) 
(11.5) VS = Pi = -—— Gi — (e/c) A, . 

Applying the usual substitution (2.24) in (11.1), the Schrédinger equa- 
tion (2.25) for a particle in an electromagnetie field is obtained, which the 
substitution (3.1) separates into a real and an imaginary part. The real part 
(11.6) 4(V.S + eAx/e)(V°8 + eA°/c) + ep— WRV,V*R — 08[ot=0, 


is just the Hamilton-Jacobi equation (2.10) with the classical Hamiltonian (11.1) 
augmented by the quantum potential energy (3.5) (5.8). The imaginary part 


11.7) OR?/et = V,[R2(V"8 + eA*/e)] = 0, 


reduces to (3.9) (5.6) with the aid of (11.5). 
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The motion of a particle according to the postulates of the causal formu- 
lation (Sect. 3), including now an electromagnetic field, follows a trajectory 
in the classical sense, derivable from (11.6) (11.7), with initial conditions 
(2.12) (3.4), and the law of motion, here (11.5), with initial conditions (3.6). 
The electromagnetic field may be prescribed externally; but the more fun- 
damental case is that in which Maxwell’s equations, together with boundary 
conditions consistent with (3.6), are adjoined to (11.6) (11.7) (2.12) (3.4) (11.5) 
(3.6). As was pointed out in Sect. 10, there is here a reaction of the trajectory 
on the temporal development of S and R, since A;, which depends on the 
actual trajectory of the particles, appears in (11.6) (11.7). 

The statistical consequences of Sect. 7 follow without change. The ex- 
tension to the many particle case, either in configuration space, or according 
to the method of DeBroglie (Sect. 5), offers no more difficulty than before. 


12. — Variational Principles. 


Let 
12.1) Le = R?[08/ct— H(g', V;S)]— Hi*(V.R)(VeE), 


where H is the classical Hamiltonian (Sect. 2) (not the modified Hamiltonian 
which includes the « quantum potential energy »). Further, let 


(12.2) QW -fee V.R, VS, 08[0t)Vgdq... dq” dt . 
The usual variational principle of classical field theory | 
(12.3) sw = 0, 


yields the fundamental equations of the causal formulation. Varying & yields 
(3.2), while varying S and applying (2.6) and (2.9) yields (3.9) as Eulerian 
equations. Note that £ is not the same as L of Sect. 2. The latter is the 
Lagrangian of the particle motion, while £ is the Lagrangian density of a con- 
figuration space field theory in the variables S and R. If (2.6) (2.9) had not 
been applied in the variation of S, (3.3) rather than (3.9) would have been 
obtained for Hamiltonians quadratic in the momenta, the usual case in clas- 
sical mechanics. This variational principle establishes the compatibility of 
(3.2) and (3.3). 

This variational principle was first found by TAKABAYASI [19], and represents 
an extension of some comments of BERGMANN (*), who pointed out that clas- 


SEE 


(*) Peter G. BERGMANN (unpublished remarks to the Colloqium referred to in Sect. 20). 
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sical mechanies of particles could be formulated entirely as a field theory, in 
configuration space, of two field quantities S and P, satisfying, respectively, 
(2.10) and 


(12.4) dP/ct— V.(PV“S) = 0, 


which is analogous to (3.3), and yields (7.3) if the law of motion (2.4) (or its 
equivalent, (2.6)) (2.9) is adjoined. (2.10) and (12.4) are obtainable from the 
variational principle (12.3), with 


(12.5) e = Ples/et — H(q', V,S]- 


Varying P yields (2.10), while varying S yields (12.4). Suitable initial con- 
ditions S, and P, must be specified to permit solution of the field problem. 
As in the causal formulation of quantum mechanics, once S is found, the law 
of motion (2.4) (2.9) permits the derivation of a velocity field, and physical 
interpretation. Here, however, in the classical case, initial conditions (3.6) 
need not be specified; the law of motion (2.4) (2.9) permits the interpretation 
of P as a density of representative points in configuration space. If, therefore, 
a single system is to be described, a delta-function P, would be chosen, rather 
than a specification of (3.6). 

P does not appear in the classical Hamilton-Jacobi equation (2.10); the 


| velocity resulting from (2.10) (2.4) (2.9) carries a delta-function P, into a bona 


fide delta-function at a later time, according to the pattern (7.7) (7.8). On the 
other hand, as was seen in Sect. 7 (iii), the coupling between equation (3.2) 
for S and (3.3) for R is mutual, as a result of which a delta-function R, will 
diffuse. 
In the quantum mechanical case (12.1), R? rather than P appears in the 
variational principle. P does not fit into the quantum mechanical variational 
scheme at all, and, where it is different from R?, must be introduced at hoc. 
One simple method of arriving at (12.1) is to introduce (3.1) into the 
Lagrangian density y*(ih 0y/0t — Hy), from which, by varying y* and y, 


(2.25) and (2.27) are obtained. 


13. — Compatibility of Hidden Variables with the Usual Formulation. 


In a famous argument Von NEUMANN [28] has shown that, if the predic- 


tions of quantum mechanics are absolutely valid, there cannot exist hidden 


(i.e. not appearing in the usual formulation of quantum mechanics) variables 
associated with the system alone, such that if they, as well as the usual wave 
function parameters were known, the values of all observables could be pre- 
dicted unambiguously. 
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VON NEUMANN’s argument does not apply to the «hidden variables » of 
the causal formulation summarized in this article, as the values of the true 
variables of a system are not, in general, the values of the variables bearing 
the same name that are observed, if a measurement is performed. The latter 
depend upon both the true variables of the system, and those of the measuring 
apparatus. Since neither true variables can be fully ascertained by methods 
subject to the uncertainty principle, only statistical results can be predicted, 
as was seen in Sect. 9, although in principle the outcome of each experiment 
is fully determined by causal laws. The great value of the usual formulation 
is precisely that it permits calculation of the maximum information that can 
be obtained in the face of the limitations imposed by the uncertainty principle. 
However, by virtue of that circumstance, the usual formulation is tied to the 
assumed absolute validity of the uncertainty principle; whereas the causal 
formulation, in which the uncertainty principle appears only as an incidental 
feature pertaining to measurements and preparations at a certain level of 
physics, does not suffer from that limitation. 

PAULI [21 iii] has shown that the causal formulation cannot yield more 
observable information about a system than the usual formulation, without 
in some way contradicting the usual formulation. Either the causal formulation 
will predict exactly the same observable results as the usual formulation (the 
causal formulation does this in its present form); or, if the causal formulation 
is modified or generalized so as to give observable information not obtainable - 
in principle from the usual formulation, then it must in some ways give results 
incompatible with those of the usual formulation. It cannot simply confirm 
all the results of the usual formulation, and yield some observable predictions 
in addition. This argument, like Von NEUMANN’s, only shows the logieal | 
completeness and rigidity of the usual formulation. 

One could, at the close of the 19th century, have argued with comparable 
justification that Newtonian mechanics was a logically complete theory (*). 
The conclusion is admittedly somewhat more startling in the case of the usual 
formulation of quantum mechanics, since the latter is a statistical theory, 
which, one at first imagines, cannot be logically complete. 

As a matter of fact, as is shown in the causal formulation summarized here, 
the usual formulation is not conceptually complete, in the sense that a non- 
statistical physical model is, in principle, possible and compatible with the 
statistical results of the usual formulation. That already is a considerable 
physical advance; it shows that one need not think of submicroscopic processes 
in the nebulous way suggested by the proponents of the usual. formula- 


(*) A recent argument by P. S. EpstEIN [Am. Journ. Phys., 22, 402 (1954)] shows 
that such an argument would have been dimensionally fallacious when applied to sta- 
tistical thermodyamics. 
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tions [5, 21, 22 iv, 23]. The logical completeness and rigidity of the usual 
formulation applies only to the experimental results it predicts. 

The main aim of the proponents of the causal formulation is to seek new 
principles of theoretical physics capable of solving those problems in which 
the usual formulation has failed. In the search for new physical principles, 
the logical completeness and rigidity of the usual formulation is its most serious 
handicap. Logical rigidity is often an asset to a physical theory in the stage 
of development, as it then guides the thinking processes of physicists: but 
when a theory has reached the limits of what it can yield, rigidity becomes 
a bar to further progress. The causal formulation, on the other hand, is 
susceptible of numerous modifications, among which the abandonment of (2.9) 
is only one. Further, it is not logically complete; for instance, as was pointed 
out in Sect. 6, the nature of the irregularities in the background fluid opens 
the possibility of connecting the causal formulation with other theories, espe- 
cially unified field theory. In fact, one serious criticism that may be addressed 
to the causal formulation is that, unlike the usual formulation, it is too loose; 
there is need for some restrictive physical principle which will permit distin- 
guishing fruitful possible modifications of the axioms from blind alleys. 

Such modifications of the axioms summarized in this paper may be expected 
to lead to predictions which contradict those of the usual formulation. Such 
deviations should be sensible only at those levels of physics at which the pre- 
dictions of the usual formulation have not been confirmed, The relation between 
the predictions of the modified causal formulation, and those of the usual for- 
mulation (identical to those of the unmodified causal formulation) may be 
analogous to the relation between relativistic and Newtonian mechanics. 


14. — Two Special Examples. 


(i) The Einstein-Podolsky-Rosen Paradox. — In the Gedankenexperiment of 
EINSTEIN, PopoLsky, and. Rosen [44, 45], the following apparently para- 
doxical situation is described: By means of some interaction, two particles 
are put into a state such that some corresponding variables of the particles 
are correlated (but not a product of eigenstates of these variables). For instance, 
the combined system of the two particles might be put into an eigenstate of 
the combined momentum operator p,+/p.; or the state of the combined system 
might be antisymmetric in the spin variables. In such a state, the outcome 
of a measurement of the variable in question on one particle can be inferred from 
the measurement of the corresponding variable on the other particle. Let the 
interaction now be switched off, and before the combined wavefunction has 
had time to change appreciably, let a measurement of the variable in question 
be performed on one particle. Then the outcome of a measurement of the 
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corresponding variable on the other particle can still be inferred exactly, 
although now there is no interaction between the particles (*). In the usual 
formulation of quantum mechanics, this correlation without interaction must 
simply be accepted. 

In the causal formulation, on the other hand, the correlation is attributed 
to the configuration space field R (or equivalently to the physical space field R,, 
where such a description is possible). As described in Sect. 9, a measurement 
on one particle brings about a change in the wave function of the combined ~ 
system, which, through its effect on the motion of the other particle, brings 
about the correlation. 

This correlation could travel at speeds exceeding that of light, since it 
occurs during the time required for a measurement, which is small, while there 
is no limit on the distance by which the particles may be separated. However, 
as long as all known measurements underlie quantal laws, such a correlation 
cannot be used to propagate a signal, as there is no way of knowing what the 
outcome of a measurement on the second particle would be in the absence 
of a measurement on the first and the correlation it entails. If methods of 
measurement. are found which are not subject to quantal laws, two lines of 
development are possible: 


(a) The theory of relativity might be modified so as to permit some 
interactions at speeds exceeding that of light, at levels of physics with which 
we are not now familiar. Such an approach was proposed, in another con- 
nection (see Sect. 16) by JANossy [39]. 


(b) The Schrédinger equation might be modified in such a way as to eli- 
minate correlations at speeds exceeding that of light, wherever such corre-- 
lations might be used to transmit signals. This development is especially 
likely if quantum mechanics of particles turns out to be an approximation of 
the causal theory of quantized fields (see Sect. 16). È 


(ii) Franck-Hertz Scattering. — The Franck-Hertz experiment is of interest 
primarily because it resembles a case brought up by PAULI [43] in opposition 
to the causal formulation; this case contributed to persuading DEBROGLIE 
to abandon the latter [12]. However, Boum [6] has since shown that PAULI’s 
objection is not serious. 

In the Franck-Hertz experiment, an incident beam of particles is scattered 
inelastically by a target, say atoms in some stationary state. If the wave 
function of the particles in the incident beam consists of a (usually narrow) 


(*) Another aspect of the same Gedankenexperiment, to wit, whether it leads to a 
violation of the uncertainty principle, is adequately dealt with in standard treatments [45], 
_and is of no special interest here. 
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wave packet in momentum space, then, in a manner analogous (*) to the 
theory of measurements outlined in Sect. 9, the wave function of the scat- 
tered particles consists of a superposition of packets in momentum space, one 
for each possible transition between stationary states of the target. Eventually, 
these packets in momentum space become classically separable. The true mo- 
mentum of each scattered particle enters one such packet, so that its final 
momentum can be ascertained classically. 

PAULI pointed out that if the wave function of the incident particles is 
monochromatic in the momentum, the packets in momentum space which 
make up the scattered wave function do not separate classically but continue 
to overlap, so that the true momentum of the scattered particle fluctuates 
from packet to packet; while experimentally, stationary values of energy are 
observed in the scattered particles. In reply, Boum pointed out that beams 
of monochromatic momentum are convenient abstractions for calculation pur- 
poses, but are not realized in practice. If the incident wave function has an 
uncertainty in the momentum, this difficulty does not arise. 

It may be added that PAULI’s objection applies to the usual formulation 
as well, as the energy of the scattered particles could not be ascertained clas- 
sically if the packets in momentum space continue overlapping (see Sect. 9); 
if the incident beam where perfectly monochromatic in the momentum, the 
Franck-Hertz experiment would not constitute a measurement of the energy 
of the target particles. 

Franck-Hertz scattering, like the quantum mechanical measurements out- 
lined in Sect. 9, is here viewed as a continuous process, in which, however, 
because of the modifications of the Hamilton-Jacobi equation, the motion, 
while missile and target are interacting, is extremely complicated, and subject 
to very rapid changes. When the interaction ceases, the target will again 
be in a stationary state; the argument is the same as that used in Sect. 9 to 
show that the measured system, after a measurement of the observable M, 
is in an eigenstate of M. 


15. — Momentum Representation. 


The usual formulation of quantum mechanics may be couched, in a very 
general and elegant axiomatic way, in the language of vectors and operators 
in a generalized Hilbert space [3, 28]. The Schrédinger equation in configut- 
ation space (2.25), and the substitution (2.24) leading to it, are but special 
representations, i.e. special choices of base vectors, of relations between ele- 


(*) For a detailed treatment, see any text on scattering, e.g. N. F. Morr and 
H. S. W. Massey: The Theory of Atomic Collisions (Oxford, 1933). 
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ments of the generalized Hilbert space. Like all theories which are expressed - 
as relations between geometrical objects, the usual formulation is covariant 
under changes of base vectors, i.e., in the case of the generalized Hilbert space, 
under unitary transformations (*). The most common application of this — 
covariance (though by no means the only one) is the possibility of writing 
quantum mechanical relations, e.g. (2.25), in the momentum representation, 
in which, instead of (2.24), 


(14.1) Di = Di; qi=— ihA'. 


In (14.1), A’ is the covariant derivative in momentum space. 

Classical mechanics, especially Hamilton-Jacobi theory, does not have this | 
covariance. Hamiltonian and Hamilton-Jacobi mechanics does, however, have |. 
a more restricted covariance under what Born called a reciprocity trans- 
formation (37), 


(14.2) qi > Pi; Pir—q. 

Thus one may set, instead of (2.9), the law of motion 
(14.3) gq’ = — A'tS(p,;, t) , 

leading to the momentum space Hamilton-Jacobi equation 


(14.4) H(— A'S, p;) — o8(p;, t)/ot = 0. 


There would seem, at first, no reason why the modified Hamilton-Jacobi 
equation (3.2) could not. be written in the form (14.4). 

(14.5) H'(— A'S, p;) — 08(p, t)/et = 0, 
where H'— H+ U. The problem, however, is much more complicated than 


in the classical case (14.4); as was pointed out in sections 5 and 10, U(g',t) 


(*) A questionable parallelism between covariance in yHilbert space, and cova- 
riance in space-time of relativistic equations, was drawn by RosenreLD [21 iv] 
to suggest that the contradiction between the usual formulation of quantum mechanics 
and the « objectivity » of, say, general relativity is fictitious. In the latter, after all, 
the result of a measurement also depends on the representation, i.e. on the specific- 
ation of the state of motion of the observer. RosENnretp fails to discuss the crucial 
difference, which is that in general relativity, once the co-ordinate system is chosen, 
the outcome of a measurement is certain; while in the usual formulation of quantum 
mechanies the choice of the representation in general only permits the specification 
of probability coefficients. 
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is neither a point function in configuration space (like V), nor, in general 
expressible as an integral of fields in physical space, like (5.2); nor can it be 
expressed in terms similar to retarded solutions. 

For this reason, the field equation for R, (3.3) or (3.9) with initial condi- 
tions (3.4), must be adjoined to (14.5). If (3.3) or (3.9) is to remain an equation 
in configuration space, it involves a velocity field in configuration space; the 
latter could perhaps be obtained by solving (14.3), which is of the form 
q' = g'(p;, t) for 


(14.6) Pi = Dilq', t) 


If this is possible, there remains the question whether (14.3), (14.5), and (3.3) 
with (14.6), are compatible. Alternatively, one might attempt to replace (3.3) 
by an equation in configuration space; the author does not know whether 
such an equation exists, which has the same physical content as (3.3). 

A partial attempt in the direction of a momentum space formulation was 
made by EPsTEIN [13], by starting with (2.25) in the momentum represen- 
tation, and the Ansatz 


(14.7) p(pi, t) = R(p,, t) exp [— iS(p,, t)/h) . 


However, the naive substitution (14.7) in (2.25) (in the momentum represen- 
tation) does not, in general, yield (14.5). As Boum [14] pointed out, this is 
due to the circumstance that while the momentum dependent part of the 
Hamiltonian in classical mechanics always has a leading term 3p,p° (corres- 
ponding to the differential operators — 44*V,V° in the co-ordinate represen- 
tation), the co-ordinate dependent part, say V(q‘), exhibits a great deal of 
variety. As was pointed out in Sect. 3, the success of the Ansatz (3.1) strongly 
depends on the form of the Hamiltonian. Since the Hamiltonian, except in 
unusual cases such as that of the harmonic oscillator, is not symmetrical in 
the momenta and co-ordinates, there is no reason why (14.7) should be as 
successful as (3.1). 

Abandoning the naive use of (14.7), EPsTEIN [15], in a computationally 
interesting paper, which , however, raises more questions than it answers, 
showed that these difficulties might be overcome by expressing V(q') as an 
integral transform (*). He also suggested a method of obtaining a continuity 
equation in momentum space, but failed to show that it has the same physical 
content as (3.3) (3.9), and whether it is, in fact, the proper field equation for 
the extra (quantum) term U in (14.5). He also did not show whether the 


(*) Epstein’s method might also be used in the causal formulation of quantum 
theories with Hamiltonians linear in the momenta, for which (3.1) does not work. 
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quantum term in the Hamilton-Jacobi equation obtained by the less naive 
use of (14.7) leads to the same physical effects as U(g°,t). In fact, the trend 
in EPSTEIN’s papers is to suggest that the causal theory obtained by the (less 
naive) use of (14.7) is a different physical theory from that of the axioms of 
Sect. 3. It is probably not equivalent to the theory based on (14.5), if the 
latter can be formulated consistently. 

It is doubtful whether greater progress can be made by basing the mo- 
mentum space description of the causal formulation on the axioms (d), (e), (f) 
of Sect. 3, without reference to (14.7). This is so because (3.10) depends on 
the equations of continuity for |y|? in configuration space. No physically 
meaningful results are obtained-by applying in momentum space a procedure 
analogous to that which led from (2.25) (2.27) to (3.10). 

Although the argument is not settled, one may tentatively conclude that 
the connection between the usual formulation of quantum mechanics and a 
correct causal formulation may be made only in the co-ordinate representation. 
The causal formulation may perhaps be put into a physically equivalent mo- 
mentum space description, which, however, appears to be different from the 
(incorrect) causal theory based on the insertion of (14.7) into the momentum 
representation of the usual formulation. 

Boum [11] has argued that this singling out of the co-ordinate represen- 
tation, first pointed out by TAKABAYASI [10], should not be considered objec- 
tionable. For one thing, there is no compelling necessity to use the language 
of Hilbert space and the concomitant covariance under unitary transformations, 
even in the usual formulation. All the physical results follow quite well from 
the co-ordinate representation. The remainder is a neat mathematical scheme, 
and a convenient computational tool. It contains, incidentally, many un- 
verified assumptions, in particular, the assumption that all Hermitian operators 
have physical meaning, while in fact only very few have been so identified. 
The possibility of introducing the language of Hilbert space depends on the 
linearity of the operators used in the usual formulation. If it should turn out 
that at some level of physics to be investigated subsequently non-linear oper- 
ators are required in the differential equations, the Hilbert space formulation 
would have to be abandoned. In other physical theories, the prevailing view, 
is that the linear equations are approximations to non-linear equations; thus 
the equations of Newtonian gravitation or of Maxwell’s electrodynamics are 
probably approximations of, respectively, the non-linear theories of Einstein 
and Born and Infeld (*). It would be surprising if the linearity of the usual 
formulation were to retain its entrenched position forever. Despite the un- 
questionable clarity that the Hilbert space formulation has introduced into 
the usual aspects of quantum mechanics, an uncritical acceptance of what 


(*) References to these theories are given in reference [23]. 


THE CAUSAL FORMULATION OF QUANTUM MECHANICS OF PARTICLES 5 


or 


may well be but an artifice useful at one level of physical thinking, may close 
the door to some new fruitful ideas. 


16. — Problems Connected with Field Quantization. 


The «sudden » collapse of the wave function in the course of a measurement 
(in the space of the variable which is being measured) is often alleged as an 
argument against the interpretation of the wave function as an objective phy- 
sical field. Even persons dissatisfied with the usual formulation of quantum 
theory have suggested that the wave function has only statistical meaning, 
and is not suitable for a formulation of the underlying causal theory [22 ii, 38]. 
On the other hand, in Bohm-DeBroglie theory, the statistical meaning of the 
wave function is incidental to, and a consequence of, its role in the causal 
theory. The collapse of the wave function in the course of a measurement 
is then considered a continuous, though very rapid, phenomenon. An example 
of such a phenomenon of «continuous collapse» was discussed in Sect. 9. 
Note that the wave function does not actually collapse, but rather divides 
into packets; it can be considered as being just one of the packets (and re- 
normalized) after the packets have classically separated, and the true variable 
has definitely entered one of the packets. The approach to this state of affaris 
is continuous; but the replacement of the superposition of packets by just 
one of them is actually an arbitrary, discontinuous, and to some extent un- 
satisfactory phenomenon. It is not real, in the sense that there is no physical 
reason why the packets into which the true variable has not entered should 
cease to exist. 

As an additional difficulty, if some time has elapsed since the preceding 
measurement of position, the wave packet entered by the true position, because 
of the diffusion character of the Schrédinger equation, will be spread out over 
a distance which, in the case of some cosmic ray particles, may be of astro- 
nomical order. A collapse of such a wave packet into a delta-function in the 
extremely short time interval required for a measurement would entail inter- 
action at speeds exceeding that of light. Further, a plane wave is only a mathe- 
matical idealization. Actual waves are always emitted as spherical waves, 
with appreciable amplitude in a finite solid angle. The spread then is not 
only in the direction of the motion, but also laterally; yet the entire wave 
function must collapse in the course of a measurement. Spherical waves also 
occur in the diffraction of electrons and photons; again the wave function 
must collapse very rapidly in the course of the interaction with the screen, 
no matter how widely the wave has spread. 

Strictly speaking, these questions are beyond the scope of this article, as 
they involve the dynamics of wave fields rather than the mechanics of the 
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particle. A brief discussion, however, is in order, for unless some reasonable 
answer can be suggested to these objections, there is little point in spending 
further efforts on the causal formulation of quantized particle mechanics. 

The usual formulation has been extended from particles to field with some 
measure of success [40, 41]. There is no reason why one should not likewise 
extend the causal formulation of quantum dynamics to fields. This is an abso- 
lute necessity if the description of photons is to be included in the scheme, 
which is desirable as photons lie at the foundation of all of quantum theory. 
It should also be done if one takes the view, usually adopted in modern versions 
of the usual formulation, and entirely compatible with the causal formulation, 
that particle dynamics is but an approximation to field dynamics, particles 
being, in fact, quanta of their fields. 

The last statement (particles are quanta of their fields) takes on a new 
meaning in the causal formulation. The classical field equations (Maxwell, 
Schrédinger, etc.) are not the true equations satisfied by the field variables. 
To obtain the true equations, one must proceed as in the case of particles: 
set up the Schrédinger equation (but now for the state vector of the system 
of fields, a functional or « superfield »); from this, by (3.1), R and S now being 
functionals of the field variables, a modified Hamilton-Jacobi equation for 
fields is obtained. Just as the classical field theory may be couched in a 
Hamilton-Jacobi formalism [42], which is equivalent to the classical field 
equations, the modified Hamilton-Jacobi equation obtained from the Schro6- 
dinger equation for the field system is equivalent to modified (Maxwell, Schr6- 
dinger, etc.) field equations. These modified «true» field equations are of 
such a nature that the wave fields do not spread out, but remain « bunched », 
i.e. quantized. The quantization of fields is thus a physical phenomenon rather 
than a purely mathematical procedure from which, somehow and sometimes, 
a correct answer follows. Since the true wave packets do not spread out, at 
least not over large distances, there is no need any longer to admit interactions 
at speeds exceeding that of light (but see Sect. 18). Boum carried out the 
calculation in the case of Maxwell’s equations to an extent sufficient to account 
for the photoelectric effect [7], but in a rather primitive formalism, and without 
explicitly exhibiting the modified field equations. Since then, he has found (*) 
indications that the modifications of the field equations do in fact lead to 
« bunching ». The remainder is largely a program at the present time, though, 
except for some doubts as to the possibility of exhibiting the modified field 
equations, the outcome is hardly in doubt (+). 

The unmodified field equations (Maxwell, Schrédinger, etc.) play a role 
analogous to that of the classical (umodified) equations in particle theory. 


(*) Private communication. 
(+) For an elementary treatment of the quantized free Klein-Gordon field, see [42, 65]. 
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They are obeyed by the operators and by the mean values. For instance, in 
the case of the diffraction of electrons through a slit, the (unmodified) Schré- 
dinger field spreads out into a diffraction pattern. The true (modified) Schré- 
dinger field carrying the mass and energy of the « particle » is bunched, and 
concentrated in that direction (and in a small region at any time) in which 
the « particle » will actually hit the screen. The unmodified Schrédinger field, 
which spreads out, gives the mean value, i.e. the statistical distribution, of 
the directions into which the true bunched fields are sent. The motion of 
| the particle under the influence of the (unmodified) Schrédinger field is equi- 
| valent, at the atomic level of physics, to that of the true bunched field packet 
obeying the modified Schrédinger equation. From the point of view of the 
causal formulation of quantum field dynamics, the (unmodified) Schrédinger 
field has no objective existence, just as in particle theory (causally quantized) 
motion according to the classical laws has no objective existence in each case, 
though it governs the mean values. It is clear, however, that the true field 
must extend far beyond the small region in which the mass and energy of the 
particle are concentrated, and may very well approach the unmodified field 
except near the «boss». The entire modified field, including the non-energy- 
carrying part (i.e. the part removed from the « boss»), is instrumental in 
guiding the «field-boss »-particle. In two-slit diffraction, a section of the 
i non-energy-carrying part of the field goes through the slit through which the 
« boss » does not go, as is necessary to account for the interaction of particles. 
with themselves. (In this connection, see also the interesting discussion of 
a related problem by RENNINGER [68]). The collapse of the non-energy- 
carrying part of the true (modified) field may entail action at speeds exceeding 
that of light. This is not necessarily objectionable, as the non-energy-carrying 
part of the field is apparently incapable of transmitting signals; but it may 
also turn out that our present ideas of relativity may have to be modified 
in this respect. (This question was discussed by JANossy [39] and Boum [7]). 
It is tempting to speculate that the instantaneous collapse of wave functions 
spread over astronomical distances is in some way related to Mach’s prin- 
ciple [69]. (For a discussion of the relation of the preceding point of view to 
DeBroglie’s double solution theory, see Sect. 6.) 
According to the causal quantum field point of view, the particle also has. 
| no existence independent of the bunched field packet; the true bunched field 
packet, satisfying the modified (e.g. Schrédinger) equation, is the. particle. 
This would seem to dispose of Rosenfeld’s assertion [21 iv] that the causal 
formulation of quantum theory exhibits a «foible » for the particle concept. 
It should be added, in justice to Rosenfeld’s criticism, that the point of view 
expressed in this paragraph is apparently not that of Boum. Both in his first 
formulation [7], and in the hydrodynamical model [25], BoHM appears to 
regard particles as physically distinct from the fields which govern their motion, 
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and to distinguish between such «real» particles (e.g. electrons), and photons, ~ 
which have some particle-like properties without being «real » particles. Boum 
also appears to prefer arguments based on many particle formalisms [17] to 
arguments in terms of field theories; he does not express the view, held by 
the present author, that the many particle formalism is only a mathematical 
device, physical reality, at the level of physics with which we are now dealing, 
residing in the field. Neither BoHM nor the present author share Rosenfeld’s 
acceptance of particles and fields as inexplicable dual ultimates. 

Since Fermi statistics follow automatically from field quantization by anti- 
commutation relations in the usual formulation, a similar result may be ex- 
pected in the causal formulation of quantum field dynamics. The causally 
quantized one particle equation would then fully cover the many particle 
case, without giving rise to the difficulties which arose in Sect. 5 in the des- 
cription of Fermions in physical space. 

The question of why an electron, in a bound state of L,4 0, does not 
radiate, as it should classically, would also find its answer in the modification 
of the (Maxwell) field equations. 

Finally, it may be pointed out that according to the point of view of the 
causal formulation of quantized field dynamics, the same equation governs 
the existence and the motion of the « particle ». This point of view is some- 
what similar to that used by DARLING [47] as the basis of a theory introducing 
a new fundamental constant of dimension of length. It is not impossible that 
such a fundamental constant might find a place in the causal formulation of 
quantized field dynamics. 

A recent paper by NAGY [70] treats the photon as a particle guided by 
the Maxwell field. However, this does not involve field quantization. 


B) Relativistic Theory. 


17. — Notation and Introduction. 


The relativistic discussion is restricted to a prescribed metric, but not to 
pseudo-Cartesian co-ordinates. Space-time is described by four co-ordinates &*, 
which are not required to be pseudo-Cartesian. The pseudo-Cartesian flat- 
space metric is g,, = diag (—1, —1, —1, 1). V, means the covariant deri- | 
vative. Greek indices range from 1 to 4. The summation convention is adhered 
to throughout. 

Particles are described by their rest mass m, and by their charge (in Gaussian 
units) e. For quantum mechanical purposes, it is convenient to define the 
Compton wave number x= m, c/h, where e is the velocity of light. 
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The description of the electromagnetic field is in terms of a potential 
A¥* —=\A,,A,, A,, 9); the fields 


(17.1) . 1 b= Ue 


are auxiliary quantities, not independent variables. 
Continuous matter is described by the particle density (in the rest system) 


_ 0 SO that the proper charge density is 001 = 0, and the proper mass density 


Com = 20M. The current-charge density is 


(17.2) 9% = e000° = (Jey Jus Jar 0a) » 


where 


(17.3) Te CS Oe1Va|0 a O001Vx(0° — va) 


(17.4) = délds, dsi= de dé, CL 

From (17.4), the relativistic Hamilton-Jacobi equation 
(17.5) © [V, S— (e/e)A,|[V*S — (e/e)A*] = mic’, 
is obtained by setting, in (17.4), in analogy to (11.5), 
(17.6) ol = (ome) p" — (e/0)A“] 


and in analogy to (2.9), 


nes 


(17.7) | Pr=Vu 
p, is the relativistic canonical momentum. The difference in sign between 
(17.6) and (11.5) results from the choice of metric and the identification of 
the components of A”. 

Transition to quantum mechanics of scalar particles (the Klein-Gordon 
equation (18.1)) is made by 


(17.8) p, = mV, 


in analogy to (2.24). 

In the sequel, only the one particle theory is treated, on the assumption 
that it already contains the description of the many particle case, either by 
means of the physical space description of Sect. 5, or by field quantization. 
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18. — Sealar Particles. 


The substitution (3.1), where now R and S are scalar functions of the 
space-time co-ordinates €, into the Klein-Gordon equation of a complex scalar |, 
matter field y in interaction with an electromagnetic field A” 


(18.1) ([V, + ie(ch)7A IV + ie(ch)1A%] + 2}y =0, 
yields, by [2, 24, 35], 

(18.2) [V,S— (e/e)A,][V*S — (e/e)A*] — me? —_h#*®R-V V*R = 0, 
as the real part, and 

(18.3) V ,{R2[V78 — (e/c)A*}} = 0 


as the imaginary part. Except for the last term (involving KR) on the left hand 
side, (18.2) is the relativistic Hamilton-Jacobi equation (17.5) of a particle of 
rest-mass m), moving under the influence of the field A*. 

(18.2) (18.3), with suitable initial conditions, constitute a consistent field 
theory in two coupled fields R and S, and an auxiliary field A” satisfying Max- 
well’s equations (18.11), equivalent to the Klein-Gordon field theory consisting 
of (18.1) and Maxwell’s equations, with suitable initial conditions. As in the 
non-relativistic case (Sections 2, 3 and 11), (17.6) (17.7) may be introduced 
as the law of motion, i.e. as a set of equations with the aid of which a velocity 
field vo is obtained from S. 

From (18.2), it is apparent that the usual relativistic identity v,v* = 1 
[(17.4)] is violated if the law of motion (17.6) (17.7) is applied, except in 
those special cases in which R-1V,V*R=0 [2, 12, 24]. DEBROGLIE [2, 12} 
and TAKABAYASI [24] have pointed out that this discrepancy might be cor- 
rected, and the law of motion (17.6) (17.7) maintained, by attributing to par- 
ticles a variable rest-mass 


(18.4) M,(é") = m(1 + 7m; *c?*R-1V_,V“R)* 


to be used both in (18.2) and (17.6). The correction factor may be large if R 
is very small, or if KR fluctuates greatly within a region of space time of the 
order of the Compton wave length x-1=h/(m,c). As pointed out by TAKA- 
BAYASI [24], if the corrected rest-mass M, is used in the law of motion (17.6), 
it is no longer possible to consider (18.3) as a continuity equation for the 
background fluid density d = R* [(6.1)], for the factor in the square brackets [ } 
in (18.3) is then no longer proportional to the space-time velocity v*. 
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An alternative remedy to the incompatibility of (17.4) with (18.2) (17.6) 
(17.7) is to define a new interval ds by 


(18.5) ds?(1 + x73R-1V,V*R) = ds? — dé dé 
and a new velocity by 
(18.6) de = dé*/ds, v0 = L4 £?* RV VR 


instead of (17.4). (18.6) (17.6) (17.7) is now compatible with (18.2). Physically 
this means that the energy £ of a particle is given by 


(18.7) Ble = p*— (e/e)A* = mevt = me?(c? — v?)-*(1 + x*R1V,V°R). 


Here, the rest-mass employed in (17.6) is not modified, so that (18.3) may be 
interpreted as a continuity equation for the background fluid. It is true that 
these results differ from the usual results of relativistic mechanics; this is not 
objectionable, since they pertain to true values rather than observed values (*). 

(18.3) is simply the usual equation of continuity associated with (18.1). 
The usual current-charge density associated with (18.1) 


(18.8) j! = e(2ix)—(p*V "yp — pV"p*) + e(chix) At p*y 


is proportional to the square bracket [ | factor in (18.3). 
The current-charge density 


(18.9) j* — eR?(em,)[V“S — (e/c) A], 


constructed on the basis of (17.2) (17.6) (17.7) and the statistical discussion 
of Sections 6 and 7 (ii), suffers from the same non-positive-definite character 
of j+ as in the usual Klein-Gordon theory. In this respect it cannot give an 
adequate statistical distribution of a single particle, or even an ensemble of 
particles with only one kind of charge. 

(18.2) and (18.3) are obtainable from a single variational principle, and are 
therefore compatible [24]. Letting 


(18.10) L,—(2m,)—{R2[V, S— eA,]c)(V*S — eA*/c) — mie] +h7(V, R)(V*R)} — 


— (167) 1(V°A,— V; A4°)(V, 4° VIA); 


B 


(*) As far as the author knows, a theory of quantum mechanical measurements, 
either in the usual or in the causal formulation, has not been worked out for relati- 
vistic sealar particles. It is likely to be much more complicated that the theory of 
Sect. 9, because the eigenfunctions of the Klein-Gordon differential operator are not 
in general orthogonal. 
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the usual variation of R in the space-time action integral leads to (18.2), va- 
riation of S leads to (18.3), and variation of A“ leads to the usual Maxwell’s 
_ equations 


(18.11) V , Fle = — dove(omy) 7 R2[V"“S — (e/c) A“) . 


In this variational principle, there are six field quantities, (A“, 8S, R). The 
variational principle of Sect. 20 is simpler, in that it involves only five field 
quantities, (A“, R). This is made possible by Schrédinger’s gauge transfor- 
mation, outlined in Sect. 22, the effect of which is to make S disappear as a 
field variable. The physical content of the theory is unchanged, the Hamilton- 
Jacobi equation (18.2) arising instead in the course of a gauge transformation, 
as in (21.6). 


19. — Spinor Particles. 


In the usual one-particle spinor-theory, the (Dirac) wave equation satisfied 
by the 4-component spinor field w is 


(19.1) {y*[iV, — e(ch).A,] + a}yp = 0 
and its adjoint 
(19.2) py TV, + e(ch)7A,J—4 = 0, 


with the anti-commutation relations 


(19.3) [yar vl: = 29," 


y is a column matrix, y’ a row matrix whose elements are the complex conju- 
gates of those of y, % = py, and Vi is interpreted as operating to the left. 
From (19.1) and (19.2) it follows that 


(19.4) jf= epy*y 
satisfies the continuity equation 


(19.5) Vj =0 


so that associated with a solution of the Dirac equation (19.1) (19.2) there 
is a (space-time) velocity field 


(19.6) v= (py) yy i 


wee ee eee ot Se Ze 3° a MY get ew Ee Oe La te n. L* a = pe ec 
(it SITE de VI ETA alee 4 a a ee x ve ala a “i 


# 


Z 
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The causal formulation of quantum mechanics of spinor particles must 
here be based on axioms (d), (e), (f) of Sect. 3, forthe reasons indicated there [11]. 
(19.1)-(19.3) are taken as the basic field equations, together with suitable 
boundary conditions (the specification of y on a space-like surface). (19.6) is 
taken as the basic law of motion. For the motion of individual particles, an 
initial boundary condition of the type (3.6) is required. 

The theory outlined in this section does not account for the spin of par- 
ticles. A causal description of spin was given recently by SCHILLER et al., 
and also by TAKABAYASI, first on the basis of the Pauli theory [34, 59], and 
later on the basis of the Dirac theory [34, 50]. The work of TAKABAYASI [50] 
is especially interesting, in that it is based on tensor equations equivalent to 
the Dirac equation, in which a degree of freedom in addition to that of spin 
appears. (See also the work of SCHONBERG [52]). 

A classical theory of mechanics, using the axiom (19.6), but spinors y and w 
not satisfying the Dirac equation, was recently proposed by PROCA [48]. 


20. — The Hydrodynamical Theory of Takabayasi (a Generalization of Dirac’s 
New Classical Theory of Electrons). 


In*this section, it is shown that a causal formulation of relativistic quantum 
mechanics of a scalar charged particle in interaction with an electromagnetic 
field is possible without reference to the field S, i.e. as a theory in the five 
field variables (R, A“), together with a suitable law of motion. This theory 
is a slight generalization of Dirac’s New Classical Theory of Electrons (sum- 
marized in Sect. 21) and is connected with Schrédinger’s fixed gauge in the 
Klein-Gordon equation (see Sect. 22). It was first proposed by TAKABAYAST [24], 
and from a slightly different approach, by VIGIER [26], and also by the present 
author [27](*). Vigier’s treatment also includes spinor particles. The gene- 
ralization consists in taking the Klein-Gordon equation in the fixed gauge as 
the gauge condition in electrodynamics, instead of Dirac’s gauge condition. 

In the Takabayasi theory, the two fields (matter, electrodynamic) are 
inextricably connected; neither can be formulated as a meaningful theory 
without the other. This would imply that causal quantum mechanics without 
explicit reference to the field S cannot be formulated for uncharged particles. 
Schrédinger has suggested (+) the possibility of extending the theory to neutral 
particles by the introduction of fictitious charges and potentials. 


(*) The author regrets that, due to his inexcusable ignorance of TAKABAYASI’S 
prior work, no reference to it is made in [27], and thanks J.-P. VIGIER for kindly calling 
his attention to TakaBAYASI’s work, and for some additional very helpful comments. . 
The presentation used here is that of the present author. 

(+) E. SCHRODINGER (private communication). 
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The theory outlined in this section is actually only one of many cases studied 
by TAKABAYASI. In the author’s opinion, it is the most promising case; there- 
fore, it alone is summarized here, and referred to as Takabayasi’s theory. 

Let 
(20.1) L,, = (2m)-{R*[ (e2/e?) A, A* — mie] + h?(V,R)(V*R)} — 

= (162) (VIA, — VAY Y AF VFA). 


x 


The usual variation of R in the action integral leads to the Klein-Gordon 
equation in Schrédinger’s fixed gauge (22.4) which may be written in the form, 


(20.2) (e2/c?)A, A* — mic? — fh? R-V_V°R = 0 


and which is taken as a generalization of Dirac’s gauge condition (21.1), to 
~ which it reduces in the special cases in which the term in R vanishes. Variation 
of A” leads to 


(20.3) VM = 4ne?(moc?) RAP. 
(20.2) and (20.3), with suitable initial conditions, constitute a mathematically 


‘complete and consistent field theory. To give physical content to the theory, 
the law of motion 


(20.4) vy! = —e(m,c?)-1A" 


is adopted. Except for a dimensional factor, A” is the velocity of the back- 
ground fluid; it thus has physical meaning. If further the hydrodynamical 
and statistical discussion of Sections 6 and 7 is applied, and R? normalized 
to the number of positive charges, so that 


420.5) bg =k or Pil 


(P, is the probability density in the rest system of finding a positive particle), 
then (20.4) and (17.2) lead to 


(20.6) je= — e*(me*) BAA" , 

which is analogous to Dirac’s law of motion (21.4), provided 

(20.7) A = Rh2/m . 

(20.6) permits the identification of (20.3) as the set of inhomogeneous Max- 
well’s equations. 


The proof that the law of motion (20.4), in the theory of Takabayasi, is 
equivalent to the law (17.6) (17.7) in the scalar theory consisting of equation 
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(18.2) (18.3), follows the proof of Dirac’s theory (Sect. 21) step by step; but 
in this case, because of the term in È in the generalized gauge condition (20.2), 
the law of motion (20.4) does not lead, as in Dirac’s theory, to motion fol- 
lowing the velocity field derived from (17.5), but rather to motion following 
the velocity field derived from (18.2). Note that the law of motion (20.4) is 
not postulated entirely ad hoc, but is suggested by the possibility of inter- 
preting (20.3) as the set of inhomogeneous Maxwell’s equations. 

The generalization from (21.1) (21.3) to (20.2) (20.3) is of the same nature 
as the generalization from classical Hamilton-Jacobi theory (2.10) (12.4) to 
(3.2) (3.3). In both generalizations, the second equation is unaltered, while 
the first is generalized by the inclusion of a term in R. Formally, the gene- 
ralization thus consists in a more intimate coupling between a pair of partial 
differential equations. 

As pointed out by Dirac, his new theory of electrons describes, not so 
much electrons, as a kind of fluid, the hydrodynamical properties of which 
are characterized by a parameter (e/m,). In the generalization of TAKABAYASI, 
the nature of (20.2) is such that e and m, appear as separate parameters, though 
the theory is still hydrodynamical in the sense of Dirac’s new theory (Sect. 21). 
In view of the similarity of the physical model of Dirac’s new theory to that 
outlined in Sect. 6, a connection between the formal aspects of the theories 
of Dirac on the one hand, and of BoHM and DEBROGLIE on the other, was to 
be expected. It is perhaps ironic that such a connection should have been 
made possible by the work of SCHRODINGER (Sect. 22), whose view of Bohm’s 
theory is apparently unfavorable. 


ok ok 
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C) Appendices. 


21. — Dirae’s New Classical Theory of Electrons. 


In Dirac’s new theory [29], gauge invariance and the Lorentz subsidiary 
condition in electrodynamics are abandoned, and the gauge fixed by the requi- 
rement 


(21.1) (62/02) ALA” = mio. 


Dirac’s new field equations are obtained from the usual type of variational 
principle, with 


(21.2) Lp = fal e*(c2h2)-1A, A* — w]— (167)-*(VaAg— VpA°)(V,A4— VBA,), 


where 4 is Dirac’s fifth field variable. Variation of A leads to (21.1), which 
plays the role of a fifth field equation, while variation of A¥ leads to 


(21.3) V, Fue = 4n4e?(c*h?) Ah. 
If the law of motion 


(21.4) — he?(c?h?)-1A# = ju 


is adopted (Dirac shows that such an identification is both natural and con- 
sistent) (21.3) is the set of inhomogeneous Maxwell’s equations. 

Drrac also showed that the law of motion (21.4) is equivalent to the law 
(17.6) (17.7), where S obeys the classical Hamilton-Jacobi equation (17.5). 
The relation between a solution A# corresponding to small charge density 
(A infinitesimal) and a solution .A’“ without charge (A = 0) may be written 
as a gauge transformation 


(21.5) A” = A’ — (e/e)V4S , 

which defines the function S. Introducing (21.5) into the gauge condition (21.1), 
(21.6) [VaS— (€/e)A,][V*S — (e/e)A'"] = mic? 

is obtained, which has the form of a classical Hamilton-Jacobi equation (17.5) 
for charged test particles (too small to affect the field significantly) moving 
under the influence of a prescribed field A’“. The velocity field which follows 


by the law of motion (17.6) (17.7) from a conventional interpretation of (21.6) 
as a Hamilton-Jacobi equation is 


(21.7) vs = (cm) {VS — (e/c) A] = — e(my,c?)-1A# 
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(the last equality follows from (21.5)); then, by (17.2), 

(21.8) j¥ = — e?(m,c?)-10, A# 

which is (21.4), provided 

(21.9) A = Oof?/m, 

which resembles (20.7). The correctness of the law of motion (21.4) can be 


shown by iteration of this procedure. 
A related, non-relativistic, theory, is due to GLASER [72]. 


22. — The Klein-Gordon Equation in a Fixed Gauge. 


SCHRODINGER [30] has shown that the Klein-Gordon equation (18.1) may 
be simplified by a change of gauge. It is well known that (18.1) remains in- 
variant under the combined gauge transformation (21.5) and 


(22.1) yp =y' exp[ids/h] . 

The old wave function y’ is, in general, a complex function 
(22.2) y'= Rexp[— iS/h], 

but it can be made real by choosing in (22.1) 

(22.3) S = 8 = (ih/2) In (y/p*), 


so that the new wave function y becomes the modulus È of the old. 
If the wave function in (18.1) is made real by such a gauge transformation, 
(18.1) splits into a real part 
(22.4) [VaV®+ 2? — e2(c?h?)-14,A*|R = 0 
and an imaginary part 


(22.5) V,(A*R°)=0, 


while the general current-charge density vector (18.8) reduces to (20.6), so 
that (22.5) is a restatement of the fact that if j4 is as given by (20.6), then 


(22.6) Vaj:=0, 


which also follows from (20.2) (20.3). LIS, 

ScHRODINGER noticed that the current-charge density in the new gauge, 
(20.6), is that of Dirac’s new theory, (21.4), provided the identification (20.7) 
is made. It follows from (22.4) that Dirac’s gauge condition (21.1) does not 
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hold in Klein-Gordon theory except approximately, under circumstances dis- 
cussed by SCHRODINGER [30]. SCHRODINGER’s physical intrpretation is the 
usual quantum mechanical one, rather than in terms of a law of motion such 
as (21.5) Drrac’s) or (20.4) (TAKABAYASI’s). The resemblance between (22.4), 
especially when written as (20.2), and (21.1), led TAKABAYASI, VIGIER, and 
the present author, to use (22.4) (20.2) rather than (21.1) as the gauge con- 
dition, to describe quantum mechanical motion rather than classical motion. 

Schrédinger points out that (22.6), with j# as given by (20.6), disposes of 
the widely held view that complex fields are required to describe charged 
particles, because charge conservation follows from gauge invariance of the 
first kind in the Lagrangian density. In the present author’s opinion, the traditio- 
nal connection between conservation laws and invariance under certain groups 
of transformations is very questionable, except as a formal, and occasionally 
helpful device. The question of whether the Klein-Gordon field in interaction 
with the electromagnetic field can be consistently quantized in Schrédinger’s 
fixed gauge, was not answered by SCHRODINGER, nor, as far as the author 
knows, by anyone else so far. 

It is interesting to observe that a combined gauge transformation (21.5) 
(22.1) does not affect the physical results of the causal formulation of Klein- 
Gordon theory, i.e. it does not alter the current-charge density (18.9) or the 
corresponding velocity field (*). i 


(*) This was pointed out to the author by Mario BuNGE (private communication). 
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Sommaire. — 1. Introduction. — 2. Considérations sur les champ dans 
la terre. — 3. Les conditions aux limites approchées. — 4. La solution du 
probleme plan. — 5. Resultats obtenus 4 partir de la solution générale. 
Discussion. — Bibliographie. 


1. — Introduction. 


On sait que l’approximation de Voptique géométrique, d’après laquelle les 
ondes radioélectriques sont considérées comme planes, n’est plus valable dans 
le cas où l’émetteur et le récepteur sont assez proches de la surface de la terre. 
En effet, le coefficient de réflexion géométrique de la terre semiconductrice 
étant alors égal à — 1, le champ total au point du récepteur devrait, en contra- 
diction avec l’expérience, étre nul. C’est ainsi que le probléme de la propa- 
gation dans une atmosphère homogène (assimilé au vide) au-dessus d’une terre 
plane, semi-conductrice et homogène (le problème plan) a été posé. Visant, 
avant tout, le cas d’un émetteur et d’un récepteur très proches de la surface 
de la terre, le probléme se généralise rapidement pour envisager une surélé- 
vation quelconque des deux antennes. 

Le premier qui a essayé de former une théorie du problème plan fut, comme 
on le sait, ZENNECK en 1907 [1]. Sa théorie suppose que l’onde dans l’atmos- 
phère peut, méme a grande distance, étre assimilée dans toute son étendue 
à une onde plane et c’est cette hypothèse de base non justifiée qui a mis sa 
théorie en échec. 

De la sorte, la première solution valable du probléme plan est due a Som- 


A 
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MERFELD, 1909 [2]. Les quelques erreurs mathématiques par lesquelles sa 
théorie fut entachée — reconnues et corrigées, d’ailleurs, plus tard — ne 
touchent pas le principe de sa méthode. D’autre part, WEYL en 1919 [3] 
arriva aux mémes résultats par une méthode différente. 

C'est ainsi qu’au cours de deux ou trois dizaines d’années fut formée la 
théorie classique du probleme plan, marquée par les noms de SOMMERFELD, WEYL, 
VAN DER Pot, WISE, NORTON, BURROWS, etc. Les résultats pratiques finaux, 
actuellement en usage général, sont bien vérifiés par l’expérience — dans les 
conditions, bien entendu, dans lesquelles la théorie est formulée (terre plane, 
semi-conductrice et homogéne — atmosphère assimilée au vide). 

Or, la théorie classique ne donne des résultats pratiquement applicables 
qu’a la suite d’une série de simplifications et d’approximations — légitimes 
d’ailleurs et suggérées par la nature méme du problème. Une des simplifications, 
parmi les plus importantes, consiste à supposer que le module de la constante 
diélectrique complexe rélative du sol, que l’on désigne par [CAP est grand par 
rapport a Vunité. En effet, on a, en général, |e.|> 10, sauf quelques cas 
exceptionnels en ondes ultra courtes. 

Mais alors, on se demande pourquoi ne pas introduire convenablement ces 
simplifications et approximations dès la position du problème, dont la solution 
se trouverait, de la sorte, considérablement facilitée. ; 

Cette idée de base a été développée dans les travaux récents d’une série 
de chercheurs russes, dont on pourrait mentionner notamment les noms 
de LEONTOVIC [4], ALPERT [5], PANUG, MALIONGINEG, etc.[6].. C’est ainsi 
qu’une méthode nouvelle est formée, dont l’essentiel se résume ainsi: les sim- 
plifications, qui, dans la méthode classique, sont introduites à posteriori, sont ici 
introduites dés les début et incorporées dans les conditions aux limites. 

La nouvelle méthode, que l’on peut appeler « méthode des conditions aux 
limites approximatives », est plus simple et plus descriptive. Ses résultats finaux 
sont valables en deuxiéme approximation, c’est-à-dire que l’on tient compte 
des termes d’ordre (£,)-1. Il en est de méme pour les résultats finaux de la 
méthode classique. Parmi les avantages de la nouvelles méthode, on notera 
encore le fait que la solution du probleme proprement-dit est limitée très rapi- 
dement dans le demi-espace supérieur de l’atmosphére, l’influence de la terre 
étant inclue dans les conditions aux limites. Evidemment, on peut calculer 
ensuite, si l’on veut, le champ dans la terre et méme d’une facon assez simple. 

La méthode des conditions aux limites approximatives se trouve ici 
exposée d’une fagon légèrement différente de sa forme originale et ceci pour 
qu’on puisse présenter un ensemble autonome et dont les notions, la notation 
et les moyens de calcul ne soient pas sensiblement éloignés de ceux habituel- 
lement utilisés dans la théorie classique. Une comparaison des deux méthodes 
et l’identification de leurs formules fondamentales, ainsi que des formules 
finales d’application pratique, sont envisagées. 


UNE NOUVELLE SOLUTION DU PROBLEME PLAN DE PROPAGATION fips 


2. — Considerations sur le champ dans la terre. 


La terre est supposée semi-conductrice, plane et homogéne. L’atmosphère 
est assimilée au vide. L’émetteur est constitué par un doublet électrique de 
Hertz vertical. Enfin — et ceci sans limiter la généralité du problème — on 
admet que les axes des coordonnées car- 
tésiennes (x, y, 2) sont orientés de sorte, 
que l’axe des < soit vertical et dirigé vers 
le haut, en méme temps que l’axe 
horizontal des x soit situé dans le plan 
vertical, comprenant l’émetteur A(0,0,2,) 
et le récepteur B(x, 0, 22), (Fig. 1). 

Désignons par € le champ électrique 
rayonné dans l’atmosphère. Lorsqu’on 
se place, comme en général dans la prati- Fig. 1. 
que, dans la « zone d’ondes », c’est-à-dire 
à une distance r de l’émetteur assez grande pour qu’on ait kyr < 1 (ky = 27/4; 
4, la longueur d’onde dans l’atmosphère), on peut considérer que, dans un 
domaine restreint, ne s’étendant pas a plus de quelques longueurs d’ondes, 
le champ a la structure d’une onde plane et écrire pour le champ électrique (*): 


“atmosphère) x 
(terre) 


(2.1) E =Ew exp[ik(cxx+y2)], 


avec €, une constante d’amplitude, w = w(x, y,2) une fonction d’affaiblis- 

sement, di à la présence de la terre et (x, f=0, y) les cosinus directeurs de la 

direction de propagation (8=0, en vertu du choix des axes des coordonnées). 

Pour la fonction d’affaiblissement w, on suppose qu’elle varie relativement 

peu sur une distance d’une longueur d’onde dans l’atmosphère (cette hypo- 

thése peut étre d’ailleurs aisément justifiée è postériori). Ceci revient a écrire: 
LA, ow Ay Ow 


2. |— ~— 2 et |= el 29. 
See | w Sahat i w du | 7 


Dès lors, on aura: 


soit, en vertu de la condition (2.2) et avec x pas trop petit: 


E 
(2.3) poker egy ead 
or 


(*) Toutes les équations sont éerites dans le système d’unités M.K.S. rationalisé. 
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De méme: 


2.4 rn VE 
(2.4) = n 


En plus, les axes des coordonnées ayant été convenablement choisies: 


(2 a 0€ as OE — 
2.0) oy = oy? i 

Ceci étant dit pour le champ dans l’atmosphère, passons au champ élec- 
trique dans la terre, désigné par €,. Celui-ci satisfait, comme on sait, à l’équa- 
tion des ondes: 


(2.6) 


avec Kk? = ¢ kt, é, étant la constante diélectrique complexe relative du sol. 

Or, le champ en un point M dans la terre peut étre considéré, suivant le 
principe de HUYGHENS, comme constitué par la somme des contributions de toutes 
les sources élémentaires excitées sur la surface du sol (ou mieux, dans une 
couche superficielle mince) par onde incidente dans l’atmosphère. Cependant, 
les sources élémentaires éloignées. du point M donnent une contribution très 
affaiblie par le sol. Par conséquent, le champ au point M dans le sol se dé- 
termine par le champ dans l’atmosphère, s’étendant, juste au-dessus du 
point M, sur une étendue de l’ordre d’une longueur d’onde dans l’atmosphère. 
Dans un domaine aussi restreint, le champ dans l’atmosphère est assez bien 
représenté par l’éq. (2.1). Une expression analogue peut done étre attribuée 
au champ dans la terre, intimement lié au champ dans l’atmosphère. Fina- 
lement, les éqs. (2.4) et (2.5) peuvent ètre convenablement répétées pour le 
champ dans la terre: 


Revenant à l’éq. (2.6), on voit, compte tenu des éqs. (2.7), que son premier 
terme est au plus de l’ordre de 1/ £,.| par rapport au quatriéme, tandis que 
le deuxiéme terme disparait. 

En supposant |e.|> 1, par exemple |e,|> 10, et en se limitant è une 
première approximation, on aura l’équation: 


02€, 
(2.8) Fa + Mella = 0, 


FÀ 
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~I 


or 


dont Vintégration est immédiate: 
(2.9) E,(2, y, 2) = Ex(x, y, 0) exp [— iky/e}-2] , (e<0), 


avec V Pu =n=v+iy (v et y> 0) Vindice de réfraction complexe du sol. Le 
signe négatif a été choisi dans l’exponentiel pour que €, + 0, lorsque 2 — oo. 
L’équation obtenue donne le champ en un point dans le sol, lorsqu’on le 
connait sur le point correspondant juste sous la surface de la terre. On 
constate que les ondes dans la terre ont le caractère plan (bien que le facteur 
€,(7, y, 0) west pas un facteur d’amplitude constant). Dans la direction de 
Vaxe des 2, les ondes s’affaiblissent suivant le facteur exp [Xx] et la longueur 
d’onde vaut 
(2.10) A= 


ho 
ra 5) 
elle est, c’est-à-dire, plusieurs fois inférieure à la longueur d’onde dans l’atmos- 
phère. 

C'est & ces résultats qu’on est conduit par la solution de l’éq. (2.6) en pre- 
miére approximation, au cours de laquelle les termes d’ordre (e,)-1 ont été 
rejetés, |e,| étant supposé assez grand. Essayons, maintenant, d’obtenir une 
deuxiéme approximation, tenant compte des termes en 1/e, et, done, précise 
en (€). On applique dans ce but la méthode des approximations successives. 
Posons 


(2.11) en 
Introduisons cette expression de €, dans l’éq. (2.6) et égalons séparément les 


termes d’un méme ordre, en transportant le terme 0°*€f°/0x2 dans l’équation 
d’ordre suivant. Les termes en 02/0y? disparaissant toujours, on aura: 


26 (1) 
(2.12) Di - + KagJEv — 

PEA ew 
‘ 187 «2 eS 2 — E DATA 3 
(2.13) sa th a | 


Or, la première équation admet comme solution l’expression (2.9), déjà 
connue en première approximation. La deuxième équation, d’autre part, peut 
s’écrir, en y substituant 0°€/0x° par l’expression (2.7): 


ES 


+ ke JES kia: RE 
de Er 


(2.14) 
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Cette équation admet comme solution: 


(2.15) E? (a, Y, 2%) = azE 3 (2, Y, e), 
avec 
(2.16) wis ae 

2Ve; 


On obtient, donc, finalement en deuxième approximation: 


RAT) €09,29) = (1+ 52%) Ele, 9, 0) expl— va]. 
\ AVC dA 


Dans le but de formuler, par la suite, les conditions aux limites approxima- 
tives il suffit de supposer |z| assez petit pour qu’on puisse écrire: 


(2.18) (1 PRI ) exp | om - 
. 2V& ~ INI > 2g . 
Il vient 


(2.19) 


ou le premier cosinus directeur «, introduit dans l’éq. (2.1), a été remplacé 
par cosy, faisant ainsi apparaître l’angle y du rayon incident avec le plan 
horizontal (Fig. 1). 


3. — Les conditions aux limites approchées. 


Les conditions de continuité du champ sur la surface de la terre aboutis- 
sent, comme on sait, aux relations rigoureuses suivantes: 


one Re 7) 
(3.1) E, = ue — db = = pour z= 


Pour y faire disparaître la composante verticale €,, du champ électrique 
dans la terre, on va se servir des résultats du paragraphe précédent. C'est 
ainsi que les conditions aux limites prendront leur caractère approrimatif. 

En première approximation, on tire de l’éq. (2.9): 


0E,, * i 
(3.2) E =— ik Wee. 5 pours2=—= 03 


iw 


aie ches ciato aad | ATTRITI TT da YA PVT OR ee enn n 
Pe Se OP A Aa Boe aa ST bi tlhe" : ni Ai . è € = È 
4 ata * Ne > f = aa E 7 5 A E 

mo 2 td è j : ; 
Sa a) 


' = x 
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Dès lors, compte tenu des éqs. (3.1), on a immediatement: 


(3.3) = ee sata SK pour 2 =0. 


On remarquera que la condition approximative, ainsi obtenue, ne contient que 
le champ électrique (sa composante verticale) dans l’atmosphère. L’influence 
du sol est simplement exprimée par la présence de la constante complexe E, 
de la terre. Le problème est déjà limité dans le demi-espace supérieur. 

Les mémes remarques subsistent, lorsqu’on passe a la deuxiéme appro- 
ximation. En effet, l’éq. (2.19) donne: 


Gets ‘ ; :08? 
(3.5) > — = — iy Ven (1 — = a) “Choo POULszI=#0 
2) Qe, , 
soit, compte tenu des éqs. (3.1): 
n Ogee ehh cos? y 
(3.5) pte Vel (1 Sade Ae pour 2= 0). 


! = 5 . , . 
Or, [e,| est toujours assez grand pour qu’on puisse écrire: 


(3.6) jaa fi dea en re ree 
2e, € V1 + (cos? wp/e)) 


La condition (3.5) s’écrit, donc: 


POUT ZOE 


avec y, rappelon-le, langle du rayon incident avec Vhorizontale. 

La comparaison de deux conditions approximatives (3.3) et (3.7) conduit a la 
conclusion importante suivante: Le probleme plan, qui nous occupe, peut étre 
résolu à Vaide de la condition aux limites (3.3), valable en première appro- 
ximation et la solution peut étre rendue, ensuite, précise en deuxiéme appro- 
ximation (négligeant les termes d’ordre (£,)-? et supérieurs) en y substituant 
simplement ¢ par ¢,-+cos? y (soit e/+1, si l’incidence est rasante: y ~ 0). 

Quelques remarques s’imposent au sujet de cette correction sur e, qui 
revient d’ailleurs à augmenter la constante diélectrique relative e, du sol de 
la quantitè cos? y, au plus égale a l’unité. 
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Rappelons d’abord, qu’on a en unités M.K.S. rationalisées: 
(3.8) e =e,+%8 avec s = 6004, 


o étant la conductivité de la terre (mho/m). 

La correction n’a done de sens pratique que si E, se réduit sensiblement 
à e, et ce dernier n’est pas assed grand — cas, lié aux ondes courtes ou ultra 
courtes se propageant au-dessus d’un sol électriquement « mauvais ». De plus, 
la correction perd de sa signification lorsque les constantes du sol sont connues ~ 
avec une précision sensiblement inférieure à l’unité — ce qui arrive souvent. 
Malgré tout, on retiendra la possibilité de passer de la première à la deuxiéme 
approximation et méme par un procédé simple. 

Cherchons, ensuite, une relation entre la composante verticale €, et la com- 
posante horizontale €, du champ électrique dans l’atmosphère. On sait déjà 
que ((éq. (2.3)): 

Cox 


— FY dk, cos PE è. 


(3.9) > 


Or, div€ = 0 et 0€,/0y=0, le choix des axes des coordonnées étant toujours 
comme dans la Fig. 1. Il vient: 


Gee aldo 
PEARCE = thy 084€, 
dou, compte tenu des éqs. (3.3) et (3.7): 
(3.10) en 1° approximation: €, = E 
. } le pp 4 . ar cos pr/ el 2) 
pour 2=0. 
ni 
(3.11) — en 2° approximation: €, 


" COSPV/E + cos? y 


On constate que la composante horizontale du champ électrique sur la 
surface de la terre est très faible (de l’ordre de |s,|-1) par rapport & la com- 
posante verticale (au-dessus d’une terre idéale, la composante horizontale est, 
bien sùr, nulle). 

D’autre part, le rapport €,/€, étant complexe, les deux composantes sont 
déphasées entre elles et, par conséquent, le champ électrique dans l’atmosphère 
est polarisé elliptiquement. 

Il est remarquable qu’un certain nombre de renseignements sur la signi- 
fication de l’approximation «le,| assez grand» et sur la structure du champ 
dans l’atmosphére a été déjà obtenu ici, avant méme que le problème Ini-méme 
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de la détermination du champ soit résolu. Ce fait souligne le caractère ex- 
pressif de la méthode des conditions aux limites approximatives. 

Après avoir considéré le champ électrique, on est en mesure de formuler 
aisément les conditions aux limites approximatives pour le vecteur électrique 
de Hertz (II) dans l’atmosphère. Celui-ci est défini, comme on le sait, par 
les relations: 


(3.12) H = — iwee,-rot II 
(3.13) € = grad div II + k?II 


(dans l’atmosphère on fera 6, =l1et k=k, = 27/4) — relations compatibles 
avec les équations de Maxwell, si le vecteur de Hertz remplit quelques con- 
ditions (en particulier, en dehors des sources, le vecteur de Hertz doit satis- 
faire & l’équation des ondes: AII + k?II = 0). 

Or, dans le cas actuel d’un doublet électrique de Hertz vertical au-dessus 
dune terre plane (terre et atmosphére homogènes), le vecteur de Hertz se 
réduit & sa composante verticale /7,= JT, appelée désormais fonction de Hertz. 
Et Von sait que, dès lors, les conditions aux limites rigoureuses s’écrivent: 


all all, 


oz = de 


(3.14) H=-e;JI, et pour 2z=0, 
II, étant la fonction de Hertz dans la terre. 

Il reste maintenant è comparer les conditions (3.14) avec les conditions (3.1) 
et a constater que les conditions aux limites rigoureuses pour la fonction de 
Hertz ont exactement la méme forme que pour la composante verticale du 
champ électrique €,. Done, ce qui a été dit 4 propos des conditions approxima- 
tives pour €, s’applique également pour la fonction de Hertz //. On aura: 


oll —ik 
(3.15) — en 1° approximation: sabes iT 
02 Ve, 
(3.16) — en 2° approximation: es o (1 oS n) 9 Sc eho 
: oz Vel 2e, Vel + cos? p 
pour z= 0. 


On est, maintenant, en mesure d’attaquer le probléme proprement-dit. 


4. — La solution du probléme plan. 


La solution du probléme plan, dans les conditions précisées au début de 
la Sect. 2, revient 4 la détermination du vecteur électrique de Hertz, réduit 
à sa seule composante verticale /J=J/T,. Les champs électrique et magné- 
tique en découlent (éqs. (3.12) et (3.13)). 


— 
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Nous allons chercher la fonetion de Hertz // sous la forme: 


2 i È È (4.1) tie aw lf: + II, . 
c A(0,0,2,) : i e 
È Ici//estle champ «primaire » ou «direct », 

défini par la relation: 


_ _P_ explikmn] 
ATE, Ti : 


(4.2) IT, 


p étant le moment électrique du doublet 
émetteur (*), e = 10-*/367 (farad/m) et 7, 
«la distance « direct » émetteur-récepteur 
(Fig. 2). D’autre part, JJ, représente le 
\ Raye 
B(x.y;-2) champ «réfléchi » par la terre. 
Fig. 2: Le problème consiste done a détermi- 
ner, dans l’atmosphère, la fonction JJ de 


x 


sorte quelle satisfasse d’une part, en dehors du doublet, a l’équation des 


ondes: 
3 (4.3) AIT + kT = 0 
LA Ch 0? 2x 
(4 xi dx? a Oy? Se Ae? ? Ko = i ; 
: et d’autre part, sur la surface de la terre, à la condition aux limites (éq. (3.15)) : 
3A I —ik 
4.4 AAA i ee 
(4.4) 3 Vai HS pour 0 


Cette condition n’est valable qu’en première approximation, mais une fois 
le probleme ainsi résolu, on obtiendra aisément la deuxiéme approximation 
suivant les indications du paragraphe précédent. 

i Supposons qu’au lieu du probléme qu’on vient de poser, on aurait a chercher 
A une fonction D(a, y, 2) remplissant d’une part l’équation des ondes et d’autre 


i (*) Le moment électrique d’un doublet électrique de Hertz de longueur totale 1, 
{- parcouru par un courant d’amplitude J, et de pulsation ©, est défini, rappelons-le, par 
la relation: p = iIgl/@ (coulombs:métres) . 
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part une autre condition aux limites: 
(4.5) Dae Y AO) ZO pour :2:— 0: 
Comme on le vérifie aisément, une telle fonction aurait la forme: 
(4.6) D(H, Y, %) = Dot D1 = Pole, Y, 2) — Dole Ys — 2); 
avec D,(x, y, 2) une fonction remplissant l’équation des ondes et: 
(4.7) DP, (x, Y, 2) =— Doz, y, —2) . 


Admettons, donc, que le probléme pour la fonction de Hertz // soit résolu 
et introduisons la fonction auxiliaire: 


ol tk 
(4.8) D(x, y, 2) = ae fhe 
pie a 


ftir. 


Puisque // et, par suite, 0///02 également, remplissent l’équation des ondes, 
la fonction @ le fait aussi. Et, en plus, on aura D = 0 pour z = 0, en vertu 
de la condition aux limites éq. (4.4). 

La fonction auxiliaire aura, donc, la forme (4.6). Faisons ensuite cor- 
respondre le terme D, au champ direct //,, en posant: 


in nori) 
Of 7% exp [té] ik, | 
aa 


ATE, Ti 


Dès lors, le second terme D, de la fonction auxiliaire aura la forme (4.7), a 


savoir: 


(4.10) pres D(x, Yi —2)= 


ik | x le) | p exp  [ikors] es E tk | 


4780 Ta 


avec (Fig. 2): 


(411) n=Vetyte—a)? et n=Vo+y+@+a). 
La fonction auxiliaire étant exprimée par l’éq. (4.8), on en déduit pour 


6 - Supplemento al Nuovo Cimento. 
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la fonction de Hertz: 


(4.12) IT (a, Y; 2) = exp D(x, Y; È) di . 


— ile | oso [i ; 


L’intégration est par rapport 4 la variable complexe ¢, tenant la place de z 
dans la quantité a intégrer. La limite inférieure de l’intégration (i oo) a été 


choisie de sorte que l’intégral converge avec: 
(4.13) Jeni te; yet x¥>0. 


On vérifie sans peine que, lorsqu’on substitue 4 QM l’expression de D, 
donnée par l’éq. (4.9), on retrouve le champ primaire JJ). 

Pour calculer le champ réfléchi — ce qui constitue l’essentiel du probleme — 
on doit substituer 4 QM, dans l’éq. (4.12), expression de M,, donnée par 
Péq. (4.10): 


Rs 2ik, exp [tk o.| ik 
rien) = pr sf] fom ico) 


o=Vw+y4+ (+4). 


En intégrant par parties, on obtient: 


p explikm] po 2ik [ exp [tk Q2] ik, 
4.15) = xp | the 
( ) 17 Ans rs dre, Vai a exp a (î— 2)| dl 
to 


Il vient, pour la fonction totale de Hertz: 
(4.16) | 2 =,+7,, = 


p {=e [dota] L exp[tkr,| 2ik (1 
PEA Ti fa 0. 


— exp 


(olla 


Dans le cas idéal d’une terre parfaitement conductrice (|¢,|—> 00), le troi- 
siéme terme du second membre de l’éq. (4.16) disparaît et la fonction JT appa- 
rait, conformément au théoréme de la réflexion idéale, comme la somme du 
champ direct et d’un champ réfléchi è coefficient de réflexion égal 4 +1. Par 
conséquent, le troisiòme terme en question, qu’on désignera par Q, exprime 
la correction è apporter du fait que la conductivité de la terre est finie. Le 
problème revient, donc, au calcul de l’intégrale: 


io 


Qik, [1 LT. pie 
(4.17) Q-— 2 [Lex i ( lat. 
Ved Qo AIR VE 
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Remarquons, tout d’abord, que, Ve! ayant l’expression (4.13), la quantité 
à intégrer diminue exponentiellement, donc très vite, lorsque È augmente de 
z& +7c0. On en conclut que le domaine au voisinage du point ¢ = 2 joue, 
dans l’intégration, un ròle prédominant. Ce fait suggére de poser: 


(4.18) ats 


et de développer l’expression (4.14) de 0, suivant les puissances de & au voisi- 
nage du point § = 0. 
On aura: 


= Var + yt + (E+ a +m)? = Ve +84 (2 + 4%)? + 2e@ +4), 


ou d =z? + y? est la distance horizontale entre l’émetteur et le récepteur. 
Or, (Fig. 2): 


(4.19) d+(+a)=ri et 2 +a,=8inw. 


Il vient: 


= VAT Gange FE = n/t +2 ny (È) + (È) 


et la formule de MacLaurin, en supposant |&/r,|<1 et en se limitant au 
terme en &, donne: 

7 OS? 
(4.20) ory + Esiny + È pane 


or 


a? 


Notons que le terme en £ doit étre retenu, car dans le cas particulier impor- 
tant de l’incidence tangentielle (y = 0), le terme linéaire en & disparaît. 

Introduisons ce développement de o, dans l’expression (4.17) de Q. D’autre 
part, le facteur non exponentiel 1/0,, figurant dans la quantité è intégrer, 
peut étre considéré comme approximativement égal a 1/r,, l’intégration por- 
tant essentiellement dans le domaine autour du point É = 0. On peut, donc, 
faire sortir ce facteur du signe de l’intégration. Il vient: 


; cosy . 3 
tk Vo Ds 2  — d . 
3 ( vai 27, NE va) > 


L’exponentiel è intégrer peut maintenant s’écrire sous une forme en ap- 
parence plus compliquée, mais qui simplifie, en réalité, la solution du probléme: 


0 
a J exp 
i la rv 


1+vV# 
(4.22) ik, (+ pes” af, + EVI a) 
Ver 
REAL EL ia Vel sin p)? pe (4 cosy , /r:1+Ve ANI 
inni 2el cos? y Vor, | | 2er COS yp 
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Cette expression est introduite dans l’éq. (4.21), dans laquelle on choisit, en 
méme temps, comme nouvelle variable: 


Mosa Vik, (= Y . al Lear Vel = 1 (ae ia V ik COS w as) | 


Var, V2 cosy 2r, 
On obtient: 
Vike V rol20, ((1 + Ve, sin y)/cos ») 
2ik, : ipo (Bl Ve; sin w)? 2Vr, 
- exp it (. aber - ¥) + i edi . 
COR JI Vik, cos p 


(24) gel 
TV Er 


. 
fos} 


Introduisons, enfin, le paramétre important: 


testa 
(4.25) pisa 


GEA 
2E, 


Ce paramètre est un nombre complexe sans dimensions. Sa signification devient 
évidente du fait que, en l’introduisant dans l’éq. (4.24), on aboutit & une 
expression pour le coefficient de réflexion (éq. (4.28)), dans laquelle la dis- 
tance r, entre l’émetteur et le récepteur, suivant le chemin de la réflexion 
géométrique, ne figure plus que par le moyen de ce paramètre. Le paramètre o 
est appelé, d’après SOMMERFELD, la distance numérique. 
De la sorte, on obtient finalement: 
Ve (1 + Ve sin y)/cos v 


+ 4V0 exp | èkot» TELE a 
(4.26) Q=- dar an È 2| exp | o(1 + V& sin yp)? 9) | edi, 


im 


ce qui donne pour la fonction de Hertz (éq. (4.16): 


CI pr DÈ fetion +f mee 
1 2 


* Ago i 
avec 
Ve (i + V& sin y)/cos v 
AVO a. gli 
(4.28) f = 1——— exp |— 0(1 + Ves sin y)? — | | ef dt , 
cos y cos? y| | 
io 
UK? 
(4.29) o= o 
28, 


La fonction f a le sens d’un coefficient de réflexion, qui est, évidemment, 
différent du coéfficient qu'on obtient dans l’hypothèse ici erronée des ondes 
planes (approximation de Voptique géométrique) et dont l’expression sera 
rappelée par la suite (éq. (5.7)). 
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Ceci étant, on aboutit a la solution définitive, valable en deuxiéme appro- 
ximation, en posant, dans les éqs. (4.28) et (4.29), ¢,-+-co os? y à la place de e,.. 
Or, pour nous mettre bien d’accord avec la littérature sree la plus ré- 
pandue, nous transformons €, + Cos? y & une expression différente, qui lui est 
cependant identique, au second ordre prés. En effet, on peut écrire, en négli- 
geant les termes d’ordre (£,)-® et supérieurs: 


42 


COs? *) Papi & ; Er 


(4.30) & + cosy = (1 35 ora 7 RE 
cos? ple.) er — cos? y 


e; 


On obtient: 


e A A Sn) 


avec: 


Vo (1+; sin w/V sl — cos? y)(1/cos v) 


. 


4VO ssi : 
(4.32) — Al x exp LL 0 (1 - SRO : = | fee dt , 
sy Ve1— cos? y/ 08° p : 


io 


ikot» & — COos?y 


Ce sont les formules bien connues qu’on rencontre, généralement, dans la 
littérature du probléme plan comme «formules de Weyl-Van der Pol». La 
seule différence, est que les formules ci-dessus sont un peu plus générales, 
puisqu’elles restent valables méme pour des angles avec Vhorizontale wy assez 
grands. Or, cette généralisation n’a pas beaucoup d’importance pratique, car, 
pour des angles y assez grands, on aura à appliquer les formules plus simples 
de la réflexion géométrique (les ondes étant, alors, supposées comme planes). 
En admettant donc y comme assez petit pour qu’on puisse faire, dans 
l’éq. (4.32), 1/cosy = 1 et 1/cos? wa 1, on aura: 


Vo (1 + sp sin lV e — cos? ») 


Tes A 
(4.34) | f=1—4Voexp |- 0 ( Ses te = e! di | 
i Vel — COS? y 


io 


formule, qui coincide bien avec l’expression Classique. 
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5. — Résultats obtenus a partir de la solution générale. Discussion. 


On va indiquer, pour terminer, comment, à partir de la solution générale 
(Sect. 4), on peut aboutir sans peine aux résultats classiques bien connus, re- 
latifs à la propagation au-dessus d’une terre plane semi-conductrice. Bien 
que la solution obtenue par la nouvelle méthode (en particulier l’éq. (4.34)) 
ne différe guére de la solution générale classique, on a jugé intéressant de 
pousser cette identification jusqu’aux formules couramment utilisées dans la 
pratique. 

Pour obtenir les expressions générales des champs a partir de la fonction 
de Hertz //, on doit appliquer les éqs. (3.12) et (3.13). Or, au lieu d’effectuer 
les dérivations longues exigées par ces équations, on a préféré se reporter a 
un article remarquable de K. A. Norvon [7], dans lequel ce travail a été déjà 
effectué. Il suffit, dans ce but, de montrer que les expressions de base, uti- 
lisées dans le calcul de NorTON, reviennent, en fait, aux expressions générales 
du paragraphe précédent. 

NORTON impose a la fonction de Hertz l’expression: 


oo BA E: [ike] _ explikor] n). 


Amy ti Tg 


La comparaison de cette expression avec celle de l’éq. (4.31), donne: 


(5.2) Ve ft ni 


2 


On doit done montrer qu’en adoptant pour f l’expression (4.34), on retrouve 
pour V une expression identique a celle donnée par NORTON d’après les théories 
classiques (éq. (45) de son article, mentionné plus haut). 

Pour ce faire, il suffit d’introduire dans l’éq. (5.2) l’expression de f donnée 
par l’éq. (4.34) et d’effectuer dans l’expression de V, ainsi obtenue, quelques 
opérations mathématiques, en se servant d’abord de l’identité: 


© ; vb da? 
al 2 
5.3 xp [a2s? 3 = — - exp |— — ig 
(5.3) | exp [a?s? + bs]ds a EP ia et dt 
0 io 


et en introduisant ensuite la quantité: 


(5.4) R'=vVr?4+ (2 +4,4+ es)?, (r? = 13 + ( +2,)%), 
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convenablement développée en série dans le domaine essentiel de l’intégration 
au voisinage du point s = 0: 

I 


Sao E° 2 
(5.5) R'a at + sin ys +7,. 
ars 


On trouve: 


to) 


PTE + iva cont | PRE cla, 


nei eas ee ER R' 


(5.6) V= 2 


0 


expression identique a celle de Norton. 

D’autre part, Norton fait également intervenir dans son calcul la fonc- 
tion V sous une seconde forme (éq. (49) de son mémoire). Pour l’obtenir, on 
substitue a f, dans l’éq. (5.2), son expression (4.34), comme on l’a déjà fait 
tout è l’heure. Puis, on y introduit: 


— d’une part, l’expression du coefficient de réflexion géométrique des ondes 
planes en polarisation verticale sur une terre plane: 


e; sin y — Ve, — cos? p 


(5.7) Ry = TI 
a e sin yp + Ve/— cos? p 


— et, d’autre part, la quantité 


vo 
(5.8) OD a 2V0 efor ; 
avec 
esiny \? 40 
5.9 v= o(1 + SS — - 
‘4 \ Vel— cos? y (1— Ry)? 


Dès lors, on vérifie aisément que la fonction V peut s’écrire sous la forme: 


exp [ikor.] 
PACS) 


(5.10) V=[(1-PRy)W + (1 + Ry)] 7 


2 


ce qui constitue la seconde expression fondamentale dans le calcul de NORTON. 

L’identité de deux méthodes ainsi établie, on peut reproduire ici les résul- 
tats de Norton pour les expressions du champ électrique rayonné dans l’atmos- 
phère par le doublet électrique vertical de Hertz. Ces expressions sont valables 
dans la zone des ondes (termes en 1/r? et supérieurs négligés) et en seconde 
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. . / Desa , . , 
approximation (termes en (e,)~* et supérieurs négligés): 


ik ikofs exp [ ik prs 
(5.11) €,=£, “=P n cos’ w, + Ry na cos? y + (1— Ry)W — = sei 
1 2 2 


- sin y COS V — 


ik xp [dkos 
SEP 2 o sin p, cos py, + Ry the 3 


(613) e=— bj 


1 


E — COS? in? cp [ikors 
(1 — Ry) Vel DE yp (1 i ae si ap EP È oral NE 7 


OLE Gre Gs z sont les composantes du 
champ électrique dans un système de 
coordonnées cylindriques (2,7, ~) et les 
grandeurs géométriques sont suffisam- 
ment définies par la Fig. 3. La con- 
stante E, représente, comme d’habi- 
tude, le champ électrique que le dou- 
Fig. 3. blet considéré, conservant sa longueur 

let son courant J,, rayonnerait en espace 

libre dans son plan équatorial et è la distance unité. En d’autres termes: 


— en unités M.K.S.: 


6071, n i P 
(5.14) ia «2 310 VE (3: créte), 
0 ) 
— soit, en unités mixtes (avec, alors, r en km et %, en km): 
—— mV x 
(5.15) E, = 300VP,am; | ai créte). 


P, étant la puissance qui serait rayonnée en espace libre. 

La discussion plus détaillée de ces résultats, déjà classiques, sort évidem- 
ment du cadre de cet article.. Il ne serait toutefois pas sans intérét de con- 
sidérer un cas particulier, pratiquement important, et d’aboutir, dans ce cas 
tout au moins, à quelques formules en usage courant. Il s’agit du cas fonda- 
mental, où l’émetteur et le récepteur sont très proches de la surface de la terre 
et dont on a déjà fait mention au début de l’introduction. 

Dès lors, on aura y ~ 0 et par suite (éq. (5.7) avec e, fini) R, w—1. 
L’éq. (5.9) donne, ensuite, v = 0 et la fonction d (éq. (5.8)), désignée dans 
le cas particulier considéré par w, devient fonction de la « distance numérique » 
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o seule: 
Vo 
(5.16) w = 1—2V0 eofer dt 
avec: » 
(5.17) 


d=r,=r, étant la distance horizontale émetteur-récepteur. 
Ceci dit, on aura pour les composantes duchamp électrique (6qs. (5.11)-(5.13)) : 


ik,d Dy i 
(5.18) €, = 2H, Sl , soit: Z,=|C,|= li \wl, 
NES 
(5.19) eee G urta (N) 


On apergoit que la fonction w a bien le sens d’un facteur d’affaiblissement par 
rapport au cas idéal d’une terre plane parfaitement conductrice. Elle est cou- 
ramment désignée comme la «fonction d’affaiblissement de Sommerfeld ». 

Le cas particulier en question met bien en évidence le ròle de la distance 
numérique (v. éq. (5.16)). Il s’agit d’une grandeur couramment utilisée dans 
le caleul pratique, dont une analyse, un peu plus détaillée pourrait étre ré- 
pétée ici. 


Posons: 
tka ¢-—1 
(5.20) a pe, (p =|o]) 
“4 r 


et cherchons à exprimer p et bd. 

On sait, d’abord, que e, = e,-+iîs, avec e, la constante diélectrique rela- 
tive de la terre et s = 0/we, = 6004, o étant la conductivité de la terre. 
En posant: 


(5.21) te b'= È = (0 ape a 
et: 


" Er Spata 
(5.22) tigri, (0<0=<5), 
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il vient aisément: 


(5.23) do-1= VG Ie si exp li (E |= 


Woe ANDARE e Re I ke : 
‘(§—>)] = Saar [HGP] 


a 


s 
= —— ex 
cos db' P 


GA) 
2 


et: 


(5.24) ef = Veli +s? exp 


distance numérique 9 = pe, 


È nd V(e,—1)2?+ 8? ad cos? b" 
) = ——— - SY 
! Xo e LL 82 sà, cos b’ 


e,—1 
b'= arctg a : b” = arctg — 


at 
b = 2b" — b'w arctg ae 3 (0 = bu bi big 3). 


qui sont, d’ailleurs identiques aux expressions couramment données pour le 
calcul de la distance numérique (voir par esemple, F. E. TERMAN: Radio 
Engineers Handbook (New York, 1943), p. 676). 

Enfin, en restant toujours dans le cas y = 0, on reviendra dans le but 
d’une brève vérification, au rapport €,/€.: Suivant l’éq. (5.19): 
En vani 


r 
Cy € 


= 
or 
bo 
pe) 
_ 


Or, la méthode des conditions aux limites approximatives nous a permis de 
prévoir la valeur de ce rapport avant de résoudre le probléme. On avait 
trouvé (éq. (3.11) avec y =0): 


(5.30) 


On constate, compte tenu des éqs. (4.30), que ces deux expressions sont bien 
identiques au second ordre prés. 

Les diverses questions, tonchant le probléme qu’on vient de considérer, 
sont plus longuement discutées dans [8]. 
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[2] 
[3] 
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1. - Matter as a Continuous Family of Worldlines. 


In view of a prevalent trend away from the atomistic picture of matter 
and towards a continuous substratum (Boum [1], DE BroGLIE [2], HEISEN- 
BERG [3], TAKABAYASI [4], VIGIER et al. [5]), a unified theory based on the 
properties of a continuum rather than discrete particles is called for. Four- 
dimensionally, it has always seemed strange that matter should break up 
into discrete infinitely thin worldlines each of which is endowed with numerous 
intrinsic attributes such as « charge », «mass », «spin», «magnetic moment » and 
now also «strangeness » (GELL-MANN [6]). Some 20 to 30 different varieties 
of such singular worldlines have been counted and labelled « fundamental 
particles ». 
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Although powerful formalisms are available (and sometimes successful) for 
describing the dynamics of point particles, some considerable mathematical 
acrobatics (renormalization) is necessary in each case for rendering irrelevant 
the infinities necessarily associated with line-singularities in four-space. It 
seems that the singular worldline is only an approximation to a physical 
particle and that this approximation is losing its usefulness. 

We try here, instead, to visualize matter purely geometrically as a con- 
tinuous 3-parameter family of unbroken worldlines x” = «(s, w,, 2, @3) where 
s is are length (proper time) and @,, @,, w; are the parameters. Not all space- 
time is filled with such worldlines. Their incli- 


nation is time-like, but we shall allow their tan- È 

gent 0x°/0s = uw” to point into the past as well i / 

as the future; this will eventually allow us to 

picture annihilation and creation and to identify } 
antiparticles as bundles of worldlines with re- 


versed tangent (see Fig. 1). creation annihilation 
The parametrization defines a natural den- | = 

: : Fig. 1. — Families of world- 

sity of the worldlines in that we may associate — jines with four-velocity of either 

one line with a unit volume in ©-space. We sense. 

define N as the number of lines intersecting a 

unit 3-volume of actual space measured in the local rest-frame. The lines 

are unbroken and hence Nu” is divergence-free; 0,Nu”= 0. One easily de- 

duces that N is the Jacobian 


O(8, 013 Wz, Ws)/O(Lo, V1, La, Ls) « 


N is to be counted positive always, Nu°, the density measured in an arbitrary 
observer’s frame, can be positive or negative since wu’ is not required to be 
a future vector. 

Our worldlines will not be assumed to possess any intrinsic properties. 
All we need is a law governing their directions: particle properties will be 
deduced in Sect. 5 for bundles of worldlines. 


2. — Equivalence of the Geodesic Law with the Conservation of Circulation. 


In general relativity, inert non-interacting continuous matter traces out 
a family of geodesics. Intrinsically, geodesics can be defined by the requi- 
rement that the co-variant derivative of ” in its own direction should vanish. 
Alternatively, one can use the extremal property for their definition but in 
an axiomatic law this might be criticized since it is teleological: the worldlines 
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are endowed with premonition of their destination and with the ability to 
determine the shortest (or longest) possible way. 

It does not seem to be known (*) that the following further definitions are 
available in the case of a continuous family of 
geodesics: 


(i) The circulation of w’, fu,de or 
$ cos ads, around any path does not change 
when the path is displaced along worldlines ar- 
bitrarily, i.e. by displacements which vary in 


ig. 2. — Conservati f cir- E È 
ae poesia emia: length arbitrarily around the path. In other 
culation around a worldtube: o 4 (ca 
$cos a ds = $cos a ds. words: $ «,dx” is the same around all circuits 
Oy 0» which enclose the same worldtube (see Fig. 2). 


(ii) fu, de = $ cos cds = 0 for all paths which lie in a two-dimensional 
surface formed by a single-parameter family of worldlines (i.e. generated from 
a line in w-space) and which can be contracted within this surface (see Fig. 3). 


(iii) lim S-1$ cosads = 0 for alls paths within a surface of the}kind 
described in (II), where S is the area subtended within the circuit (see Fig. 4). 


Fig. 3. — Circulation vanishes around Fig. 4. — Circulation vanishes?around 
contractible paths. infinitesimal areas. * Li 


Definitions (i) and (ii) are still teleological, but (iii) concerns only the im- 
mediate vicinity of a point-event without, at the same time, involving the 
complication of forming a covariant derivative. The equivalence of (i) and (ii) 
is illustrated in Figs. 5 and 6- The equivalence of (ii) and (iii) is obvious. 


Fig. 6. — (ii) follows from (i). 


(*) Since completion of manuscript, the author discovered a circulation theory of 
Relativistic Hydrodynamics by Synen: Proc. Lond. Math. Soc., 43, 376 (1937). 
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The familiar extremal property follows from (i) by considering a world 
tube of lenght / and infinitesimal diameter e (see Fig. 7); 


Jos — eos a as =| os ads = [cos ads. 


APB AQB APBQA BRB 


Fig. 7. — Extremal property follows from (i). 


Since on AQB the angle x is of the order e, we get 


Joos 2as =|as + O(e?). 


AQB AQB 


Moreover, on BRB the angle « differs from 47 by an angle of the order e while 
the length of this path is itself of the order e. Hence 


cosa ds = O(e?). 


BRB 


Thus the length APB differs from the length 
AQB by a length of the order e? and APB is 
extremal. 

Conversely, (iii), and hence (ii) and (i), St A 
= Fig. 8. — (ili) is necessary for 
is necessary for extremals. For suppose Bri in fonte 
lim $-1$ cos ads exceeded some positive con- > e, > 0 in shaded area. 
stant e, over a certain part of a surface of 
extremals and consider an extremal APB of length / lying entirely within 
this region (see Fig. 8). By lateral displacements of the order e, APB is changed 
into AQB and: 


cos «ds > 6, times the area APBQA = 0(G,le) . 
APBQA 


On the other hand, 


Joos za — de feos aas = fas + 00, 


APB APB AQB AQB 
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since the angle «x is of the order e. By the extremal property the length AQB 
differs from by a quantity of the order e2 and hence the circulation around 
APBQA is of the order e2. This shows that e, must be of the order e, i.e. it 
must be arbitrarily small: it must vanish. 

The intrinsic equation for geodesics can be identified with (ii) directly as 
follows: By Stoke’s theorem: 


- E rs n 
P Uy AD" == | (= — I da’ dzt = (Uyyi—U yp») da” dz" (Christoffel terms cancel). 


Here dx” and d% are the sides of the area elements in the surface subtended 
by the circuit. For (ii) this can be made to lie entirely within a one-parameter 
family of worldlines. One side of each area element, say dw’, can therefore 
always be placed along the tangents w” (see Fig. 4). Since u’u, = 1, we have 
de”u,.,, cc "u,.,= 0, leaving only the second term in the integral above. This 
equals d7 times the covariant change of v, along itself. The integral vanishes 
if, and only if, this covariant change vanishes for all permitted circuits. 

For a brief description of the new formulations of the geodesic law we 
-choose formulation (i) and say simply that « circulation of uw” is conserved ». 
Since the extremal property is identical with the action principle for non- 
interacting inert matter, we shall not be surprised to find that action prin- 
ciples for continuous interacting matter can also be reformulated as a cir- 
culation law. 


3. — Cause and Effect: Construction of an Effective Displacement Vector. 


In general relativity, motion of inert matter under gravity is represented 
as uncaused: left to itself, matter will flow along geodesics. Gravity does 
not introduce departures from geodesics but determines a metric. 

If all matter always flowed along geodesics we should have no means of 
ever recognizing a metric, or even of developing a space-time picture. De- 
partures of matter from its geodesic course must occur so that « signalling » 
and «measuring » become feasible. We need an interaction not reducible to 
effects upon the metric in order to recognize a geodesic as a geodesic. (Since 
we shall later identify electromagnetic interaction as serving this purpose, 
our argument would explain why attempts to unify the electromagnetic and 
the gravitational field have remained so unsuccessful over reproducing the 
electromagnetic equations of motion. Moreover, our argument places the 
concept of « gravitational waves » under logical suspicion, inasmuch as a wave 
is essentially a signalling device.) 
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A metric is based on an observed cause-and-effect relationship between 
matter in different places: concepts of distance and interval arise from the 
correlation, and the degree of correlation, between departures of matter from 
its geodesic course and conditions elsewhere. It is from such observations 
that we have developed our metric and found that its local form, after diago- 
nalization, contains different signs in the ratio 3:1. (Indeed, no other distri- 
bution of signs would permit the distinction between cause and effect: there 
must be one dimension whose direction cannot be inverted and along which 
events can be ordered. The 4:0 distribution of signs does not offer such a 
dimension while the ratio 2:2 allows inversion of both pairs of co-ordinates 
into their opposites by continuous rotation of axes.) 

Cause and effect between different event-points can depend in intensity 
only upon their invariant interval. Indeed, only at zero interval would one 
expect direct effects: causal action across space-like intervals is impossible 
because one cannot distinguish unambiguously between cause and effect, 
while causal action across a time-like interval can always be broken down into 
a succession of interactions across zero interval. Hence we look for the direct 
causes of a departure from the geodesic course on the past light-cone of any 
event-point only. 

The effect sought is vectorial: the direction of the worldlines is to be 
changed. The causes themselves are vectorial and must be the directions w” 
of the worldlines on the past light-cone since 
there are no other properties of worldlines u” 
to be found on the light cone: the causal 
directions wu” culminate into an effective 
displacement vector x” at the vertex of any 
light-cone (see Fig. 9). 

Let us describe the situation mathema- 
tically, using local flat co-ordinates in the 
first instance. If s? is the invariant interval, ò 
we use the Dirac 6-function d(s*) for singling pig. 9, Culmination of causal direct- 
out the light-cone and we expect x” to be ions u” into an effect 2” at the vertex. 
proportional to | Nu” 6(s?) d4v, the interval s 
being measured from the event-point where x” is to be found. The integral 
extends over the past only, in accordance with causality: it is not necessary 
to specify whose past since the integral eolleets contributions only from the 


vi 


invariant light-cone. 

The factor of proportionality depends upon the use to which we put the 
effective vector 2. Whatever we do, we can arrange the scale of N such that 
the factor has a standard normalized value: this means we measure the 
density of worldlines by their effectiveness. It is convenient to choose 2 for 
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the normalized factor of proportionality, 
Ceres 20162) log 


then, on carrying out the integration with respect to the time a, using 
dx) = (ds?/dx)-1d(s?), one obtains: 


Pa -| [NW le gay | 
r 


where r is the spatial distance between cause and effect and where the bracketed 
vector Nu” is to be evaluated with allowance for retardation between cause 
and effect by a time interval of amount r. Thus the «” are calculated from 
the matter current density Nw” just like retarded potentials are calculated 
from a charge-current density. 

Beyond the range of local flat space the construction of x” becomes more 
complicated: one has to collect the vectors wu’ to the vertex by parallel displa- 
cement along null-geodesics (see PIRANI, to be published). 

The vector x” which, in some way, is to displace the worldline at the vertex 
from its geodesic direction, will be referred to as the « effective displacement 
vector ». From the electromagnetic analogy we can conclude without further 
calculation that 0,0%" = 47xNu”. This differential equation, usually taken as 
the starting point in the theory of electromagnetic fields, appears here as an 
interesting consequence of a natural logical construction process for the ef- 
fective vector «’. Other covariant field equations, such as equations involving 
the operator 0,0% in more complicated combinations, have no similar plausible 
explanation. Even the addition of a constant multiple of the field variable 
on the left (the mass term in the scalar meson equation) spoils the simplicity 
of the construction process: the electromagnetic field equations are the more 
natural and probably the more fundamental equations. 


‘4, — Continuum Electrodynamics. 


41. The modified circulation law. — The simplest way of combining the 
direction vector «” and the effective displacement vector x” (which is to change 
the course of «”) is to add them and to state the cireulation law for the sum: 
f$(u,+«,)dx” is to remain conserved on displacing the circuit of integration 
along the worldlines wu” (not along «’+«”). Indeed, this most primitive modi- 
fication of the circulation law already yields the equations of motion for a 
charged fluid. 


wees 


. 
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We give the proof of this for local flat space only (the reader will find no 
difficulty in verifying the correctness under conditions of appreciable space 
curvature), and we employ in the following the artifice of an imaginary timo 
co-ordinate #%,— ir, so as to avoid the distinction between covariant and 
contravariant suffixes. Electrodynamics is usually presented in this manner 
and the complications of procedure arising from space curvature distract from 
the essential line of argument. 

By Stoke’s theorem, as in Sect. 2, we deduce that version (ii) of the cir- 
culation law is equivalent with the vanishing of u,(0,(U,+2,) — d,(U,+2,)). 
Since w,u, =— 1 this becomes: 


4 aL = Ther ur fe. 
u,d,u, = du,/ds =p,,u, “where © p,, = 0,%,— 0,%,. 


We recognise this as the equation of motion for an inviscid fluid with unit 
charge/mass ratio, in the « field » g,, derived from the retarded « potentials » ,. 
These, in turn, are derived from the « charge current density » Nu,. We note 
that the equations of motion and the conservation of circulation are fully 
equivalent: they follow from each other. 

Following up the electrodynamic analogy, we deduce that there exists an 
inertia tensor 7,,, defined by 


Tuv cai (491) (Pus Pav o 10, PoaP ao) in Nu, ’ 


whose divergence vanishes: 0,7,, = 0. The term — Nu,u, shows that there 
is intrinsic inertia in the fluid and our deduction hardly allows us to assume 
this term to be zero, and so to attribute all inertia to the « fields » carried by 
the fluid. In general relativity, one would equate T,, to the curvature tensor. 

We have obtained here a dynamics of matter and fields which is in exact 
analogy to continuum electrodynamics; it has resulted from introducing cause- 
and-effect into the geodesic law in the crudest manner. That electrodynamics 
can be formulated as a circulation law (*), using a suitable scale for charge, 
was pointed out by the author (BUNEMAN [7]) and discussed in detail by him 
(BUNEMAN [8]). We have now established a logical basis for this law, starting 
from General Relativity; it has become plausible that an electrodynamic type 
of interaction should be observed. 


4°2. Fields and identification. — The word «interaction » is not a good word 
in connection with the deduction presented here, since it does not emphasize 
the essential asymmetry of the cause-and-effect relation which prevails in a 


(*) Since completion of manuscript, LicHnpRrowr1cez’ (1943, 1955) work was dis- 
covered. 
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continuum. Likewise, the formulation of the law of electrodynamics which 
corresponds to the extremal property of geodesics, the action principle, is less 
appropriate than the law that the circulation of «,+, should be conserved. 
The Schwarzschild Lagrangian density (see, for instance, SOMMERFELD [9] or 
LANDAU and LirscHITZ [10]), though simple compared with the differential 
equations of electrodynamics still contains a number of unmotivated features. 
EDDINGTON’S ([11], § 60) criticism of action principles (the lack of significance. 
of varied worldlines) has been removed by Feynman’s formulation of Quantum 
Electrodynamics (FEYNMAN [12]). But there remains in the setting-up of 
Lagrangian densities and action principles an objectionable arbitrariness in 
the choice of these densities and of the variables. The circulation law is more 
compelling, more natural and also more concise. 

The fields y,, play a secondary role in our formulation: matter and its 
direct influence upon itself is primary. Fields, after all, were introduced in 
the first place as a mathematical artifice, to describe forces acting on a unit 
charge or unit current. Potentials were then introduced as a further mathe- 
matical device. At each stage, a troublesome arbitrariness appeared; the 
arbitrariness of gauge is all too familiar, the arbitrariness of the fields lies in 
the choice of their scale: a somewhat bitter controversy over units reflects 
the abstract nature of the field concept. In our formulation, potentials of a 
particular gauge, the retarded potentials, have appeared as the simplest signi- 
ficant derived quantities, the worldlines being primary. Fields and potentials 
can be evaluated in vacuo, but the circulation law requires them to be known 
only where matter is present. Whether fields « exist », especially whether they 
exist in vacuo, is a somewhat futile question to ask: our desire to endow the 
vacuum with fields is a left-over from the days of the aether: we still haven’t 
learnt to think of events as close when ds?= 0 but can conceive of cause-and- 
effect only when dr and dt are separately infinitesimal. 

As to the scale and units of fields and potentials, our derivation requires x,, 
like u,, to be dimensionless and hence N must be of the dimension (length)~*. 
The fields g,, are measured in inverse lengths and the stresses 7,, are, like the 
Riemann curvatures, of the dimension (length)-?. We will refer to these 
natural units as « geometrized units ». Incidentally: the 4% — s are where the 
Gaussian, unrationalized system places them, thanks to our choice of a 
simple 2, rather than 1/27, as normalising constant in «,. 

It is not possible to compare these units with those of actual observed 
electrodynamic phenomena directly. For the latter refer to the interaction 
of discrete particles, electrons, protons, etc., and the equations of motion for 
a macroscopic pseudo-continuum involve the particular charge to mass ratio 
of the particles from which the « continuum » is obtained by smoothing (electron 
clouds in tubes, ion clouds in interstellar gas, ete.). Our derivation of « electro- 
dynamic » equations depends critically upon the strictness of the continuity of 
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matter: several of the steps could not be justified if the worldlines were discrete 
and had intrinsic properties. 

All we can expect from our equations is that they describe a substratum 
from which particles have yet to be raised and, indeed, without further ana- 
lysis it is rather a coincidence that the equations of the substratum are, but 
for undetermined scales, exactly, those of a smoothed assembly of particles 
raised from it. We shall, of course, identify particles as bundles of worldlines 
in the continuous substratum by proving that such bundles possess all the 
properties of particles. In particular we shall have to prove that on a macro- 
scopic scale, in smoothed assemblies of such particles, the equations of the 
microscopic substratum are reproduced eactly. This may appear obvious on 
superficial consideration but requires detailed critical verification. 


5. — Particles as Bundles of Wordlines. 


51. Models. — A dominant feature of «particles» is that they remain 
confined and unchanged except on rare occasions (creation, annihilation, decay). 
Any «model» of a particle is therefore under suspicion until this permanence 
is proved. Prior to the discovery of such fully self-consistent models, there 
seems to be a preference for picturing some of the more mysterious particles 
as singular worldlines. In the case of the model here proposed, one would have 
to prove that certain bundles of worldlines which are subject to an electro- 
dynamic type of interaction will stay together more or less indefinitely and 
present, more or less, the same pattern at all times. 

Now it was shown by the author (BUNEMAN [8]) that the problem of cons- 
tructing self-consistent permanent solutions of the equations of continuum 
electrodynamics presents just that degree of difficulty which puts an 
obvious and very simple solution out of our reach but does not leave us without 
hope. Against Lorentz’ explosive model of static charge one has the pheno- 
menon of the high-current are which « pinches » itself out by contraction! 
Models which are confined in two of the three spatial dimensions can be 
constructed (BUNEMAN [8]), albeit with layers of infinite densities. It is not 
unlikely that extremely high densities occur in actual particles so that gravity 
balances out residual electrodynamic repulsion (BosTICK [13]). 

The models in question are severely restricted by disallowing arbitrary 
interactions in addition to the electrodynamic type and a serious objection 
to this restriction is that quantum effects, whatever their manifestation in a 
continuum, are ignored. These are known to hold the molecule and the nucleus 
together and we shall return to the construction of models under quantum 
conditions in Sect. 6. Model-making tended to be looked upon as an ambi- 
tious and futile pastime while the formalisms of quantum field theory, based 
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on a very sophisticated particle concept (but implying the point particle picture) 
seemed to give all the answers. However, since the discovery of an over- 
whelming number of different mesons, fundamental particles are beginning to 
«take shape » again. 


5°2. Multipole moments. — Leaving aside the problem of the actual structure 

of worldline patterns which might be identified with particles, we investigate 
here the possibility of deducing all the physical attributes of particles from 
such purely geometrical models. Even in the frame in which the bundle of 
lines, while unaffected by fields «, from external sources, will remain perma- 
nently confined to a region of finite radius, the worldline pattern need not 
appear completely stationary: there may be internal fluctuations and the identity 
of the « particle » which the bundle represents may only 


be an average sameness of the pattern. 
t” However, there are certain invariants of the bundle, 
y / whose existence is due purely to the fact that the bundle 


is confined. One of these is the equivalent of the 
« charge », a length J, defined by: 


i | Nu,d?x -where u= ut. 


One proves that this is constant and invariant by ap- 

plying Gauss’ theorem to a four-dimensional cylinder 

which completely encloses the spatial domain of the 

nae bundle and using the condition 0,Nu,= 0 (see Fig. 10). 
of Gauss’ theorem to : ; 

ani While the «charge » may be calculated in any frame 

PIATTI VARO, of reference, other « electric » and « magnetic » moments 

will require the specification of a frame of reference 
for their definition, and we choose the frame in which the bundle, left to it- 
self, remains permanently confined. In this frame we can calculate multipole 
moments in the usual way, using Vw, as the charge-current density vector. 
These moments may fluctuate. 

However, some restriction is imposed on the fluctuations of multipole 
moments by the condition that there must be no radiation. This condition 
results from the condition of permanency-in-the-mean because the « energy » 
of the bundle, | Ty d*x, can only decrease by the « Poynting flux » of retarded 
«radiation fields ». The energy is positive (877,,=93,+93,+%i.— Pau Pu — 
— gi, — 87Nuj is positive since N is positive) and must not decrease to zero 
since this would indicate the complete disappearance of all worldlines. Hence 
the energy approaches a constnant on-vanishing positive value and radiation 
eventually ceases: only this is the state of permanency. 

The absence of radiating dipole moments shows that the moments 


Fig. 10. — The use 


dti a PN a MERE A Rana 
- ote 5 ; . ; 
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Je, Nu de (me, 2f3) must be constant when averaged over periods which 
exceed in magnitude the linear dimensions of the bundle (shortwave fluctuations 
of these moments can occur since for short waves the near-zone approximation 
to the calculation of radiating dipole moments by linear weighting of the 
density with the displacements breaks down). An integration by parts (i.e. in- 
tegrating the identity ¢,Nu,7, = Nu, over 3-space and using Gauss’ theorem) 


wy 


then shows that the CO Nu,d*x must vanish when averaged over such 
periods, for v = 1, 2,3. Hence the vector i Nu,d*x dt (the integral extending 


between two time-planes) is equal to the posto: Lu, dt (v=1 to 4), where 4, 
is the mean velocity of the bundle, i.e. the unit vector along the time axis 
of the frame in which it appears confined, while 67 is the interval between 
the time planes, measured in that frame. The equality is a vector equality, 
but if there are internal fluctuations it may only be true provided the time 
integration extends over a period which exceeds the linear dimensions of the 
bundle. The vector lu, is a kind of overall charge-current vector for the 
bundle. 


5°3. The four-momentum. — As a result of the absence of radiation, the 
«momenta», y,= ift, d*x, are constant and covariant vector components 
(proof by Gauss’ theorem as illustrated in Fig. 10). That the y, behave dyna- 
mically as momenta is seen as follows: Let the bundle be subjected, tempo- 
rarily, to the field Vi originating from an external source, while 7,, represents 
the internal stresses only. Then during this period 
the « equations » of motion of the continuum are 
— 0,7,, =%,= Np,;U, - 
z, is obviously the force-power density created in the 
bundle by the external fields. Since the divergence 
of t,, no longer vanishes, Gauss’ theorem applied to 
a cylinder which spans the duration of the inter- 
ference yields a change of y, given by 


=|x,d*rdt . i: 
ove eel? Fig. 11. —- Change. of 


3 momentum by an exter- 
On the right we have the four-impulse due to the nal impulse. 


external fields. 

The kinetic identification of the y, as momenta is not so obvious and seems 
less familiar: EDDINGTON ((11], $ 56) found this a stumbling block. We 
consider the moments Ja, T0232 (v=1,2,3) of tu. An integration by parts 


(i.e. integrating the identity 0,0,,7, = Ty over all 3-space and using Gauss? 
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theorem) shows that the time-derivatives of these moments are y,, 7», y3 and 
hence constant. These moments, and because of the constancy of [tar 
also the centroids of the distribution 7,,, are therefore linear functions of the 
time: the energy centroid describes a straight worldline. Since 7,, is positive, 
this centroid cannot stray from the bundle: it must remain fixed in the mean 
rest-frame of the bundle and y, = y, = y; = 0 in this frame. We deduce 


where /,,, the interval of y, is an invariant length associated with the bundle, 
obviously its « mass ». 


5'4. Equation of motion. — The deduction of the impulse equation for the 
change of momentum (and hence the change in the direction of the centroid 
worldline) ignores radiation during deflection. If this occurs (an estimate of 
the radiation field due to the acceleration of a charged bundle can be made 
in the usual way), a correction to the equation of motion of the bundle as a 
whole becomes necessary. It should be noted that by dividing all charges 
into a continuum of truly infinitesimal charge elements all radiation difficulties 
associated with the acceleration of finite charge elements disappear, since the 
radiation is proportional to the square of the charge. Hence the equations 
of motion of the continuum are strict while the impulse equation for a whole 
bundle is only approximate and subject to radiation corrections. 

From 0(1,,%,) = | p,,Nu,d'xdt we deduce, under conditions where Pr; does 
not vary appreciably across the bundle, and hence remains almost constant 
over possible fluctuations of the dipole moment, the.approximate equation 
of motion: 


dl t,) = Leja OF - 
Since Pog is antisymmetric and w, a vector of constant (unit) interval, we obtain, 
on multiplying with w,, the result dl, = 0. This is fortunate, for otherwise 
the bundle would, after the external interference, fail to exhibit the same 
total energy in its new frame of rest: it would not be identified as the same 
particle. 

If, further, we consider a succession of impulses, or a continuous process 
of acceleration of the bundle as a whole, we divide the above equation of 
motion by òr and obtain: 


1,,47,/ds = p/4,%, 


(ds = dr = are length or proper time along the worldlines whose tangent is %,, 
say the worldline of the centroid). This equation is like the one we started 


ti 
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with in the substratum except for the appearance of a «charge to mass » 
ratio J,/l,,. We have closed the cycle and shown that (i) bundles of worldlines 
behave like particles and (ii) that the form of the equation of motion is con- 
served on going from the microscopic to the macroscopic level. 


5°5. Particles and continua. — Several successive « atomizations » of matter 
have taken place through centuries and millennia and in some stages a con- 
tinuum or « fluid » was interposed. Perhaps it is rash to go straight from the 
present «fundamental particles » to a «fundamental fluid » which is no longer 
to be «atomized », but we have shown that further intermediate stages will 
not change the character of the fundamental equations: it will change only 
the constants or, effectively, the scale of N. A similar alternation between 
continua and discrete entities occurs at the macroscopic end of the scale: we 
go from stars to galaxies, from galaxies to clusters of galaxies, ete. 

We note, incidentally, that the external fields Pav are derived from po- 
tentials a, which represent the total potentials gathered up from bundles of 
worldlines other than the bundle whose acceleration is being calculated. If 
these bundles are at great enough distances, one may substitute the sum of 
their Wiechert potentials for x. The construction of the potentials from the 
discrete worldlines of the centroids then proceeds similarly to the construction 
from a continuum of worldlines described in Sect. 3. 

Since the equations of motion and the conservation of circulation in a 
continuum are equivalent, we deduce that a smoothed assembly of like par- 
ticles obeys the circulation law: 


Pilar, + La,) dx, =. const À 


e/ 


In fact, what has happened in the course of our cycle is this: the wordline 
bundles have been treated as rigid and characterised by their centroid world- 
lines. Internal distortions of the bundles have been neglected: such distortions 
are bound to occur where the centroid worldline bends (see Fig. 11). The self- 
field has been absorbed in the overall inertia of the bundle and where pre- 
viously we had «, in the circulation law we now have (I,,/l,)W,, leaving only 
the balance between total field and self-field, x;, in place of the original «,. 

Several approximations were necessary: we had to neglect radiation, we 
had to assume that Py» is uniform across the bundle and constant during its 
internal fluctuations (if any), we implied, in fact, that during the action of ¢,, 
the pattern is not greatly distorted, so that the undisturbed pattern can be 
employed on the right-hand side of the equations of motion, and eventually 
we let the interval dm tend to zero although, in the first place, if was an 
interval large enough to span possible internal fluctuations of the bundle. 


106 - O. BUNEMAN 


Some of these approximations might, perhaps, be removed by constructing 
more rigorous and less conventional arguments, but others remain. Among 
these is the uncertainly of the momentum four-vector during acceleration. 
The position of the centroid depends on the choice of a frame of reference 
(see, for instance, M@LLER [14]) and there is no unique mean rest-frame asso- 
ciated with the bundle where it bends (see Fig. 11). Only when an infinite or 
semi-infinite interval of undisturbed existence of the bundle is available can 
its rest-frame, and hence its energy-momentum four-vector, be determined 
accurately. 

While the equations of the fundamental continuum are accurate, the part- 
icle equations of motion are approximate: radiation and an uncertainty in 
position or momentum being the chief causes of inaccuracy. 


5'6. The gyromagmetie ratio. — In addition to the dynamical attributes 
«momentum » and «mass», we can construct also an «angular momentum » 
(an anti-symmetric tensor or complex three-vector) for each bundle, and cal- 
culate its «spin» (the only non-vanishing invariant of the angular momentum 
tensor). This is carried out in the appendix. The change of angular momentum 
due to an external disturbance of the bundle is found to equal the impulsive 
couple of the applied force power density which, for an electromagnetic pulse 
Py can be evaluated in terms of the electric and magnetic dipole moments. 

Before and after the disturbance the spin axis must be at rest in the bundle’s 
mean rest frame: otherwise there would be radiation. This condition leads 
(see Appendix) to the condition that the gyro-magnetic ratio has the value 
given by: 


« spin »: «magnetic moment » = /,,:1,. 


We have thus obtained a result on the stability of the pattern (it should return 
to its original configuration in its new frame of reference), or on its internal 
equilibrium, by studying small perturbations. 

The gyromagnetic ratio thus obtained is evidently the «normal» one. It 
is that of the electron. Unfortunately, this has been misnamed the « ano- 
malous » gyromagnetic ratio because a circulating point charge (which is not 
a self-consistent configuration) exhibits twice our ratio. 

Our argument should not be taken to indicate that bundles with non- 
electronic gyromagnetic ratios cannot exist. All it shows is that these do not 
return to a state of complete rest after perturbation. The spin axis may 
precess very slowly, in which case it will take an extremely long time for the 
minute excess energy contained in this precession to be radiated away. 

Arguments similar to those presented here were given by KRAMERS [15] 
as an explanation of the electronic gyromagnetic ratio on classical grounds. 
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However, he works from the point particle picture and some of his steps are 
based on an appeal to symmetry and intuition. The arguments given by 
THOMAS [16] are also related to ours, but the concept of rigidity plays an 
important part in them, and even the definition of « rigidity » under relativity 
conditions is still a matter for doubt and discussion. The bundles of world- 
lines pictured here are not rigid: their instantaneous patterns «give » under 
acceleration from without. 

The classical model of a spinning fundamental particle has recently come 
into its own again. GELL-MANN and GOLDBERGER [6] have calculated clas- 
sically the interaction of such a model with radiation somewhat more accu- 
rately than it is done here, so that the calculations are correct for rather 
stronger perturbing fields. For the «normal» gyromagnetic ratio, i.e. for the 
classical « Kramers » electron, they obtain the first order correction in energy 
to the zero-order Thomson term in the scattering formula and find it to agree 
with the Klein-Nishina formula. It seems likely that this agreement extends 
to all orders in energy (although this has not been checked as yet), for the 
Klein-Nishina formula does not contain 7 and should have a classical derivation. 


5'7. Identification of particles. — The agreement between our model of a 
worldline bundle and actual physical particles is now so extensive that we 
may proceed to some identifications. The worldline density N is obviously 
proportional to the actual charge density with which we must endow the fun- 
damental substratum so that an actual total charge emerges for a complete 
bundle. Let the factor of proportionality be J. It has the dimension « charge 
per unit length » (or per unit time since we are measuring time in light-centi- 
meters), or of «current», since N has the dimension (length)*?. We take I 
positive. Then we get for the electronic charge — e: 


so that 1, must be negative and a majority of worldlines in the electron bundle 
(not necessarily all) must point into the past. If we knew /, (we shall see in 
Sect. 6 that a definite value of J, could in principle be determined), we could 
get the «identification parameter» I as e/ Ae For the actual electromagnetic 
current-density four-vector j,, the potentials a,, the fields f,, and the stresses 
T,, one obtains: 


jv atl NOs ee Lo 
fur =1P ws ihe = [t,,. 


(The Gaussian system of units is implied for actual electromagnetic quan- 
tities.) The momenta g, are given by g, = /*y, and the mass m, by mi = 
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We note that /,, being the integral of 7,, in the mean rest-frame, is always 
positive. It is also greater than |l,| since — Nu? = Nu? and |w| exceeds 
unity. We deduce that for the electron: 


13/I = e/m, = = 2.8-10-%8 em. 


Hence |1,| exceeds 7. 

We see that with the aid of the identification parameter J all electromag- 
netic units can be reduced to geometrical units and dimensions other than 
lengths become, in principle, redundant. 

Protons seem to have the same |/,| as electrons, i.e. the same excess of 
lines of one sense. But they either represent a more energetic configuration 
of such lines, or many more pairs of lines of both senses (past and future) 
occur in protons, so that /,, is 1836 times larger. We note this important dif- 
ference between the two characteristic lengths /, and /,, of bundles: when several 
bundles are brought together and, perhaps, coalesce, 1, (which can be positive 
or negative) is additive, but /, is not. The neutron has 4, = 0: there are as 
many lines going forward in time. as go backward. That the neutron is, in 
spite of its neutrality, an electromagnetic entity is shown by its magnetic 
moment. 

If we work only with the (approximate) Wiechert potentials of each bundle, 
we miss, of course, dipole and quadrupole etc. interactions of the electro- 
magnetic type. These interactions are long-range: they take place without 
contact between the bundles (contact meaning overlap in space at any given 
time). But the electromagnetic moments of a cloud of moving charge give 
a full description of the fields only outside the cloud. Hence there will be inter- 
actions which are seemingly non-electromagnetic when two bundles touch, in 
that they cannot be described in terms of electromagnetic multipoles located 
at a point. ; 

A particularly strong interaction of this type will be the exchange of world- 
lines between the two bundles, i.e. some of the lines of one bundle taking the 
place of lines in the other bundle in the pattern which makes an (almost) 
stable self-consistent configuration. 

Another feature of contact interactions between bundles is the dubious 
nature of the identity of particles: in the collision between like particles world- 
lines may be interchanged to a high degree so that after the event there is no 
way of telling which emerging bundle is the continuation of any one of the 
incoming bundles. 

Moreover, since all particles are made out of the same stuff, the substratum, 
and since evidently only a discrete set of stable configurations exists, we cannot 
just double the number of worldlines of a bundle and make a bi-particle (the 
equations are non-linear). It follows that there is an exclusion principle 
operating and in large-scale random motion Fermi statistics would apply. 
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6. — Connexions with Quantum Theory. 


61. Irrotational motion. — Numerous results of our purely classical theory 
show resemblances to those of the quantum theory of particles. One could 
add more, for instance the climbing of a potential barrier by a stream of 
particles (w, is only a mean velocity for a particle; parts of it move very much 
faster; distorted by a strong field, the fast portions of each particle might 
scale the barrier and re-form into a new particle in the fieldless region the other 
side!). These seemingly non-classical results of our theory are due purely to 
the dissection of particles into bundles of worldlines and due to « smearing » 
them into a continuum. At no stage has there been any genuine quantization, 
any introduction of h. 

Before embarking on any proper quantization of our continuum theory, 
let us, again, proceed deductively and enquire what possible further modi- 
fications of the circulation law, in addition to the logical modification which 
yielded electrodynamics, one might expect. A strange and unsatisfactory 
feature of the circulation law is the fact that the circulation vanishes only 
around certain types of circuits (those described under (ii) in Sect. 2) and 
not around all circuits. This is particularly irksome in the case of the formu- 
lation (iii) which, describing a purely local property of worldlines, is otherwise 
so satisfactory. 

A simpler fundamental law would be the vanishing of circulation around 
all circuits, at least locally in all matter which hangs together continuously. 
We have evidence that this is just what happens under quantum conditions. 
For it means that «,+,, being free from all circulation, is the gradient of 
a «superpotential» x. —, is a gauge-transform (*) of «, (not necessarily 
satisfying the Lorentz condition) and we have equations of motion for the 
substratum just like those of a superconducting ensemble of electrons (F. 
LONDON [17]). Indeed, whenever quantum effects manifest themselves on a 
large scale in the streaming of assemblies of particles, one observes this irro- 
tational motion. 

To get from the substratum to assemblies of particles, we transfer the 
self-fields from the term x, to the term «, and deduce (see Sect. 5°5) that 
1,,4,-4-1,2 is irrotational. After multiplication by /* for identification purposes, 
this becomes the generalized momentum four-vector mu,— ea, for electrons. 
The superconducting state (F. LONDON [18]) is described by the condition 
that this vector is irrotational. The mass m of the electrons has not the usual 


(*) Drrac (1951) uses this gauge in one of his earlier theories of classical electron 


streams. 
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value under these conditions. But this is not surprising since the value of /,, 
depends critically upon the manner in which the lines that make up an electron 
are bundled together and includes the inertia of the self-fields. The latter 
are enhanced by interaction with the lattice of positive ions in the super- 
conductor. 

For an assembly of neutral particles we have J, = 0 so that after trans- 
ference of the self-field to the inertia term we deduce that m%, is irrotational. 
This is the situation which is observed in the State of superfluidity. 

It is gratifying to find that quantized continua of matter obey a simpler 
circulation law than classical continua. Plausible arguments are given by 
F. LONDON [18] and FEYNMAN [19] for deducing the irrotational streaming 
from the quantum equations of motion of the individual radi although 
a rigorous deduction seems to be outstanding. 


6'2. Discrete vortices. — Both in the case of superconductivity and in the 
case of superfluidity the lack of vorticity is a strictly local feature: in multiply 
connected matter the circulation around holes can be non-vanishing. In other 
words, the superpotential y becomes multivalued and goes up in integral steps 
of a certain length (y has the dimension length) everytime a hole is encircled. 
One such step, the line-integral of w,+-«, around the hole, is called the « fluxoid » 
of that hole. London’s and Feynman’s quantum-theoretical arguments streng- 
then a conjecture by ONSAGER [20] that circulation of the generalized mo- 
mentum mu, — ea, around a hole is an integral multiple of Planck’s h. Since 
this generalized momentum was obtained from the original w,+-«, after trans- 
ference of the self-field and multiplication by J*/,, we conclude that the fun- 
damental lenght J, by which the superpotential y changes is h/I?|1,| or |1,|h/e?, 
which is 27-137|1,|. We have seen (Sect. 5) that |7,| exceeds r, and hence 2, 
exceeds the Compton wavelength — but that is all we can say about this 
important fundamental length at the moment. That y changes by integer 
multiples of the same length on encircling the same hole several times is 
obvious. That it changes by multiples of the same length on going around 
different holes is surprising and requires an explanation. Perhaps some com- 
petent topologist, at home in four dimensions, can construct a plan of matter 
in which, in the last resort, all holes hang together. But even so, one would 
have to account for the universality of /, in newly created matter. (The uni- 
versality of 1, and h go together since |1,| is observed to be universal.) 


63. The H-atom. — From the condition that circulation around a hole is 
a multiple of /, we can deduce directly the energy levels of the hydrogen atom. 
Suppose that the material which makes up an electron is subjected to a central 
static Coulomb field. It could stay lumped together and describe classical 
Kepler orbits. But in this case it would radiate. If it were forced to remain 
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concentrated into a region small compared with the orbit it would gradually 
fall into the nucleus. 

But the same material can become strung out along the length of the orbit, 
like the dust that trails around the orbit of a disintegrated comet, remaining 
confined tightly within two of the three space dimensions and hence retaining, 
perhaps, most of its internal energy or mass. This is a non-radiating con- 
figuration of the same material (it presents a time-independent pattern), but 
the material has now become multiply connected. The circulation condition 
becomes operative and for a simultaneous circuit (dx, = 0) we obtain the 
condition that the line integral of the momentum, | (mu, da, + mu, da, + mus 1%), 
should be an integral multiple of h, in the absence of an external magnetic field. 
In all books which describe the early quantum theory this integral (the action 
around the orbit) is caleulated for Kepler orbits. It has the value 20Ze?m}(—2E)-* 
where Ze is the nuclear charge and £ is the energy of the orbit. On equating 
this to integer multiples of %& one gets the energy levels of the hydrogen atom. 
Resemblance to the old Bohr-Sommerfeld theory is only superficial, for angular 
momentum has not been quantized. 

However, perturbations to the Coulomb field produce precessing orbits 
which on being closed up have two different kinds of loops. Around each of 
these the circulation condition applies and one obtains two quantum numbers. 
This qualitative argument has not yet been checked quantitatively and it 
cannot be said whether it gives correct results. 


64. Correspondence. — We have thus collected some evidence that the 
effect of quantization upon a continuum theory of matter must be the restriction 
of vortices to holes in matter and to strengths which are integral multiples of 
a fundamental constant. The vortex filaments (they become two-dimensional 
surfaces in four-space, and the name « vortex ribbons » was proposed by the 
author (BUNEMAN [21]), are unbroken, as must be the holes in which they 
reside. On a large scale, we have an assembly of discrete unbroken lines in 
a three dimensional instantaneous picture of matter, rather like the lines which 
one uses to represent the magnetic field. If these lines are smoothed into a 
continuous family, we have a divergence free vector field representable as 
a curl. This is now the case of continuous vorticity which occurs in classical 
physics. We have established the correspondence principle for the transition 
from a quantum fluid to a classical fluid. 

It is now clear that the vacuum has become an integral part of the theory: 
there must be holes in matter, in which vortices can reside; matter has sharp 
boundaries. 


65. Further quantization. — So far, our quantization of the continuum has 
been quite superficial: although the restriction of all local circulation to zero 
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was introduced on aesthetic grounds, the « fluxoid » J, (circulation around holes) 
was made universal on phenomenological grounds for the sake of agreement 
with London’s and Feynman’s deductions from the wave-mechanies of fluid 
particles, and, we might say, for the sake of agreement with the hydrogen 
energy levels. Moreover, the superficial quantization which we have carried 
out is still fully causal. 

We must now ask: what is the strict method for quantizing our continuum 
theory? It may be possible, of course, to base the quantization of a substratum 
on the conventional methods for quantizing particles (and fields) by introducing 
sub-particles from which the substratum is made up. One would then be faced, 
again, with the infinities and divergencies that are associated with point par- 
ticle physics and, further, with the difficulty of accounting for the extra- 
ordinary coincidence that a purely geometrical continuum yields automatically 
all those attributes of particles which in point-particle physics remain unac- 
counted for, and which have to be introduced ad hoc. If we wish to benefit 
from the deductions of Sect. 5, we must adhere to the continuum and somehow 
quantize it directly, without implying point particles. 

Again it may be possible to introduce commutation laws into our theory 
directly, and hence the uncertainty principle, without using either a particle 
picture or the action principle (which is more complicated than the circulation 
law). However, one would, first, have to scrutinise the method of commutation 
laws for its physical content; it stems from the Poisson Bracket calculus which 
is, essentially, a feature of particle dynamics, and unless the method can be 
freed from this basis, there will be no justification for applying it. 

However, the question arises: is it necessary to do more than we have 
done already? Is it necessary to postulate more than a purely geometrical 
substratum, with ¢(w,+,)de,=0, +4, + 2lh, +3%,... according to. the 
number of holes encircled? Could all quantum phenomena be deduced as the 
result of this law, rather than the law being the result of more sophisticated 
quantum laws? 

Perhaps the strongest objection to this suggestion is that it places one 
definitely on one side in the vehement controversy of strict causality against 
causality-in-the-mean. In view of the superb representation in both camps, 
it seems a pity to take sides. 


Leaving aside this awkward point, we ask what basic phenomena have 
remained unaccounted for so far in the theory of circulation? A number of 
phenomena usually associated with quantum theory have already been ob- 
tained by the method of requiring the fluxoids around holes to be multiples 
of a universal length. Others were seen to be merely the result of replacing 
a particle by a continuum (albeit a different continuum from the y-field of 
ordinary quantum theory). What more can we, and need we, get? Obviously, 
spin and the quantization of radiation are the major outstanding problems. 


’ 
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66. Quantized models, — As regards spin, one is led to return to the problem 
of constructing particle models. The investigations reported by the author 
in an earlier paper (BUNEMAN [8]) take account of the condition }(u,-+«,)da,=0 
for paths which can be contracted in matter. If a simply connected solution 
existed, it could be scaled arbitrarily as regard its linear size (since — u, 
is a gauge transform of «, one has to solve only u,u, =—1 together with 
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this ratio being identifiable as 47N). But it appears unlikely that a confined 
simply connected pattern of flowing matter exists and hence a scale is fixed by I. 
A definite value for |1,|/l, would result, leading to a definite value of the 
fine structure constant. A value for the intrinsic angular momentum also 
follows, but it cannot yet be said why this has the value 3|Z,|2, (in geo- 
metrized units) as it ought to if the pattern is to be identified with the electron 
or the proton. Nor is it obvious that |/,| should always be the same (unless 
it vanishes) for each of the discrete set of patterns which, according to ob- 
servation, exist. 

Arising from the problem of spin is the problem of a wave equation for 
a spinning particle. Although we were able to deduce the hydrogen energy 
levels without the aid of a wave equation, it would be desirable to show why, 
at a certain level of approximation, the dynamics of a particle can be des- 
cribed by a wave equation, in particular the Dirac equation. Indeed, one 
ought to show that the Dirac electron is a good approximation to the Kramers 
electron under conditions where the internal degrees of freedom (other than 
spin) can be ignored while the discreteness of circulation is already important. 
It may be that the whole of wave mechanics can be reduced to the statistical 
mechanics of vortices. 


n 


67. The quantization of radiation. — But perhaps the most urgent task is 
the deduction of the quantization of radiation from the circulation law. The 
latter is formulated only for material circuits, but we have to show that the 
radiation which issues in the course of transition of a pattern of worldlines 
from one configuration to another is quantized, as a result of the circulation 
law which applied before, during and after the transition within the source 
material. Conversely, radiation must be shown to be absorbed only in quanta 
during such a transition. 

Fortunately, the check on this phenomenon of quantization of radiation 
is now a matter of detailed calculation rather than a matter of principle. For, 
as will be shown in a separate paper, the classical pure radiation field pos- 
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sesses an invariant given by the following formula: 


Te -|[-= SERRE HST 


ee 


to be evaluated in one time-plane. E and B are the electric and magnetic 
intensities while x and a’ are different positions (3-vectors) in the same 
time-plane. 

H has the following properties: 


(i) it is constant in time, 


(ii) it has the same value no matter what frame of reference is chosen 
for its calculation by the above formula, 


(iii) it yields the energy as wH for monochromatic radiation of fre- 
quency ©/2x, 


(iv) it yields the momentum as kH for unidirectional radiation of pro- 
pagation vector k, 


(v) it yields the angular momentum as m# for radiation consisting of 
multipoles with the azimuthal symmetry exp [+ img], 


(vi) it undergoes a change when a charge-current distribution, placed 
into the field, varies, the amount of change being determined by the 
current density distribution only. 


In fact, in every respect it appears that H/h is the number of photons present 
in the field (PEIERLS and LANDAU [27]). 

But it still remains to reduce the integrals over the variable current-density 
distribution in (vi) to a product of the volume integral Ni Nu,d*x and the line 
integral $(u,+«,)dx, so that H, in geometrical units, changes exactly by 
+|t.|%, or multiples of this, in any process of emission or absorption. This 
calculation is by far the most crucial for testing the sufficiency of our « super- 
ficial quantization ». 


APPENDIX 
The Gyromagnetic Ratio. 


The angular momentum tensor is 


Mis ij (v,Ta—%yTu)d®%, 
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which we write in the form: 


Ss, —S, —iL : 
Si, —iLg Si = il (#135 — UT '.4) d*x 
Si anti- x 
els ES . . Sci.) L, = fe Tu + UT) dx 
symmetric . 


(1, 2, 3. cyclic), 


so that the transformation law for the three-vectors S, = (S,, 8,, 83) and 
L = (L,, L,, L3) can be copied from that for the magnetic intensity B and 
the electric intensity E respectively. In particular, or changing to a frame 
moving with small velocity dv relative to the original frame, S acquires a 
correction dv/\L and L a correction — dv/S. 

Since i7,, are the components of momentum density, we see that S has 
the customary non-relativistic meaning of angular momentum (cross-product 
of 3-position with 3-momentum). In the rest-frame, and relative to any origin 
on the worldline of the centroid of 7,,, one easily verifies that L = 0. Let 
S =S, in the rest-frame, relative to the centroid. Then in any other frame, 
still relative to any origin on the same worldline, the invariants of the tensor 
M,, must still be the same: S?— L? = $$, S-L=0. 

On changing the origin by a displacement 7, one finds that %,g,— 2,g, 
is added to the angular momentum tensor. Hence in general 
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where M, w i8 the angular momentum relative to the centroid worldline while 
29» — %J, is the angular momentum of the entire mass relative to an arbitrary 
origin for which a point on the centroid line (it obviously doesn’t matter which 
point) has the co-ordinates %,. We have thus split the angular momentum 
into intrinsic and orbital angular momentum, the intrinsic angular momentum 
having the invariants given. In the rest-frame (g, = 9, = 9; = 0) the in- 
trinsic angular momentum has an S-part only while the orbital angular mo- 
mentum has an L-part only. 

An external impulse of short duration 6t (measured in the initial rest-frame) 
will change the orbital angular momentum by 


Jy O8y — Jn Ak, + Wu Og,— Vy OJ, + 


The first two terms cancel to the order (dt)? since dz, is approximately pa- 
rallel g,. If we use as origin the initial centroid and, say, the commencement 
of the impulse, the second term is also of order (dr). Hence in first order an 
impulse will not change the orbital angular momentum relative to the centroid 
specified. But it may change the intrinsic angular momentum. 

We consider now an infinitesimal re-orientation of the bundle in four-space, 
caused by an external impulse. Let there be a small acceleration of amount 
dv = b dt from rest and a small rotation of the space-axes (axes of symmetry 


Sy os 7 at Soe +. Arena: 
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if any) residing in the bundle, through an angle Q dt. Then the new intrinsic 
S- and L-vectors, still expressed in terms of the original rest-frame, will be 


S=S,+6S where 6S =Qdt/S+ bot\L, =A2dtAS, 
L=L+òL=éòL where 6L=Q06tA\ L,— bòot\S =— bòotNS, 


since L = 0. In this calculation we have implied that the external impulse 
does not change the bundle beyond recognition so that the magnitude of the 
intrinsic angular momentum is still the same, and also that the bundle has 
returned to a state of rest (but for internal fluctuations of very short period) 
so that axes of symmetry, or principal axes, can be defined in the new rest- 
frame. (The new vectors S and L, measured after the cessation of the impulse, 
are, of course, constant, and one could define the components of Q and b 
transverse to S, from the above equations which were derived on the suppo- 
sition that they were otherwise defined.) 

By the application of Gauss’ theorem in four dimensions to the tensor 
Cul &yTu, of the third rank one obtains the change of the tensor M,, as 
the impulsive couple of the force density k, created in the bundle by the 
external fields: 


OM yy = fly, - Lyky) d°x di . 


From this we get 


DSS Î (wk, — xgko) d3x dt 
: 1, 2, 3, cyclic, 
OL, =(- Qilo + tk,) dx dt 


or 


6S = | x/\k dxdt 
0L = fue — xko) d*x dt 


where k = Lorentz force density =j/\B + 0E, 
k, = power density = j:E, 
x = 3-vector of position = (@;, 2, da). 


E and B are the external fields, j and o the current density and charge density 
within the distribution. 
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We now calculate the impulsive couple for the following case: 


(i) E and B are uniform across the bundle and hence constant during 
periods of permitted internal fluctuations of the bundle. 


(ii) The duration of the impulse, though exceeding possible internal 
fluctuations, is so small, or the fields E and B are so weak, that the internal 
J, o distribution is not altered substantially and the original distribution can 
be used for the evaluation of the impulsive couple. 


Since 6M,, is to represent the change of intrinsic angular momentum only 
we must employ the origin previously specified, with respect to which orbital 
angular momentum remains unchanged but for effects of the order (d7)?. Re- 
lative to this origin, ¢ is of the order (dt) during the action of the external field 
and hence the first term in the integral for 6L contributes only to the order (67)?. 

Collecting terms of the order (67), using the constancy of the external fields, 
and averaging over possible internal fluctuations, we get: 


ISS! |xja°e—B Ja jd + pNEòr, 


esp: lix dee , 


where 


a fox d*x = electric dipole moment, 


and where all quantities are evaluated in the original rest-frame. 
The moments of the current density which occur can all be reduced to the 
magnetie moment, as follows: one integrates the identity 


2 
ci (0, 3 s 
Oj, 00, = — Ze op at, + 4,0 +29, (p,q, r run from 1 to 3 only) 


ot 


over all space. The left-hand side, being a complete divergence, yields zero. 
The time-derivative of the electric quadrupole moment vanishes altogether 
in a stationary pattern and vanishes in the mean (over periods exceeding the 
dimensions) in fluctuating, non-radiating patterns. Hence we learn that the 
three-dimensional tensor i} j,v,d8” is antisymmetric and that, in dyadic ten- 


sor notation, 
d dia fa, 
fis d*x E (jx— xj)da. 


The spur of this tensor, {|j:xd*r, vanishes. 
These results we insert'in our formulae for 6S and 6L which then become, 


Ata a ii 2 ee ee Pe a RULE VON ROERO 
e - x a] a. .¥ 
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with the aid of the definition of the magnetic moment, 
i, : 
UV. = Ab AJ d3x ’ 
6S = (uAB + p/E) ot, 


òL=pAEòr. 


The first of these formulae for the change of the spin axis due to interaction 
of the electric and magnetic dipole moments with the field is familiar. Com- 
parison with our earlier kinetic formula for 6S shows that p and p must both 
lie along S,, for 6S and S, must be mutually perpendicular for all perturbing 
fields. In fact, we find by comparison: 


Q = (4/S)B— (p/S)E . 


The second formula (that for dL) is unexpected. Comparison with the 
kinetic formula shows that 


SAG= prek- 
For acceleration from rest we obtain 
mb = qE 
where gq is the total charge of the bundle. We deduce 


Soi = m:q 


I 


Little in geometrized units. 
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The Kohn-Hulthén Variational Procedure 
for the Scattering Operator and the Reactance Operator. 


Part I - Elementary Form of the Variational Principles (*). 


H. E. Moses 


New York University, Institute of Mathematical Sciences - New York 


(ricevuto il 20 Luglio 1956) 


ContENTS. — 1. Introduction. — 2. The x-representation. — 3. The radial 
equation for zero angular momentum. — 4. The one-dimensional scattering 
problem. — 5. Three-dimensional scattering problem. — 6. Scattering of 


an electron by an atom. — 7. Operators used in scattering theory. — 8. The 
variational principle in operator form. 


1. — Introduction. 


The Kohn-Hulthén variational principle has previously been set up for 
determining the phase of the solution of the radial equation and for determining 
the amplitude of the scattered wave in the three-dimensional scattering problem 
(KoHN (!)). Later the Kohn-Hulthén variational procedure for obtaining the 
scattering operator was derived as a generalization of the latter procedure 
(Moses (?)). In the present paper we shall introduce the variational procedure 
for the reactance operators (cf. LIPPMANN and SCHIWNGER (*)). The advantage 
of such a procedure is that a reactance operator so calculated, even though 


(*) The research reported in this article has been made possible through support 
and sponsorship extended by the Geophysics Research Directorate, Air Force Cam- 
bridge Research Center, under Contract No. AF-19(604)1705. 

(1) W. KoHN: Phys. Rev., 74, 1763 (1948); 84, 495 (1951). 

(7) H. E. Moses: Phys. Rev., 92, 817 (1953). 

(3) B. A, Lippman amd J. ScHwINGER: Phys. Rev., 79, 469 (1950). 


THE KOHN-HULTHEN VARIATIONAL PROCEDURE ETC. - I 121 


approximate, will be Hermitian for any trial function. Hence the scattering 
operator which will be calculated through the use of such an approximate 
reactance operator will be unitary. 

It will be shown that the variational procedure for the reactance operators. 
is a generalization of Kohn’s procedure for determining scattering phases from 
the radial equation. 

Although the variational principle for the scattering operator has already 
been given in (*), we shall repeat it below in order to contrast it with the 
variational principle for the reactance operator. 

We shall prove the variational principles abstractly. However, to make 
them more understandable, we shall introduce the x-representation in the 
next section. 

We shall then illustrate these variational principles in terms of the radial 
equation corresponding to zero angular momentum, the one-dimensional scat- 
tering problem, the three-dimensional scattering problem, and the problem of 
the scattering of the electron by an atom. Because of the possible utility of 
the examples, we shall present them before giving the proof of the variational 
character of the principles. In the special cases below the examples can also 
be proved directly by the method of integrating by parts and using asymptotic 
forms in the manner of (1). 


2. — The x-Representation. 


Let H, be a Hamiltonian which has a purely continuous spectrum extending 
from some finite lower limit to infinity. Let H=H,+V be a Hamiltonian which 
has the same continuous spectrum as H, and possible point eigenvalues below 
the continuous spectrum. Further, let us denote by |H, a>, the eigenstate 
of H, corresponding to the eigenvalue H. These eigenstates are to satisfy the 
normalization requirement E, a|E', a'», = d(E—E')daw The variable a 
describes the degeneracy. Similarly, let |, a> be an eigenstate of H corres- 
ponding to the eigenvalues £ of the continuous spectrum. The eigenvectors 
E, a> are not unique. Three separate sets will interest us. They are the 
« outgoing eigenfunctions », denoted by |H#,a>_, the «incoming eigenfunctions » 
E, a),, and the «standing wave eigenfunctions » |H,a>,. (In the more con- 
ventional notation the outgoing eigenfunctions are denoted by a plus sub- 
script and the incoming ones by a minus subscript. We reverse the subscripts 
to indicate that |, a>_ and |#, a). can be considered to have been obtained 
from a time-dependent procedure with initial conditions at # = — co or final 
conditions at t = + co respectively). 

It will also be convenient to introduce the symbols ‘7(x|E, a), ?_(a|E, a), 
P.(x|E, a); V.(x|P, a), for <x|E, ao; <x|H, ay_, (x|E, a4, ‘a|E, a>, respec- 
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tively. By virtue of the normalization conditions of | E, a), we have 
prece, a) P(x |B’, a’) dx = OE — B') dar è 


where die is a suitably generalized 6-function. 
The eigenstates |E, a). and |E,a), are characterized by the following 
integral equations: 


(2.1) P_(x|E,a)=YP(x|E, a) + for (x |x’) V(x! VE (a |B, a)dx', 
(2.2) P.(a|E, a) = Y(x|B, a) + REZZA a)da', 


(2.3) P.(a|E, a)=7P(x|E, a) + fog] Va), (x'| E, a) dx’, 


where G$*, G$ are the usual outgoing and incoming Green’s functions with 
respect to H,, and 


G(x |x’) = $[Gg"(x |x’) + Gz(x|x')] 


It is to be noted that G5(x|a') is Hermitian, i.e., G5(x|x') = G(x'|x)*. Ex- 
plicitly 


(2.4a) GEA a= | fer x|E', a')y_ (E—E'\P(x'|E', a')dE' da', 
(2.4b) G3 (x|x’) i PE(x|E', a')y(E—E)YPx'|E',a')dE'da', 


I i r I 154 r r 
(2.4¢) G4,(x| x’) = | [¥eelB, 0) gy (x duo ‘)dE'da', 


ì 


where 


(2.4d) v4(0) = + in (a) + 


and the symbol P means that in integrations, the Cauchy principal part of 
the integral is to be taken. The scattering operator S and its inverse S~' as 
given in the H,-representation has the form 


[ KE, a|S]P',a')) = dE— ENdw— 206 E, a|T_|B, a"ye] 
(2.5) 
sE, a|S1|E', a’) = 5(B— Edu + 2x KE, a| |P, a'>o), 


Si 


leda 
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where 7°, are operators given by 
(2.6) E, a|T.|E', a>) =xE,a|V|E',a')L = 


Ss ice («| E, a) V(x) Va (xc|B’, a’) dx. 


The quantity (E, a|T4|E, a'», is essentially the amplitude of the scattered 
wave in the domain where V(x) is small when the appropriate coordinate in 
Y.(x|E,a) is taken to be infinity. 

We define the reactance operator K in the customary way by 


(2.7) Bee fe eK pl tek. 


K can be shown to be Hermitian. In terms of the H, representation, K is 
given by 


(2.8) o<E, a|K|E', d'>, = d(E—E') KE, a|T,| EB, a’), , 


where 


(2.9) E, a|T,| EB’, a'>)= KE, a|V|F', a),= [etal a)V(x)P(x|E',a)dx . 


From (2.5) and (2.7) it can be shown that 


(2.10) oH, a|T_|E, a>) = > KE, a|T,|E, a")o KE, a"|C|E, aa, 


where E, a|C| E, a'», is the inverse of [daa+is E, a|T:|.E, a'>o] insofar as 
these quantities are matrices (or integral operators) in the variables a, a’; 
that is, 


(2.11) DE, a|C|E, a”>o[ bar +i KE, a"|T,|E, ayo] = 
= > [bce + in .<H, a| T,| E, a>] KE, a"|C|E, a*>o = daa + 
S 


The quantity 2, a|7,|E, a», can be shown to be the amplitude of scat- 
tered waves in the asymptotic form of Y(x| ZH, a). 

There are two variational principles of the Kohn-Hulthén type. One is 
used to approximate ,(H,a|T_|E,a'>, directly. The second is used to ap- 
proximate ,(H,a|T,|H,a'>,, from which ,<H#,a|T_|E,a’>, can be obtained 
by means of (2.10) and (2.11). The advantage of the latter procedure is that 
the scattering matrix so obtained will be unitary because the approximate 
elements ,(E, a|T,|E, a>, will correspond to a Hermitian reactance operator 
for any trial function. However, it should be noted that to solve (2.11) for 
oE, a|C|E, a'», is, in general, difficult if the degeneracy variables can take 
on an infinite number of values. 
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In the case of the variational principle for ,(H,a|T_|H,a'>,, we have 
generally 


(2.12) ,<H,a|T_|#, a’>, = lim (ws e] +», a): 
v0 
-[H* — E} P_.(x|E,a')dx + <H,a |T_,|H, a>. 


In (2.12), H* represents the total Hamiltonian as given in the x-representation, 
and the quantity .(#,a|7_,|H,a’>, is a «trial function » which approximates 
E, a|T_|E, a'>,. Furthermore ,Y_,(x|H, a) is a function which approximates 
the exact eigenfunction Y_(x|H, a): Y_4(«|#, a) is required to have the same 
asymptotic form as Y_(x|H,a), except that the amplitude of the scattered 
wave (E, a| T_|E, a'», is replaced by E, a|T_,| E, a’>). Likewise Y,,(x|H, a) 
approximates the exact eigenfunction Y,(x|H, a) and satisfies the same type 
of asymptotic boundary condition, except that the exact amplitude 
oKE, a|T,|E, a'», is replaced by the trial amplitude ,<H, a|T,,|#, a’). 

The limit lim is introduced to prevent an ambiguity in the definition of 
the integral. This point is discussed more fully in (?). 

The variational principle (2.12) can be written in janother form. The 
boundary conditions on 7 ,;(x| E, a) imply that there exist functions p,(x|F, a) 
which satisfy 


"in 
(2.13) V s(x |B, a) — P(x|E, a) + [ose] pate |E, a) da' 
In fact, one may regard y,(x| E, a) as the true trial functions. Then ¥/,(x| 2, a) 
will automatically satisfy the boundary conditions, provided one picks 
o{E, a| T_,| EH, a'», to be the amplitude of the scattered wave associated with 


7_i(x| E, a). We can express the variational principle in terms of essentially 
arbitrary p.,(x|H#, a) without indicating boundary conditions: 


(2.14) E, a|T_|E,a'»)= [vee |E, a)V(x)P(a|E, a')dx + 


Se [ferela, a)V(x) Gr (xe | ae) V (x!) p(x! |B, a’) dx dx! + 


+ | feta, a)V(x) Gg (ae | x!) V (20') P(x" |B, a’) dx dx’ — 
sa | foto |B, a)V (x) Gy" (x |x") V (x!) px" | E, a')dxda' + 


+ || {oral a) V (x) GS *(x | 2’) V (x0) G(x! | x”) V(x"): 
‘p_(x"| E, a!) dx dx’ dx” 
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The forms (2.12) and (2.14) are entirely equivalent. The form (2.12) has the 
disadvantage that the trial functions W4,(«|H,a) are required to satisfy 
restrictive boundary conditions. However, it has the advantage that the 
Green’s function does not appear explicitly. Conversely, the advantage of 
the form (2.14) is that we may pick g4.(x|, a) in an essentially arbitrary 
fashion; and, the disadvantage of this form is that the Green’s function appears 
explicitly in the integral. 

We shall now write the corresponding variational principles for 
<H, a|T,|E, a'»,. The analogue to (2.12) is 


(2.15) <H,a|T7,|B, a’) 


= Lim | V4] Bn ae E] Py(x|P, a') dx + <4, a| Tal, d'do 5) 


where sE, a|T,,| E, a'», is a trial function for E, a|7,|E, a'>,. The function 

 .(x| E, a') approximates the function Y(«|H, a’) in the sense that the former 

satisfies the same boundary conditions as the latter, except that the amplitude 

E, a|T,| E, a'», of the asymptotic form of ‘7, is replaced by KE, a|T,|P, 4». 
The analogue of (2.14) is 


(2.16) «E, a|T,|E, a= [tla a)V(x) L(x|E, a’) dx + 
+ | We (e| H, a) V (x) Ga |x") V(x) pyle! |B, a!) dae dx! + 
+ | fos (| H, a) V(x) @(ae| ae!) V (x!) (x | E, a’) dx dx! — 
=| fon a) V (xe) Ga |x!)V (a! Jorge! | E, a!) dx de! + 


+ ff fos x | HE, a)V (x) G(x |x’) V(x!) G5(x' | x") V(x")- 
P(X" |H, a')dxdx' dx" , 


which is obtained from (2.15) by writing 
(2.16) 7 (a|E,a)=P(x|E, a) + Jos x|x')V(x')g_(e'| E, a)dx’ . 


Equation (2.16) shows that the approximate value of ,<É, a|T,|E, a'>», is 
Hermitian in the variables a, a’ for any trial function ‘7, that satisfies the 
appropriate boundary conditions. 

We shall now specialize the results to the examples mentioned in the intro- 
duction. Instead of expressing the various eigenfunctions in terms of the energy 
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eigenvalue £ and degeneracy variable a, we shall express these eigenfunctions 
in terms of the momentum representation as is conventional. These two sets 
of eigenfunctions differ only by a Jacobian of the transformation between the 
sets of variables. However, for consistency, we shall adhere to our original 
definitions of ,(H,a|T|H,a’>, and xE,a|T,|E,a'), (see (2.6) and (2.9)) 
which are given in terms of energy eigenvalues and degeneracy variables. 
In some cases the Jacobian of the transformation (a known function) will 
appear in a somewhat clumsy form. We shall only indicate the principle (2.12) 
and (2.15) in which the Green’s functions do not appear explicitly. The prin- 
ciples (2.14) and (2.16) can be obtained similarly. 


8. — The Radial Equation for Zero Angular Momentum. 


As the sole variable in the coordinate representation we take r in the range 
0<r<oo. All states f(r) are to satisfy 


(3.1) LE 


In particular, the eigenstates of H, and H must satisfy this requirement. The 
operators H, and H are given by 


az 

(3.2) Hy, =— dr? ’ 

(3.3) Hee 
3: IR 


The normalized eigenfunctions of H, corresponding to the eigenvalue k*= # 
are 


2 
(3.4) P(r|k) = VE sin kr, (k> 0). 
I 
The Green’s functions GF, Gy", G are given by 
Porre) — i {ale r') exp [ikr] sin kr'+ n(r'— r) exp [tkr’] sin kr} : 
1 i F 
(3.6)  Gr(rjr) =— Vin, r') exp [—ikr] sin kr’ + (r'—r) exp[--dkr'] sin kr}, 


; " ; 1 È . : a 
(3.7) G3(r|r’) = anita r') cos kr sin kr’ + n(r'— r) cos kr’ sin kr} ? 
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The function 7(7) is the Heaviside step function defined by 
(3.8) es z>0, 
== We 208 


The eigenfunctions of H which are relevant are given by 
| [2 . i . i . r r rt r 
(3.9) Yar ky = es sin kr exp [F dkr] | sin kr’ V(r!) ¥a.(r' | k) dr’ — 
0 
cp : 
Sal br | exp [F thr’) V(r’) P(r’ |k) dr’, 


r 


Piles el eed ge re 
PLO eri ky = IE sin Aa COS br [sin kr’ V(r’) F (r' | k) dr’ — 


0 
(ne) 


il: 
pa sin kr [cos ker’ V(r'\P(r'|k)dr' . 


Since there is no degeneracy, the variable a will play no role. 
The quantities <E|T.|E», and ,(E|7,|E» can be obtained from the 
asymptotic forms of ‘7, and ‘7, respectively. One can easily show that 


(G11) Him Wg (r|) = |/= sin kr — 2a exp [F thr] (H| P| By. 


(3.12) lim YP (rik) = VE sin kr — 4/2 cos kr,{E|T,| EB). 


If one writes (3.12) in the form where the phase shift appears explicitly, i.e., 


(3.12) lim Y(r|k) > A sin (kr + 9) , 


ro 


then from (3.12) one sees (cf. (*)) 


(3.128) A=|/2 1+ 28) 2,09) = 2 seeg, 
tgp =—21,<B|T,| 2). 


The Kohn-Hulthén variational principle was originally set up for tgg and 
hence for ,(E|T,|E», which is essentially the reactance operator for the 
radial equation. 


- -° ™ S27 ti 
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The variational principle for the scattering operator is 
(3.13) EiT_|E.= 


d? 


= lim i fest) È dr: +V(r) — ke] P_(r|k) dr + KE| T_ E) ’ 


where (E|T_.| E» is an approximation to ,(H#|7_|E>, and YW, are trial 
functions which have the asymptotic form (3.11) with ,(E|T.|E», replaced 


by .<£|Ts,|H>o. As before, we take E=%?, k> 0. 
The variational principle for the reactance operator is 


(8.14) <#|T| Dox 
~ lim : We (r| k’) 
Cas 2k SER 


0 


a2 
dr? 


+ V(r)— k?| Yori k)dr + <E|T,| Edo, 


where ‘7, has the same asymptotic form as (3.12) with ,(H| 7, E>, replaced 
by the trial function ,(E|T,| E». 
4. — The One-Dimensional Scattering Problem. 


In one dimension the variable x has the range —co<a#< co. H and H, 
are given by 


d 
(4.1) H, =— ape? 
d fe 
(4.2) H =— nai + V(x). 
The eigenfunctions of H, are 
È ; 
(4.3) Y,(o| k) = Van exp [tka], (—w<k< 00) 


and the pertinent Green’s functions are 


(4.4) Gs" (a| x’) tie exp [t|k||a— a'|], 
yin r i G 1] , 

(4.5) G?(a| x’) = TE exp [—1|k||a— ']], 

a AME? eee 

(4.6) G(a\o') = sinjkjle—e'|, 


2Tk] 
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In (4.4)-(4.6), E is given by E =k?. The appropriate eigenfunctions of H 
satisfy the integral equations 


(4.7) Viet) = n exp|[ikx], 
1 : 
(4.8) Pi(e|k) = an exp [ikea] + 
+ ae [exp [+ t|k||a— a'|]V(a') Pa (a' |k) da’, 
(4.9) P(a|k) = =e exp [ike] + a [sini — a’ | V(a') 2 (x! |k) dx 


— 


We can show that (2, a|7,|, a'», is essentially the amplitude of the scat- 
tered wave arising in 73. (2|%) when |#|— co. We have, in fact, 


(4.10) lim Wi(a|k)= <= exp [ike] +v2riexp[F ilk||e|]] KE, Fb|T4|E, a» 
V2 


lel>® 


where 
(4.104) E=k? EAT e 
|}? e] 
In (4.10) the top signs and bottom signs are taken together. The degeneracy 
variables a, b can thus take on only the values of + 1. It can also be shown 


that 


Poin Pel te) i 
|2|—r00 fi 


do 


—|/Fifexp [t|k||a|]<#, b|T,|H, a>— exp [—1|k||x|].<#, — | 2, 


where a and d are defined in (4.10a). 
The variational principle for ,€E, a|T_| E, b>, is then 


(4.12) E, a|T_|B, box = 
+0 . n 
. dim, fn k') | dai + V(a) — k*| ¥_.(a|k) dx + E, a|T_.|E, bdo, 


= oO 


where ,4E, a|T_.| E, b>, is the trial function for ,(E, a| T_| E, b>, and Y_,(x| k) 
and Y.,(v|\k') are trial functions which have the asymptotic form (4.10) with 


9 - Supplemento al Nuovo Cimento. 
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the amplitude E, a| T,| H,b>, replaced by the trialamplitudes,<H, a |Tu|E, bio: : 
In (4.12) 


(4.124) BEI ate 


The variational principle for (2, a|7,|E,b), is 


ee 
2|k| 


(4.13). KE, a|T,|E, bdo 


REA ate 
“tim, | Bel) (Ta + Ve) — | alo) de + 0B, «| P4l De 
_ Again 
k' k 
(4.13a) E=W, a=mm:?= 


| 
and (E, a|7',|H, b>, is a trial function for (E, a|T,| E, db». The functions 
VY («| k) are chosen so as to have the asymptotic form (4.11) with E, a|P,| E, bo 
replaced by sE, a| T,,| E, bdo. 
5. — Three-Dimensional Scattering Problem. 


In this case H, and H are given by 


(5.2) UL NET 


The eigenfunctions of H, are 


(5.1) Hoe Nas 
j 


A : 
(5.3) Pasko Co) exp [i(k-x)] 


and the appropriate Green’s functions are 


1 exp [i|k]|]e— x’ |] 


(5.4) Gy (xia) rim a] 
HE e; | Pee i 

5). ete) gel, 

(5.6) Pl) I ORI Nag 


4n |x — x’ | 
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In (5.4)-(5.6), H =|Kk|?. Again we shall express our results in terms of the 
momentum so The appropriate eigenfunctions in terms of this 
representation are 


6.1) BEI = pla]; 
(5.8) W (x|k) = wa XP pa(ecey |e 

Bp reve ae’, 
(5.9) W(x\k) = aan exp [i(k-x)] = ied Llib MN ye!) W(x! | k) dx’. 


The function ,<#, a! T_| E, a'», can be expressed in terms of the amplitude. of 
the spherical wave abati by letting |x|— co in P_(x|k): 


(5.10) lim Y_(x| k) 


|x| +0 ~ 2a m)* 


7 xp [(k- x)|— 


2 SEIT x|] 
|= ||| 


- (sin0 sin6’)-*,<#, 6’, y'| T_| H, 6, myo. 


The variable 0, g are now the degeneracy variables previously collectively 
denoted by a. In fact in (3.6) we have 


(5.10a) kl = /E ; 


0 is the angle which k makes with the z-axis and is the angle which the. 
projection of k in the x-y-plane makes with the x-axis; 9’, g' are the cor- 
responding angles associated with the vector x. 

Similarly 


: ni ; 
(5.11) a8 Val ke) = Cai exp [i(k-a)] — 


_ exp en 


ise x | | k | faite Can Oy +E, sa 9', a+p' | Ka | E, 0, P)o , 
TAM 
. | . : ve WIA , 
(5.12) pane = amt EP [i(k-x)] VE BICI (sin 0 sin 0/)-* 


E, 0, p'|T.|E, 0,9), exp [4|k|!x|]+ 
+ <H, x—6', x+9' | T,| EF, 0, p> exp [— î]k]|x]]}. 
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In (5.11), (5.12) we also use (5.10a). The variational expression for 
o<H, a| T_| #, b>, is 


(5.13) E, 6’, '|T_|E, 0,9." 


tol oo» 


‘ (sin # sin 6’)* lim Iwa): 


| ||| 


[—V?+ V(x)— |k}] ¥_(x\k) dal + KE, 6', p'|T-s|B, 8, pa, 


where ,<H, 6',y'|T_,|H, 0,9), approximates ,<#, 0',9'|T_|E, 0,9» and YZ, 
have the same asymptotic form as (5.10) and (5.11) for Y, with 
KE; 0',9'|T..|E,0,0 replaced by «KE, 0/,9'|TL,|E,0,p». In (5.13) we 
have 

(5.134) E'=|k|; 0, g = polar angles of k; 


0', p'= polar angles of k’. 
This variational principle is also given in a somewhat different form in (+). 
The variational expression for ,€E, a|7,|E,b), is 


(5.14) E, 6’, p'| T.|E, 8, py) had (sin 0 sin 0’): 


- lim | ferree er V24 V(a)— k|:]Y,,(x}k) dal + KE, 0',9'|T,|E, 6, wa, 


|k’ || | 


where the trial function Y,(x|k) satisfies the boundary conditions (5.12) with 
KE, 0', p'|T,|E, 0,9», replaced by E, 6’, y’|T,,|E, 9, Po 


6. — Seattering of an Electron by an Atom. 


Let be eigenfunctions of the atom be denoted by y(y|n) where y designates 
the internal co-ordinates of the atom and n designates the state, i.e.,  col- 
lectively denotes the eigenvalues of the energy, angular momentum, ete., of 
the atom. These eigenfunctions are to be so chosen that they satisfy the ortho- 
normality and completeness relations 


(6.1) [eo n) y(y|n')dy = dan, 
~ (6.2) > x*y\n) xy’ |n) = d(y—y'), 
where 6,,, denotes the product of Dirac and Kronecker 6’s associated with the 


eigenvalues of energy and the degeneracy variables. In (6.2) the summation 
is to be interpreted as integration over continuous values. 
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We have 


(6.3) Ay an ae Va + Ha ’ 
(6.4) H =H,+ V(x,y), 


where HY” is the Hamiltonian of the atom, and V(x, y) is the interaction between 
the electron and the atom. The co-ordinates x are the co-ordinates of the 
electron. We have then 


He 7 
(6.5) Pix. yk; 0) = Coli exp|[i(k-x)]y(y!n) 
where & represents the momentum of the particle which is being scattered, 
The various Green’s functions have the following forms: 


(6.6) G*(x, y|x, y’) Sate oe, a D3 exp liven Ew|xa — x ] 


ax 


uly |n’) x*(y'|n') , 


uae 


1 exp [iv BE, |x — x'|] 


(6.7) Ge(x, ¥|x', y’) ore pacer aly |n')x*y'|n'), 
. 1 cos VE— B,,| x — x'| | 
(6.8) G5(x, y|a,y)=— — ; - g(y|n)x*(y'|n'). 
W(X, ¥ x", 3 ares xy |’) x*(y"| 


In (6.6)-(6.8), #, is the energy associated with the atomic state n. 
The various eigenfunctions of the total Hamiltonian satisfy the integral 
equations 
x ; 
(6.9) Pala, ke, 1). = Gaye FP 1Kk:2)]x(y]n) —- 


va | foi yxy \V(x', y') P(x’, yh, n) dx! dy’, 


at E 
(6.10) 90,9] m) = oy exp Liz) + 
— I Gila, ver) ae) (ey kn) dx’ dy’. 
The variable £ occurring in (6.9) and (6.10) is given by 


(6.11) E=|k}}+ Ex. 


In the general expression 62, a| T_| E, a’, the variables a, a’ are replaced 
g Li, | (19, p 
by the quantum number giving the state of the atom and the polar angles 
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of the momentum of the electron. This quantity can be obtained from the 
asymptotic form of P_(x,y|k, n) as |x|— co: 


exp [i(K-)] 
(277)? x SAL 


(6.12) lim ?_(x, y|k, n) = 


la]>o 


STI 0 9'Y 1 = exp [ ik nl 7 lai <E,0' !w\T_\E.0 n 
"MEA sin 0 sin 2, alee 2 y | n') XH, 0, pv | L-| 4, 9, P Mo,» 


In (6.12) 6’, g' are the polar angles of x; 0, g are those of k. Also \kw| is 
defined by 


(6.120) [ky |}+4Py=E=|k}}+ Pa, 
(6.120) kc ke 
Likewise 


(6.13) lim W(x, y|k, 2) = e ai) (y |n) — (E) (sin 0 sin 0‘) 
|x| 2 


CESSI 
e El ga) E 2-81 249 Eel Op wes 


n' 


exp [i{K-x)] 


(6.14) lim W(x, y|k, n) = Cm y\n) 


la>© 


Li : È ext x i kn | 1 pl I I 4 
4 (n) (sin 0 sin ') + > aly) ps cn ra oH, 0', p', n |T,|E 0,9, not 


exp [-î]kw||x]l. pg 9 
Lt EILSSL Ea 0,n+p',n n'|T.|E,0,%, nl 


where ky, 6’, g', k are defined in (6.12a). The first of the two variational 
principles for this problem is 


(|E||E'|sin0 sin 9). 


“ 


(6.15) <E, 6’, 9’, n'| T_|E, 6,9, n= 


lim | P*,(x, y| E, v')[H —|k|?— E] Pale, y|k, n) dx dy + 
E'—>E 


+ ,<H, 0’, g', n'|T_.| E, 6, p, mo - 


In (6.15) we have 


E =|k|}}+ E; 
(6.154) 
E'=|k'|}+Ew; 


p are polar angles of k; 0’, g’ are polar angles of k'; when #'= E, then 
fede] i 


- 
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The functions Y,, have the asymptotic form (6.12) and (6.13) with 7°, replaced 
by 7. The second variational principle is 


MELE [Se eee ey 


(6.16) <H,0',9', | LA | E, 0,9, MM ; 


lim | P#(x, y|k’, n')[H —|k|?— E,}7,(x, y|k, n) da dy + 
E'->E 


+ KE, 0, 9’, n' ! TP 0, P, Mo» 


where Y/,, has the form (6.14) but where T, is replaced by 7,,. Also, (6.15a) 
holds for (6.16). 


7. — Operators Used in Scattering Theory. 


It will be convenient to prove the variational principle in terms of oper- 
ators. Hence we shall summarize properties of operators useful in scattering 
theory. The details are given in (4). 

As before, let us assume 7, has a purely continuous spectrum and H=H,+ V 
has a spectrum which coincides with that of H,; H may also have bound states. 
As before, the eigenvectors of H, corresponding to the eigenvalues E and 
degeneracy variable a is given by | E, a». The corresponding eigenvector of 
H is designated by |E, a). 

Let us introduce the operator U defined by 


| (7.1) |H, a> = U|E, ay. 


All possible operators U satisfy the equations 


11(7.2) Pe HO 


or equivalently 


P 
al UÒE-H)dE, 


(7.2a) o-L+[ “= 
where L is an arbitrary operator which commutes with H,. 

In (7.2) the operators P/(H— H,) and 6(H— H,) appear. In accordance 
with the usual convention, we define any function f(H,) of the single oper- 


_ ator Hoy by 


(7.3) f(H,)|#, ayo = f(E)|E, Wyo è 
The operators P/(H— H,) and 6(H — H,) are also defined in this way, where 


(4) I. Kay and H. E. Moses: Nuovo Cimento, 2, 917 (1955). 
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the symbol P means that the Cauchy principal part of the integral is to be 
taken in integrals over the variable E. Some useful properties of P/(E— H,) 
and 6(#— H,) are 


P 


(7.4) HH) = 1, 


(7.5) ~ TRES) ST 


(7.6) dE_-H)fE)=bdE-H)fH,)=fH)dE—-H), 
for any function f(£), 
and 


(7.7) pow H)dE=T. 


The incoming and outgoing eigenfunctions | É, a). and the corresponding 


operator U. given by 
(7.8) |E, Ds = UL|E, ad, » 
are defined by the requirements 


(7.9) Jim exp [iH,t] exp [— iEt]|E, a)_=|E,@». 


The equivalent requirement on U_ is 


(7.9a) jim exp [1H,t|U_ exp(—iH,t] =I, 


while for | E, a),, U, we have, also by definition, 


(7.10) jim exp [iH,t] exp[— iEt]|E, a>, =|E, 4, 
—> + 0 
(7.10a) jim exp [iH,t|U, exp[—iH,t] =I. 


It can be shown that Z must be so chosen that U. satisfies the equation 


(TAY. CULE =I |v (=v eo 


where 


(7.12) Te VO 
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and 
IP. 
BH 


(7.13) YVa(E—- Hy) = cè im 6(H — H,) si 


The scattering operator S and its inverse S~' are defined by 


(7.14) jim exp [tH,t] U_ exp[—iH,t] = S, 
(7.15) im exp [tH,t] U. exp[— iH,t] = S-', 


from which it can be shown that 
(7.16) S = f— ot Joe H,)T_ 6(H — H)dE 
(7.16a) S-1 — 7 + 2ai [0 — H,)T, 6(H — H,)dH = S*. 


where the asterisk means adjoint. 
Equation (7.2a) for a general operator U can also be written 


(7.17) U = M,+ |y.(E-H)TòE—-H)dE, 
where 

(7.18) = VD 

(7.19) MM, = L= ia foe- HT 6(E — H,) ab . 


In (7.6) the scattering operator was expressed in terms of 7_ or equivalently U_. 
It can also be expressed in terms of the general operator U, namely as 


(7.20) S = M.M=. 


The reactance operator is best motivated by choosing M.. in such a way that 
S as given by (7.20) has a simple expression. Let us define the reactance 
operator K by the requirement that 


Moi=J—iak ; 


(7.21) 

M_=I+ink. 
Hence 
(7.20a) S = (—inK)(I + ink)". 


Since S is unitary, K must be Hermitian. Choosing M4 in accordance with 
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(7.21) means that we have specified L and hence U. We shall use the subscript 
s to designate the operator U and T so chosen. 
From (7.19) we have 


PS 


(7.22) M,+ M_=2L, MM =— in | (8 — Hy) 7,00 — Hy) AB, 
‘while from (7.21) 

(7.23) M,+ M_=2I, M,— M_ =-+27ik. 

Hence 

(7.24) ie — DI DE K = [oe 11,08 Hyar. 


To summarize: 


(7.25) K = fee Hy, 98 — Hae, 


(7.26) T,=VU,, 


ven) OU == I +|g=m. VU 6(#— H,)d# =I + Pa T ò(E-H.)dE. 
One could evaluate K, for example, by obtaining U, by iteration, and 
substituting into (7.25). This procedure is an expansion in terms of Born 
approximations. It should be noted that P/(#— H,) is Hermitian. Hence 
E, a>, = U,| E, a», is characterized by a Hermitian Green’s function. 
The analogous to (7.9a) and (7.14) are 


| 


(7.28) Jim exp [tHot|U, exp [— Hi] = 


= Link ADE in| 2 — Hi), (0 — H,) AB 


= 


(7.29) Jim exp [tH,t] U, exp [— Hi] = 
> +0 _ 


= ees I- ix | (H— Hy), — Ha. 


~/ 


8. — The Variational Principles in Operator Form. 


We shall now state the variational principles in operator form. The results 
can be translated immediately into the x-representations as given earlier. We 
shall prove the principles for the reactance operator. The proof of the varia- 
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tional principles for the scattering operator is similar and has already been 
given in (?). 
Let us define the operator R(T.) by 


(81) Rs(Ls.) =lim | 6(E—»— H,) Wt(HW_,— W_H)d(E-H)dE+ 
v—>0 


tt [o@— H,)T_,6(E — H,) aE , 


where the asterisk means the Hermitian adjoint. The operator T_, is a trial 
operator which approximates T_, and W,, and W_, are trial operators which 
are to approximate U, and U_ respectively and are chosen to satisfy the 
time-conditions 


dim exp [tH,t|W_, exp[—1H,t] =I, 


(8.2) 
| Jim exp [Hot], exp [— iHot] = I— 2a | 6(E — H,)T_,6(E — H,) dE 


and 


| lim exp [iH,t|W., exp [— +Hot] = 1 
t+ © 


(8.3) 
| jim exp [iH,t]W., exp [— +Hot] = I + 2m | (8 — H,)T.,6(2 — H,) dk. 


Note that W_, and W,, satisfy the same asymptotic time conditions as U_ 
and U, (cf. (7.14), (7.15)) with Ti, replaced by T 1. 
Our theorem is that 


(8.4) RS post 6(H— H)dE = + [8- I) 


Furthermore, the first variations of R(T) due to variations of 74, about T+ 
vanish. Hence 


” 


(8.5) Joe H,)T_dE—H)dE=R(T4), when Ta, ~T x. 
The principle (8.4) reduces to (2.12) on writing 
(8.6) W («| E, a) = a] W 4+|H, ao - 


The conditions (8.2) and (8.3) which W4, are required to satisfy are completely 
equivalent to the conditions that W4, be written as 


” 


(8.7) Wii Il |B _ Hy) T4,6(E— H,) dE . 
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The boundary conditions which W.(«|H,a) are required to satisfy in the 
various special cases above may be inferred from (8.7). 
One may always think of the trial operator 7, as having the form 


(8.3) MEM AE? 


in analogy to (7.12); now U,, may be considered to be the trial operators. 
Then one can show 


(8.9) Ki T= fo H)Aò(E-H,)dE, 
where 
(8.10) A=V+Vy_(E-H)VU_,+U%,Vy_(E-H)V— 
— U*,Vy_(E—H,)VU 4, + U*,Vy_(E — H,)Vy(E— H,)VU_. 


When (8.9) and (8.10) are used, the variational principle (8.5) takes the form 
(2.14) when we write 


(8.11) Pa(x|H, a) = <x| U,| E, ado. 


We can obtain similar results for the reactance matrix. We shall now 
carry out the proofs for this case. 
Let us define R(7,) as 


n 


(8.12) R(T) = lim [mr HW aw, W.,H,) (EH — Hy) dE + 


v->0 4, 


+ [oe — Hi) 0,08 — Hy) AB 
Where 7’, approximates 7,, and W,, is required to satisfy the conditions 


| jim exp [1Hyt|W,, exp [— tH ot] = I + ia foe- H.,)T,ò(E— H,) dE 
(8.13) : 

| jim. exp [7H,t]W,, exp [— Hi] = [— ix [oe- H)T,0ET-H,)dE. 
Hence W,, has the same asymptotic form in time as U, except that 7,, in the 
former operator is replaced by 7, in the latter. The conditions on (8.13) are 
equivalent to 


(8.14) W.,=I +fria T,6B-H)dE, 


or 


(8.14a) Wie Ut hs P 
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where 


(8.140) RT TRIS, 


A 
We shall prove R(7,) is stationary for variations of 7, about 7,. Further 
we shall show 


(8.15) R(T.) = K = fo H,)0,5(E— H,) ak. 
Hence 
(8.16) K = [ow H))T,6.E-H)dE= R(T), when T,=T,. 
Let us first prove (8.15). When 7, = 7,, then AT, = 0, and from (8.14a) 


W,= U,. But then HW,,— W,,H, = HU,— U,H, =.0 from (7.2). Hence the 
integral in (8.12) vanishes and 


A 
(8.17) R(T.) = for HT,0ET—-H,)dE = K. 
To show that RL) is stationary about 7, = 7,, let us write 
A A A 
(8.18) Ate == BT.) RCT) 


Then on using (8.14a) in (8.12) we have to the first order in AT, 


(8.19) AR =lim { [ou —»— un) (se H,)AT* È ay, UE (HU, — UH): 


8 Ul 
v0 i 


ome 6(E' — H,) dk’ — 


. (E— H,) dE + fou Lot Hue lef a a 


Sela o - AT, OE — a 
+ [OW — Hy) M7, 00 — Hy) a. 


The first integral vanishes as a consequence of (7.2). Let us denote by C the 
integral 


(8.20) € = lim [Ev H vela AT 3(H'— H,jan' — 


= yg ATs O(H!— Hy) AB! H,| (8 — Hy) AB. 
= 0 - 


On using 


(8.21) 6(E'— H,) E H,) = d(E'— E) 6(E — Hp) 
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and 
(3.22) 6(# — H,)H, = EdE—- Hoy), 
we have 
iz 

(8:23) C.==lim 6(H — »— H,)U*(H —E) AT 6(E— H,)dE . 

v0 H— H, A 
But 

DE iB ve 
— = | | Ie —_ 


Hence, since U*V = T*, we have 


v—>0 


(8.24) O=lim {-[ow—»—H,)UPAT, oe — ya Mi 


P 
E=H, 


+[a@—»— 01: AT,6.E-H)dE. 


But on using (7.27) for U* in the first integral above and then using (8.21) 
and (8.22) to simplify the resulting expressions, we see 


(8.25) [oH —»—H USAT, HH) dE = [ow v—H,) AT. 6(E— Hy) dB + 


«/ 


P 
+ fo y— Hall 37 AT, 3H — Hy) db. 
Thus 
(8.26) C =— fo — H,) 7,00 — H,) AB . 


Hence, from (8.19), (8.20) and (8.22) 
(8.27) AR. =, 
to first order in A7,, as desired. 
The variational principle (8.16) reduces to (2.15) in terms of the x-repre- 
sentation when we write 
(8.28) P(x|H, a) = a| WE, ade. 
The initial and final conditions (8.11) lead to the given boundary conditions — 


required on ‘,,(x|E, a) for the various special cases. 
We can get another form for the variational principle for the reactance 
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operator by substituting (8.14) into (8.12). We have 


(8.29) erg = im { four H, —»)(H — H,) 6(E — H,) dE + 


+ ae» 2) | fo Bit aE" (H — H,)6(E— H,) dE + 


È, N r / 
+foe-s-1) È E: Ai, T ,O(# — H,)dH = 


VELE 
E'— H, 


+ J EH—v—H,) | fo (E H)Ti +; > Jola erre ò(E"— H,)dE"- 


aa T.,0(E" — H,) dE" 4 6(E — H,) arl ial H,)T.,0(E —H,) dk : 
và 0 


T.,0(E'— Ho) ae H,| 6(H — H,) aE + 


Noting that H— H, =V and using (8.21) and (8.22), and writing, as we may 


(8.30) T.=VU,, 


we obtain finally, 


(8.31) hr) =| 6(# — H,)A 5(E — H,) ak , 
where 
G A ie Ty T* P PESA >» aE RE fà 
(8.39) A=V+Y op VO + UR gg V— ULV gg at 
{uv eps 


RH, bp Ay aos 


Since P/(#— H,) is Hermitian, A and R are also Hermitian for any trial 
operator U,, Hence for any trial operator U,, or equivalently Tar, the 
reactance operator K will be approximated by the Hermitian operator R. 

Using R in the form (8.31) and A given by (8.32), we obtain the variational 
principle in the form (2.16) when we write 


(8.33) ~,(x|H, a) = <x| U,,|#, ao. 


The author wishes to express his thanks to Professors E. GERyUOY and 
L. SprucH for helpful discussions. 
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ConTENTS. — 1. Introduction. — 2. Alternate form for the variational 
expressions. — 3. Proof of the variational principles. — 4. The x-repre- 
sentation. — 5. Special cases of the x-representation. 4) The radial 


equation with zero angular momentum. B) The one-dimensional scat- 
tering problem. €) The three-dimensional problem. D) Scattering of 
an Electron by an atom. 


1. — Introduction. 


In Part I of this paper (1) we gave an abstract formulation of the Kohn- 
Hulthén variational principle. We showed 


(1.1) E, a|T_|E,a)\)alim KE +v,a|H—E|E,a')__+ KE, a|T_,|H, a’), 
| +—| AI | 


(1.2) (E, a|T,|E, a'» ~ lim KE +», a!H — E|E, ay + KE, a|Tu|E, a>, 
v0 


where the states |H,a> 4, approximate |H,a>, and |H,a>, approximates 


(*) The research reported in this article has been made possible through support 
and sponsorship extended by the Geophysics Research Directorate, Air Force Cambridge 
Research Center, under Contract No. AF-19(604)1705. 

(1) H. E. Moses: Supplemento al Nuovo Cimento, 5, 120 (1957). 
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(E, a),, and these states are required to satisfy the conditions 


| Jim, exp [tH,t] exp [— i#t]| EH, a>_, =|E, a», 
(1.3) ens exp [1H)t] exp [— tHt] HF, a>_, =| EF, a>, — 
| — 2ni f E; a"»,da" E, a"|T_,|E, a), 
| Jim exp[iH,]exp[- iFt]| E, a>,, =| E, a), 
—> +00 | | 
(1.4) | jim exp [¢Hot] exp [— iEt] Lo ade + 
| aa 2a | |B, a"), da" KE, a"|T,,|H, a>, , 
| Jim exp [iH,t] exp [— iHt]| H, a>, =|E, a>, + 
| + ix |B, a") da” KE,.a"|Ta|E, ayo, 
(1.5) 


lim exp [7H,t] exp [— iEt]|E, a>, =| £, a>, — 
t->+ o 7 : 


; n | 
rae ia fix. a">, da" KE, a"|Ty|E, ao, 


where sE, a| Ty| E, a"), and E, a|T'4,|E, a», approximate (E, a|T,|E, ay, 
and ,(£, a|T.|E,a'», respectively. The conditions (1.3)-(1.5) follow from the 
analogous conditions on W,, and Wy (Part I, (8.2), (8.3), (8.13)) if we write 


| E, a Ra pe Wa. E, Ada 4 
(1.6) 
|B, Mt = Wa 


E, ade + 


Integrations over a are to be replaced by summations for values of a which 
are discrete. 
Let us take as the test states |, a). and | E, a, 


| 12,091 =|B, aye + Aa |B, Oe, 


(1.7) 
| oH, a) TE, a> =A_ CH, al TF?) 2, a’ , 
|E, ay =|, a>) + AIH, ao, 
| tee ay | (1)/ 77 | 
(1.8) aH, &| = KE, a| + wy Ea, 


oH, &|Ta|E,a'>o = AE, a|T®|E, a’, . 


where | H, a>%, |E, a>@ are arbitrary. 
Then on substituting (1.7) into (1.1) and minimizing with respect to A, 


10 - Supplemento al Nuovo Cimento. 
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and A_ and on substituting (1.8) into (1.2) and minimizing with respect to 4 x 
and x, one can obtain another form for these variational expressions. They 
are given in the next section (*). 


2. — Alternate Form for the Variational Expressions. 
Using the procedure described above we find that we can write 


(2.1) E, a|T_|E, a>) E, a| V|#, a>) — 


oE, a|1,[E, a> [o<E, a|I,| 2, ao + KE, al TE; a' di] 
oKE, a|13|E, d'>o ‘ 


where 
E, a|I,|#, a>, = lim <# + », a|H— E|E,a')_.; 
v—>0 
(2.2) KE, a|I,|E, a>) = 4H, a|V|E, a’), 


| oH, a|I3|E, a'»,=lim, E + 7, a|H— E|E,a')_,. 

v>0 
The states | E, a>, are to be regarded as trial functions. They are defined by 
(2.3) |E, a>, =|E,00+|E;@1r, 


and represent the scattered (or «radiated ») waves at finite time. 

From (2.1) and (2.2) it is clear that if | E, a),, is multiplied by any con- 
stant ¢ and |E, a)_, and E, a|T_,|E, a'», are multiplied by any other con- 
stant d, one will obtain the same approximate expression for ,E, a| T_|E, a> . 
In this sense, the variational expression (2.1) is independent of the normaliz- 
ation of the trial-function. 

One can also express J,, Is, I3 in terms of the original trial function |B, a>+., 
instead of | E, a)... The expressions become 


oF, a|I,|E, Oo. = lim E +», a|H— E\E, a), a | V|E, ayo» 


oF, a|I, 


E, a>) = 4 E, a|V|E, a>o— KE, al V|E, ao, 
(2.4) ar: 
o, a]I3| E, a'"», = lim {KE +”, a|H— E|E,a')__— 
v—>0 


| — KE+v a|H—E|E,a')_— KE, a|V|E,a')) + KE,a|V|E, a'»o}. 


(*) RosenBERG and SPRUCH (?) obtained similar results for special cases of scat- 
tering. Moe and Saxon (8) also appear to have obtained similar results for special cases. 

(2) L. RoseNnBERG and L. SPRUCH: Private communication. 

(3)-M.-M. Mor and D. 8. Saxon: Phys. Rev., 100, 1809 (1955). 
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Still another form for the variational expression (2. 1) can be obtained. Equa- 
tions (1.3) and (1.4) imply that |#,a),, may be written as 


E; ad), = \E, a) + y4(E — H,)V | E, d)4v) 
(2.5) 
XH, a|T_.[E,a')bo = KE, a|V|E,a'), 


? 
where the states H,a>~, are essentially arbitrary. Then (2.1) becomes 


(2.6) E, «| T_| HB, a>, = E; a|V|E, a'y5— 


+H, a| Vy (E— H,)V|E, a')o:E, a|Vy_(E—H)V|E, a), 
[E a| Vy_(B—H,) Vy_(E—H,)V 1B, a’) y—.,<B, a| Vy_(B—H,)V |B, a>] 


where now the states |H,a>,, are to be regarded as the trial functions. The 
variational principle is clearly independent of the normalization of [E a>s,. 
In fact, it closely resembles the usual form of the Schwinger variational principle. 

One can obtain similar results for the variational principle for the reactance 
operator. The analogue of (2.1) is 


(2.7) Xk , | T, »| 2, d')o = KE, a|V |B, l'io — 

D, a! TE, a’ (KE, all, |B, ao + KE, a|Ty|E, a'»o] 

; 
o<E, a, | E, a'» 

where 

A 

XH, a|1,|B, a>» = lim «È +», a|H--E|E, dda 

SCAVI 

(2.3) oH, a|1,|E, a>) = aH, a| VIE, a'>o ’ 


oH, a|Iy|E, ay, = lim «E + v,a|H— E| EB, a’), . 
The trial state |, a),, is defined by 
(2.9) |Z, aa =|E; a>, +|H, a), . 
The equations (2.8) can also be written as 
KE; af, |B, a'» = lim H+», a|H—E|B, a')n—,E,a|V|F,a')x, 
KE; a|I,|E, a)»; = «E, a|V|E,a'\,— KE, a| VE, ay, , 


(2.10) 
acl; a|Î,|E, a> = lim {462 +», a|H — E|#, a’ 


a 


—<E+ v,a|H—E|E,a')a-- E, a|V|E,a'):+ E, a|V|E, a’>}. 
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On using the faet that | £, a). can always be written as 


a 
| (E, a5 =|E, a>) + —— 


(2.11) where 
o(E, a | Ta|E, d' do = KE, a | VE, Oy 


and where now we regard | H, a>,, as the arbitrary trial function, we can write 


fd 


equation (2.7) as 


(2.12) oH, a|T,|E, a'>o = KE, a|V|E, a>, — 


Ie È 


rely OLY Fate A o ne H 


CE ATE AI ARS N EIN 
wEB, a | V DS iena J Ea d'ira E, a V ——_~ V | #, die 
From (2.12) it is clear that the variational principle yields a Hermitian approx- 
imation to .(H,a|\7,|H,a'>, for all trial functions |H#,a>, or equivalently 
| Ei, a 


8v* 


3. — Proof of the Variational Principles. 


The variational principles (2.1) and (2.7) were derived from simpler forms 
given in the Introduction. We can, however, prove these principles inde- 
pendently. We shall now prove (2.7); the proof of (2.1) is almost identical. 

Let us first prove that when !|E, a) =!E,a>, and E, aj Ta Ea ge 
=,E,a|T,\E,a'>,, the principle (2.7) gives the exact result for , CR, a | (E,a'do- 
From (2.10) and from 


(3.1) (H — E)|E, a), =0; 


it follows that 


| A 
| os 2, a|1,|H, a>, =—<H, a|V|E, a’, 
3.2) | Tn Ay 7 , / VI 7 ' a I 1 7 / 
(3.2 o(E; .a\1,| HB, a>, = E, a|V\E,a)— KH, a|V\E, ao, 
ni AY al t ‘Ty 7| i ' S/T Tin 
E, a\1;|H, a>, =— E, a|V|E,a'> + KE, a|V|E,a 


Now, it can be shown from Part I that 


(3.3) E; a|V|E; a'% = 6E.alT,.|Bjabx= <Bypal Fea >. 
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Hence 


7 A ear , DI I 77 te oS 
(3.4) E, a|V|E, a’, oH, @|1,| E, @')o[,KE, a|1,|E, a >o+ KE, a| T,|E, a'»o] 
3 (E, |E, a’) 


oH, a|},|L, d'o 
[KE, a|T,|E, a'»vr— KE, a|V|E, a'»o]? + 
— KE, a| T,| EB, a'», + KE, al VIE, a> 
= (E, a] V]E, > + KE, a|T,|E, a'\»»— KE, a|V|E,a'») = 
= E, aj TE, "O ae 


= KE, al V|E, d'a 


as desired. 
We shall now prove that the right-hand side of (2.7) equals (2, a|T,|E, a'% 
to the first order in variations of | E, 4), about |E,a 
Let 


(3.5) |B, Oy = E, a>, + E, a>: , 


where |, a>, is regarded as small. Then from (2.11) 


se: 
(3.6) A, a) 4= |Z, aa + E - _ TEL V|E, a> ’ 
AUS LL g 
since 
(3.7) |H, a>, =|E,aM + Ci V | £, a). 
Ì , /8 H ? /0 Fo oa H, / 8 


Then from (2.10) and (3.1) 


A 
oH, a|1,!B, a’), =— E, a|V\E,a'>, + 


P 


casal" pr? 


V |£, a>,— KE, alV|E,a', 


“AN A 
KE, a|1,| E, a'») = <E,alV|E, a») + 


(3.8) IHR 


ara %, 


pi eee 
V pini V |, (dA 9 — 0, ai V |B, a Syne 


P 


A 
oH, a|I3|E, a'\)=—yxE,a|V BH, V | £, a >,— 


lie , 7 
—V|E, a>, + E, a|V|E,a' , 


Snia VIEd — 30 Bae (7 — 
E — H, 


to the first order in | E, a),. 


Lie dee dhe ten, Tita eee 


150° - H. E. MOSES 
Also from (2.11) 


(3.9) KE, alT_|Era'Y = Bal V|Era5, 
= E, a| T,|E, a>, + KE, a|V|E, a, . 


On substituting (3.8) and (3.9) into the right-hand side of (2.7) and on using 
(3.3), one sees that the coefficients of terms of first order in |, a), vanish 
and that the right-hand side of (2.7) is just 92, a|7,|E, a'»; as is required. 


4. — The x-Representation. 
One can easily express the variational principles in terms of the x-repre- 


sentation. One need merely express the operators ,2, a|I,|E, @'», ete., in 
terms of the x-representation. The principle (2.1) and equations (2.4) become 


(4.1) KE, a| T_|E,a')») = fesa, a)V(a)Z,(x| E, a’) dx — 


oF, a| I, |B, "> [o<E, a|I,|E, a> + oH, a T_,| #, a'>o] 
XH, a|Is3| E, a i 


where 
| cB al 1,0). — ty fette B+» lt Bel e), 


(4.14) o(E, a|1,|E, a) = ferele aV(aZ(x|E, a')dx, 


oH, alIs| E, a'>o = Lim | 7* (x|E +», a)(H* — E)P_(x|E,a')dx. 
v>O 


In (4.1a) ‘7, is defined by 
(4.10) Pia] E, a) = a] E, 4, = Pa(e| E, a) — P(x|E, a). 


The asymptotic form of Y_(x E, a) will be an outgoing wave in which 
<4, a| T_,| E, a'», will appear as the amplitude. We require the asymptotic 
form of Y,,(x|E, a) to be an incoming wave with an arbitrary function 
XE, a| T,,|H, a>) as an amplitude. 

The principle in the form (2.6) is given by 
AB 


(4.2) Ba) T_|E, aly [W(x| B, a) V(x)Po(x| H, a) de; 
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where 


(4.2a) A = [feta a)V(a)Gr(a|x1)V(e)YP (a | E, a')dxdx', 


(20). B = | [vse a1) V (ae)@S2*(xe |!) V(x! )p_a(x" | B, a’) dx dex’, 


Ppp 


(420) CE | | Jorden, AV ag |a) V (x! OS x! | 20") V(x"): 


-p_(a"|E, a’) dx da' dx” — forata, a) V (x) Gy" (x | x')V (x')p_(x' | E, a’) dx dx’; 


here p4:(x| E, a) are essentially arbitrary functions. 
The variational principle (2.7) for the reactance matrix in terms of the 
x-representation is 


(4.38) <H, al T,|B, a’), = (ere a) V (x)P(x |B, a’) dx — 


XH, al T,| 2, a’>o [KE, alL,|E, ao + oH, a|Ty|E, a')o] 
7 
sE, a|Î,|E, ao 


where 


o<E, a\2,|B, f= tim [YF |B +», a)(H* — E)¥,,(x|E, a')dx , 
v0 
(4.34) XE, al2,|E, d' do = frais, a)V (x) P(x E, a')dx, 
<E, al I,|B, a> = tim fr (x|E +», a)(H*— E)¥,,(x|E, a’) dx 


In (4.3a) we have 


(4.3b) Y(x|H, a) = <x! a>, = Py(x! HE, a)— Y,(x| EH, a). 
Asymptotically Y,,(«|#, a) will be a linear combination of outgoing and in- 
coming waves with amplitudes .<(H, a|Ty| E, «>». 
The variational principle (2.12) becomes 
AA 

i : AB 
(4.4) oH, a| T, |B, a>, = {PN (x\ Lz, a) V (x)¥,(x| E, Ya aA ie 
C 


a | eee I 
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where 


(4.40) 4 = [| *(a|E, a)V(x)G%(x|x')V (x')V(x' |B, a’)dxdx', 
(4.4b) B = MEZ a) V (x) G(x | x’) V(x’ )py(x'| E, a’) dx dx’, 


(4.40) 0 = |{f (x | E, a) V (x)G'y(x| x!) V(x! )G(x" | x") V(x") 


*Pa(x" | E, a!) dx dx! dx" [free a)V(a)Gz(a | x')V(x')p,y(x'| E, a) dx da. 


5. — Special Cases of the x-Representation. 


We shall now discuss the special cases treated in Part I. All notation, 
unless indicated otherwise, is that used in the corresponding cases of Part I. 
We shall restrict ourselves to the principles in the form (2.1) and (2.7). 


A. The Radial Equations with Zero Angular Momentum. — Im this case 
we have 


oe 
(5.1) o(B|T_| By, = — | sine kr V(r) dr — 


0 


o<k|I2|k>o[ 1 ; ; 
= »<k| Io| Bq 7 0k Lil bo + <H|T_.| B)o| , 
where 
/2 x , 7 | 
ob Ty) kD = lim \/= [sm kr pr + V(r) || P_(r|k)dr, 
0 
o(k|I.\k\, = VE fee (r|k)V(r) sin kr dr 
(5.14) \ CH Mil” a +r bf 
0 
ae ia o a | 
oSk|Is|kdo = Lim [40 k') | dp etal | P_(r k)dr , 
0 


VIA, 


In (5.1a) the subscript 7 is not to be confused with the radial coordinate r. 
The subscript r (for « radiated ») refers to the part of the trial function which 
is the scattered wave. In fact ¥,(r|k) are any functions which have the asymp- 
totic form (cf. Part I, (3.11)). 


(5.15) lim ‘P.(r|k) =—v2r exp [ thr] E|Tu Edo. 
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The variational principle for the reactance operator is 


© A 
1 <k|I,|k> 
(5.2) o(E|T,\E» = sin? krV(r) dr — FILE. 
5 ok | Is| kdo 
pi ‘\ 
Ee k|I.ik>o + <HIT.|E>ot, 
where 
| A 1 ; ey n È d? vi 
ok = se k'y y er + V(r) — | Y(r|k) dr , 
(5.2a) o<K | Î.\k = =\/ pron r|k ) sin krdr, 
d2 
_ vo W(r|k) dr . 


sKk|Î:|k, = lim | val) : ca 
0 


The trial function Y,(r|k) is required to satisfy 


(5.20) lim ¥.(r|k).= — v2x coù kr KE|T.,|E)o- 


Sr | 


B. The One-Dimensional Scattering Problem. — In this case we have 


+0 


(5.3) o(E, a| T_|E, b>» = lim J. 


1 
——_—. exp [— tk'x]V (x) exp [tka] de — 
wiv [Ar] | J 


/1,1 To 
o<k | : oKk'|Ix.|k o + oH, al Ta, di bl ; 


ok’ | I] Yo [2] &| 
where 
+0 
ee Like = vin om [OP [—- tk'x] -È Seaton Mi fee | P_.(elk)da, 
o<k'|I.|k)o = N27 fesso k')V(x) exp [ika] div , 
(5.3a) —0 
d? 
o<k' | Is|k>o = [ese k') | ga tI) di W.(e|k)de, 
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The functions /,(1/%) should satisfy the asymptotic conditions 


(5.30) tim Wa] 4) = + vai exp F i] |) |] oH, F Y| Pas) Bao, 


|r| 


where E = kr, a = k/|k|, b =a/|a]. 
For the reactance operator the principle is 


+0 


(5.4) o(E, a T,|E, b>) = lim lat exp [— ik'x]V(«) exp [ika] da — 
let (47 ke}, 
SARA 998 5 E, a| T4|E, b 
— sar ee lh oKE, a! | E, b>o|r , 
ok! | 51 bye 
where 
| rips, d2 
eve 58 FIL. = ee aN dai 5+ V| Wale) de 
sli, ‘iy = desto, VE (2|k')V (x) exp [ika] de 
v2a, i 
SG <k' quer * (ar | k’) Cie )—k|P(e|k)da, 
k 
= bea: 
Le a (ki 
In (5.44) we require 
(5.4D) a P(a0| k by) =— |Z ifexp[i|&|| |] oH, | Pal B, a>) — 


— exp [—i|k|!v!] <H,—b|T,|Z, Ao}; 


where E = k?, a = kj|k|, b= flo]. 


O. The Three-Dimensional Scattering Problem. — In this case, 
(5.5) <b, 9, p' | T_|E, 0,9), = 


=~ lim {sai (sin 0 sin 0’) ifexp [— i(k’ -x)]V(x) exp [i(k-x)] dx — 


lea] |2(220)* 
o<k'|I.|k)o 
o<k'|Is|K»o 


ki 
È [ (sin 0 sin 0')} o<k'|I|K»o ate sd Fi: 0',o'| T_,| B, 0, wrt 
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where 
1 
o<k'|I,|k>o = (27)! aaa forni i x) Wash (2) = | | *]2_,(x | k) dx , 
1 : 
sh | La} By = or [YI] IV (0) exp (iUk-x)] d 
(5.5a) (270); 
06k! | Is | ky = fr K)I_-V'+ V(x) | b| P(x |b) dex; 
E=|k|®;0, g are the polar angles of k; 0‘, g' are the polar angles of kh’. 


The requirements on ¥/z,(%|k) are that these functions should have the asymp- 


totic form 


| hm ‘P2, 


|x|—> co 


(5.50) 


|2|>0 


lim 7, (a]k) = 


— v2a exp [i|k]lx]] 
a 


(ae) == (sin 0 sin 0’)-4 
«KE; 0',g'|T_.|E, 0, Pdo è 
— /2x exp RSI 
||| k| 


(sin 0 sin 0’)-* 


SFE) ASA q'|T,.|E, 0, Pdo; 


E =|k|?;0, gare the polar angles of k; 0’, p' are the polar angles of x. 


For the reactance operator the principle is 


(5.6) o<E, 0‘, p' 


kl 
{T,|E,0, dim 
Ea) Oy P20 |>] pi 


- fexpe— ace 


A 
ok! La) ko 


| 
(sin 0 sin 6’)?- 


x)]V(x) exp [i(k-x)] dx — 


: A 
o<k'|Is{Kdo 


where 


A 
o<k’ | 1, | 


RCAPAL: 
(5.64) 


sk | 2s Ie 


| A 
Di (sin 0-sin 0’)t <k'|1|kxo+ KE, 0, p'|Ta|E,0, | ; 


x)\[— V2? +V(x)—|k|?|¥7,.(«|k) dx , 


Il 
ky) = ut [— « 


ay | YE *(x|Kk')V(x) exp [i(k-x)|dx , 


eh oe —|k|Zx(e|k)dx; 


E=|k{?2;0, are the polar angles of k; 6’, g' are the polar angles of k’. 
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In (5.6a) we require 


|a|—>00 


lim Y.(x|k) = Vere elle | (sin 0 sin 0’)-# 


(5.6) -{KE,0',9'|Ty|E,0, p>o exp [i|k||x!] + 
+ oH, x— 6, 2 + 6'| Ty |B, 9, p>. exp [— i! k!|x|]}. 


E = k,0,@ are the polar angles of k; 0’, @’ are the polar angles of k’. 
’ YP > P 5 


D. Scattering of an Electron by an Atom. — Now we have 


(5.7) 5cH, 0', 9's n'|T_\E, 9, ©, n) Tu n ([K||K'] sin 0 sin 0’ )t. 


re | (220)* 2 
ae [— i(k’ -x)]y*(y|n')V (x, y) exp [i(k x) ]7(y | n) dx dy — 
He (|k\| k’| sin 0 sin 0‘)? 


11! | 
RT aan 9 o<k', n'|I|k,m)o + 


- KE, 0’, p', n' | T_,|#, 0, , nal ’ 
where we require 


o<Ck'sn°\I|k, We 


a sop | fonti a)]x*(y|n' XHA—|k| ee (x, ¥|k, n )dxdy , 
eg AS n'|I.|k, n o = 


ee te : 7 
= Gal | Pie, y|k', n')V(x, y) exp [i(k x) |z(y| n) dx dy, 


a 


— 
OU 
oe | 
2 

— 


ane n' | Ls | k, Ng = 
= | [tae 9M mL | ht BIZ, 9 | 0) dd 


E =|k\} + E; E'=|k'|® + Ew; 0, » are the polar angles of k; 
ife] P 


0‘, g' are the polar angles of k’; 


H =—Vi+ H+ Vix,y). 
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Also 
2a \* 
lim Y_.(x, ¥| k,n) = — | E) (sin 0 sin 0')®- 
|x| Pe] 
exp [t! k,, x| | , Via n] ti t r| | 
> Ta][k iL | aly |n') o<E, 0 PN |T_|E 0,7, mo, 
lim ¥/ k Omi Bein pi 
(5.7b) aa ei ’ n) = =| (sin sin ) : 
exp [— 7) ky:| |x ] 
de Sis cl xy|n')KE,x—0', a+ |P] E 0,9, 00, 


Hen |” + Ew a= Ji} =|hel* + Ee k,, = k; 
0, g are the polar angles of k; 0‘, g' are the polar angles of x. 
The variational principle for the reactance matrix is 


(5.8) HB, 0,p',n'|T.,|E, 0,9, n>) = 


fe in | 1 (jk\|k'\sin 0 sin 0)? 


(277)? 2 


| ferie -x)z*(y|n') V(x, 9) exp Li(k-x)]x(y, m) dedy 9” a Leb: 
+ pres n if, | k, no 


È 


[ae ef ae LS 4 ee FA k, n>o + E; 0’, 9’, n'| Tu| E, 0,9, n) xl}. 


where 
A 
Lk’, n' n Ho N) = 
exp [— dk'-x)]x*(y|n') [H —!k|’— E.]JZ,(x,y|k,n)dxdy, 
EA 
o<k', n' I, | k, n>) = 
1 r 5 : 
(5.84) = || P(x, y|k', n')V (x, y) exp [i(k-x)]x(y|n) dxdy , 


A 
Kk’, n \istk, ny = 
=| W(x, y|k',nXH —\k|*— E(x, y|k, n) dx dy; 


E =|k|° + E.; E =|k'|\* + Ew; 0, p are the polar angles of ki 
0', p' are the polar angles of k’. 


TIC |e| po 


In (5.84) we require 


v 


cage Sees 
lim WF (xk, n) =< (7) (sin 0 sin 0’) ®- : eee 


3 + Bys k,= k; 


E=|k{ + By =|kn 
0, p are the polar angles of k; 6’, g' are the polar angles of x. 
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The author is indebted to Prof. E. Grersuoy for suggesting the problem. — 
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Contents. — 1. Transformations of the isotopic space. — 2. Charge conju- 
gation. — 3. Annihilation of antiprotons with the emission of mesons. — 
4. Relations between the cross sections of the production processes of 
K-mesons, hyperons and antihyperons and of the annihilation processes 
of antihyperon-nucleon pairs. 


1. — Transformations of the Isotopic Space. 


In recent years the problem relating to the symmetry properties of the 
interactions of elementary particles has been treated by numerous authors. 
The importance of these investigations lies in the fact, that they make pos- 
sible the study of the qualitative features—above all the selection rules—of 
the processes in spite of the lack of our knowledge of the exact form of the 
interaction law. The comparison of the results of such investigations with 
the experiment—above of all in the case of the « strange » particles—can be 
used as a first qualitative test of the systematizations and theories of these 
particles. 

In this work some further applications of the charge conjugation and of 
the symmetry properties in the isotopic space are presented connected with 
the production of K-mesons and hyperons, and with the annihilation of anti- 
nucleons and antihyperons. Our treatment is to a large extent based on the 
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theory of K-mesons and hyperons proposed by GELL-MANN ('), respectively 
on the mathematical formulation of this theory given by p’ESPAGNAT and 
PRENTKI (*). Therefore it does not seem superfluous to summarize in the 
introduction the symmetry operations in the isotopic space (Sect. 1), and the 
problems relating to the charge conjugation connecting the « particle » and 
« antiparticle » states (Sect. 2). These operations shall always be represented 
by means of unitary transformations of the Hilbert space. The part of the 
material presented relating to the pions and nucleons is essentially known. 
On the basis of the Gell-Mann-d’Espagnat-Prentki theory a generalization 
for the case of the strange particles can be performed in a direct way. After 
this several applications are presented: selection rules of the annihilation of 
antiprotons and nucleons (Sect. 3) and a number of relations between the 
cross sections of processes in which K-mesons, hyperons and antihyperons are 
involved (Sect. 4). The results obtained can presumably be compared in the 
near future with experiment and so they may serve as a test of the theory. 

The elementary particles can be grouped in a well-known manner into four 
families: the photon (y), the leptons (v, e, x), the mesons (x, 0, 7), the baryons 
(P, N, A, *, =). At present we hope that the interactions of the elemen- 
tary particles can be deduced from three forms of interactions: 


1) Strong (Yukawa) interactions (between baryons and mesons), 


2) Electromagnetie (Maxwell) interactions (between charged particles 
and photons), 


3) Weak (Fermi) interactions (between fermions). 


An important property possessed by the strong interactions is that the 
field equations describing the strongly interacting particles are covariant with 
respect to the rotations and reflections of the (three dimensional) isotopic 
space. So we assign definite covariance properties to the field operators of 
baryons and mesons not only with respect to the Lorentz transformations of 
the space-time, but also with respect to the rotations and reflections of the 
isotopic space (*). The field operators of the known particles are regarded as 
scalars (©), spinors of the 1-st kind (yw), spinors of the 2-nd kind (y) and pseudo- 
vectors (py) of the isotopic space. This means that if we perform a rotation 
in the isotopic space around the A-th axis through the infinitesimal angle 
dx,, the variations of the various field quantities are as follows: 


(1) So = 0, dp=itony, dy =i bxuy dp = idda—m . 


(1) M. GELL-MANN and A. Pars: Proc. Conf. Glasgow, (1954). 
(2?) B. p.EspaGnaTt and J. PRENTKI: Nucl. Phys., 1, 33 (1956). 
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Here 37, mean the spin matrix of the spin one-half, #, that of the spin of unity (*): 


(0 IL OF =7 a 0 R 
ae [1 oO}? ive a Om og ’ TaTs = dag + tEgzoTo 5 


0 —1 
0 0 0 0 0 a 0 —i 0 
= 0 0 3% n a, = 0 0 0 ’ I, = v 0 ’ 
0. #0 0} 28 0.0 0 


dd gD bo DoDD 4 Sa unto "E dos, ’ D0, — OD 4 = 14508 0 . 


If we perform a rotation through a finite angle « ,, the transformed field quan- 
tities are: 


I / - TA Xs ° oe Og t ° TA 
RAS v= exp if aly = (cost + ix, sin %) p, = exp |i aul 
(2) 2 2 2 2 

| y= exp [10 %4]p =[(1 — 0%) + id, sin a, + 0% cos Jp - 


(We employed the power series expansion of the exponential function as well 
as the relations 7f =1, 0? = #,.) 

From the invariance of the Lagrangian with respect to an infinitesimal 
transformation follows, that the Lorentz-invariant integral 


Va 


(3) ox do + prdp + x dx + pr dp) dV 


is a constant of motion («cc») means « canonical conjugate »: 7° = 0L/0n). 
Using the relations (1) we obtain the following quantity : 


ET T ‘ 
È = |v Hy LaF pn: + yap) dv. 


This quantity is called the isotopic spin. For example, the field operator of 
the nucleons may be regarded as isospinor (= spinor in the isotopic space) 
of the first kind: 


yp Yr = > (apu exp [ika] + bivexp[— ike]), 
(4) ae | ") ’ 


Py Va = ey (ayu exp [ikx] + biv exp [—tka]) . 


(*) V. VorRUBA and M. LOKAJIGEK: Ozechsl. Journ. of Phys., 2, 1 (1953). 


11 --Supplemento al Nuovo Cimento. 
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We obtain the following expression for the isotopic spin: 
Lf, 4 Fi 1 + + + + 
Tree s|v Ty dy =; a3 (apady — bybp + ayap— bpby) , 
1 1 ae bia Na: ca 
T, => |ptt.paV == > (— tap ay — tbybp + tayap + tbe by), 
1 1 + = + - 1 7. 7 
Ts = 5 ytspdV = 5 > (Ap dp —bp bp —aydy + byby) = 5 (No — Ne— Na NG) 


(The a’s are the absorption, a*+’s the: emission operators of « particles », b and 
b+ those of « antiparticles ». 

From these formulae we see immediately that the third component of the 
isotopic spin in a proton or antineutron state possesses the value 4, in a 
neutron- or antiproton-state the value —4.) 

If we do not want to represent the rotations in the isotopic space as a 
«coordinate transformation » but as a unitary transformation of the Hilbert 
space, we need construct such a unitary operator R(«,), which acts on the 
absorption and emission operators and which is defined as follows: 


y = R(x.) pR(u)* = exp î i 2 y, ete. 
The explicit form of R(«,) is 
(5) R(«,) = exp[_ da, T,]- 
If we restrict ourselves to the strong interactions witien are invariant with 


respect to the rotations of the isotopic space, the Hamiltonian H commutes 
with R(x,): 


(6) [H, R(«,)] =0, 


and thus R(x,) is a constant of motion. Instead of the unitary R(«,) we prefer 
to use its arcus, the hermitian 7,. From (5), (6) and from the arbitrariness 
of «, follows 


[H,T,]j =0. 


This expresses the constancy of the isotopic spin in the Hilbert space. 
Now we survey the reflections of the isotopic space. If we perform a re- 

flection with respect to the origin, @ and gm remain unaltered, y will be mul- 

tiplied by +7 (precisely: by + è), x will be multiplied by —7 (precisely: 
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by 12): 


(7) O=o,  y=ip, ety, LP; 


The invariance of the Lagrangian with respect to the transformations is 
assured if there is an invariance with respect to the following phase trans- 
formations of isospinors: 


(8) zo, y=ew, y=e%, p'=p. 


If the constant ¢ is assumed to be infinitely small, it follows from the inva- 
riance of L with respect to (8) that the following Lorentz-invariant integral (*) 
is constant: 


i 
(9) == [imp nervi Wa 


(9) is the number of isofermions minus the number of anti-isofermions, which 
is a constant of motion. For example if y and y satisfy the equation of Dirac, 
U may be written as follows: 


U=|Wwv—xnar= >. (ay ay — biby — asa, + b7b,) = e a RO E 


U is called «isoparity » by D’ESPAGNAT and PRENTKI (2). We see that the 
isoparities of particle and antiparticle are of opposite sign. The transfor- 


fod 


mation (7) associated with the reflection with respect to the origin is repre- 
sented by the following unitary operator of the Hilbert space: 


(10) Jo = (— i)” = exp |- iS Ù . 


It is easy to verify, that J, acts in such a way on the operators a, b, a*, b+ 
that the following identities hold: 


Igli=iv,- Iali=— ix. 


The strong interactions are invariant with respect to the reflections of the iso- 
topic space 


(1) PATE 


Again we prefer to use the Hermitian U instead of the unitary J,: From (10) 
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and (11) follows, if |U|< 2 (even without postulating invariance with respect 
to (8)), that 
(11a) [2 O. 

A reflection with respect to an arbitrary co-ordinate plane can be com- 
posed of a reflection with respect to the origin and a rotation through 180° 


around an axis normal to the plane. The transformation is obviously gene- 
rated in the Hilbert space by the following operator: 


dy Ep 


SS in(1, +3) = (iene, 


In the Gell-Mann-d’Espagnat-Prentki theory the m-mesons are described 


> 


by an isopseudovector, the field operator of the K-, (K-)mesons is regarded 
as a 1-st (2-nd) kind isospinor. Among the fermions the A, A hyperons are 
isoscalars, the Y, S hyperons are isopseudovectors, the nucleons (antinucleons) 
and the = (E) hyperons are isospinors of the 1-st (2-nd) kind. 

With respect to the interactions the following assumptions are accepted: 

1) If we restrict ourselves to the strong interactions, the isotopic space 
is perfectly isotropic. The transformations R(«,), Jo, J, = R(a,)Jo are al- 
lowed. 

2) The electromagnetic interactions distinguish the 3-rd axis: from this 
follows, that only the transformations /(x3), Jo, Js = #(73)7, are allowed. 

3) The weak interactions violate the symmetries in the isotopic space 
with one exception; only the reflection with respect to the 1, 2 plane (73) is 
allowed. 

Since J, is the only symmetry operator of the isotopic space, which is an 
exact constant of motion, its arcus can be identified with the charge operator 

U È 
(12) Q=T, +>, (J, = exp [— iaQ]) (*). 

Independently from the above-mentioned conservation laws the conser- 
vation of the number of baryons minus the number of antibaryons (N) holds 
exactly. The strangeness S has been defined phenomenologically with the aid 
of the relation (?) 

S=N+2(7,;—Q). 


(*) Note added in. proof: With regard to (lla) @ is conserved only if |U|< 2. 
If, however, two isofermions are present, |U|< 2 is not fulfilled. With respect to the 
gauge invariance of the Lagrangian, however, the conservation of Q and consequently 
that of U holds without any restriction. 
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Taking into account (12) S can be also written in the form 
S=N—U. 


N is an exact constant of motion, U is conserved by the strong and electro- 
magnetic interactions, consequently S is also a good quantum number if we 
restrict ourselves to the strong and electromagnetic interactions. Experience 
shows that in the case of the weak interactions |,AU!<1. The weak inter- 
actions are accordingly quasi-axially symmetric in the isotopic space. 


2. — Charge Conjugation. 


The charge conjugation replaces each particle by its « antiparticle ». The 
antiparticle of a charged particle is of opposite charge, the antiparticle of a 
neutral particle is also neutral and may be different from or identical with 
the particle. (The photon, x°-meson and Majorana neutrino are identical with 
their antiparticles.) The unitary operator generating the charge conjugation 
is called the charge parity operator. 

For fermions 


PRE = C7 =", 
that is 
EGP se Di, AN cee 


if the constant spinors u, v (occurring in (4)) satisfy v = 0% =u’. 
For z-mesons the following transformation formulae hold: 


POP F = pf; P.gtP? SAY PPP = Oe - 


The field operators are transformed according to the scheme m+ >, n° <> 7°. 
Introducing now the quantities 


1 
Qi = VD (@+9*), Vice (P_—9*), Ys» 


which are the’ components of an isopseudovector, we get the transformation rules 
PP = P.~,P;5' = — qr , LP Sas. 


The K-mesons behave analogously to the nucleons. In either case there 
exist two charge doublets which are connected by the charge parity operator. 
The electromagnetic interactions are invariant with respect to the charge 
conjugation. The transformation law of the vector potential is the following: 


PAP as A 
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It is supposed that also for the strong and weak interactions an-invariance 
law holds. Therefrom follows: 


[A/P.j=0. 


The conservation of P, gives a number of selection rules for electromagnetic 
interactions. 

The charge conjugation is a very useful tool, not only in connection with 
the electromagnetic interactions but also the strong interaction. But P, 
can be used only if the net charge of the system vanishes; this is not in harmony 
with the charge independent character of the strong interactions. Of course 
also P, does not commute with the isotopic spin (this has been pointed out 
by LEE and YANG (‘)), therefore it seems desirable to introduce such a sym- 
metry transformation, which takes better account of the symmetry properties 
of the strong interaction. 

The strong interactions are covariant with respect to the reflections of the 
isotopic space. From the isopseudovector character of the isotopic spin 7, 


è 


follows 


dite Bg Rs I MEO ead roe bl 


Ain Ae A 4) BB eA DS 


(B#XA). 


Using these relations we can prove that the operator 


(13) Ei = 4 ta 
commutes with 7',: 
[P,, Fj) =. 


Thus P, can be diagonalized simultaneously with 7? and 7;. We call it the 
operator of the mesoparity. (P, is in close connection with the operator @ 
introduced by LEE and YANG (!): PyyPz! = G7.) 

How does P, act on the z-meson field? Since g, behaves as an isopseudo- 


vector: 


Pi Pi “i — Pi 
Py 1G (bs? SLs Agel le lS ee %2| Po? = |P] 
Ps Ps se ys 
(14) P,p,Pr* sn: 


(4) “T..D- Lan and 0. N. Yana: Nuovo Cimento, 3, 749 (1956). 
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We see that P, reverts the sign of the meson field just as P, did that of the 
electromagnetic field. From this follows immediately that the unitary trans- 
formation representing P, multiplies by (—1) the emission and absorption 
operators of the meson field. If only x-mesons are present, the eigenvalue 
of P, is (— 1)", where n, means the number of the x-mesons (without respect 
to their charge). This situation is similar to the connection of P, and the 
number n, of the photons: P, = (—1)"». 

Since P, contains a reflection of the isotopic space with respect to the 
1, 3 plane, it is conserved only in the case of the strong interactions. (A con- 
Sequence of this conservation is that the strong interactions do not cause trans- 
itions between the states containing an even resp. an odd number of pions. 
This is an analogue for mesons to the Furry theorem holding for photons (4). 

How does P, act on the field operators of other particles?’ Referring to (14) 
we may state that P, transforms each particle into a particle of the opposite 
mesic charge (that is: into a particle which generates a meson field of oppo- 
site sign). It is known, however, that the « mesic charge » does not possess 
such simple and clear physical meaning as the electric charge (above all we 
have no conservation law). For this reason the effect of P, shall be investigated 
directly on the basis of the definition (13). 

We start with the nucleons, 


JyJi} = exp [—inT,](i-" yi”) exp [inT,] = 


= —texp[— inT,]y exp [inxT,| = i exp 


JE 
A 
9 


Ly = — Tu . 
Taking into account the plane wave expansion of y: 
pad (5) ap exp[tka] + (i ) exp [— tka] + 
0 + 
+ A ay exp[tka] + 4 by exp [— tke], 
yo = oy = Di ( ) bp exp[ikx] + is Ja exp[— tka] + 


+(. ba exp [tka] + +(; as exp [— ike) 


y? Gp = x (0) (— iby) exp[ika] + (o 1 iay)t exp[— tka] + 
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We get the following transformation formulae 


P,ayPo:= — 10,5: 2b, P5* = 6, € Pag SS he, ea be ee 


The meson conjugate operator of the K-meson field can be found in a similar 
manner. The treatment of the H-hyperons differs only because of the oppo- 
site isoparity of this particle. The case of the X-hyperons is an easy matter: 
after performing a charge conjugation we need. apply the well-known trans- 
formation law of a pseudovector for reflections. In this way we have established 
the meson conjugate operators of each nuclear particle (meson and baryon). 

The square of the charge parity operator equals always one, but that 
of the mesoparity operator does not. The latter contains a reflection of the 
isotopic space and—as is well known—the reflection rule used for spinors 
causes a change of sign if applied twice. Therefore for isobosons (z, A, X) 
Pi, = 1 holds, for isofermions (K, 97, &) P} = —1 or summarizing these rules 
into one formula 

P= (—1)" =(-1)""*. 

This result shows that the eigenvalues of P, are 1, — 1, 7, — è. The following 
relations (which occur essentially also in the work of LEE and YANG (*)) are 
easy to verify: 


{E,, 0}. =i0e a [Po Vi 2 Pai 
{P,, N} =0,.> [P,,;N]=2hY, 
{P,,S}=0, [P,,8]=2P,8, 

[P,,Q] = P,U=P,(N —S). 


If we deal with phyiscal systems, which are eigenstates of N, S and Q, P, can 
be diagonalized only if the commutators are equal to zero. The condition 
for this is N=S =0, which is similar to the condition of the applicability 
of P,. Whereas the condition for the applicability of the charge parity ope- 
rator involves also the vanishing of the charge Q, this is not required. This 
does not mean, however, that we are able to diagonalize P, in a greater variety 
of states than P, and that the eigenstates of P, can be chosen so that P, 
takes also a diagonal form in their system. 

P, can be diagonalized only in such states which are not altered, if we 
replace each particle by a particle generating the electromagnetic field of oppo- 
site sign (antiparticle). This follows immediately from [P., Q] = 2P.Q. 

P, can be diagonalized only in such states which are not altered, if we 
replace each particle by another particle generating a m-meson field of oppo- 


a? eS ao oe os Li ali ei ees. LI TL a) AO eee Se Fel È ' IR Re 


i 
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site sign, that is if the sign of the quantity 0, occurring in 
Op, — 9, = 4700, 


is reverted: {P,, o,} =0. It is, however, impractical to use the volume in- 
tegral of 0, in a manner similar to the charge in the case of the charge conju- 
gation so as to select the eigenstates of P, because fo , AV may be of a compli- 
cated form or may vanish (ps-ps). We get a suitable auxiliary quantity in 
the nucleon field if we introduce 


4Z=N,+N;-N,=-N;. 


This may be regarded as a representative of the mesic charge since it is well- 
known that the protons and antiprotons generate a 7°-field of the same sign, 
the field, however, generated by the neutrons and antineutrons has opposite 
sign compared with the former.) Z satisfies the relations 


(14) {P,, Z} =0, Po; Z| =2P,2. 


On the basis of (14’) it may be stated, that if besides N and U also Z possesses. 
a definite value, the condition for the diagonalization of P, is 


N=U=Z=0. 


(Of course Z is not a constant of motion, but. if Z = 0 for the initial state, 
<Z> = 0 holds for all times.) 

We list the properties of the elementary particles in Table I. It is obvious. 
from this, that both in the boson and fermion family all isocovariant cha- 
racters occur with |U|< 2. (In these cases U and the charge of the particle 
is uniquely determined by the transformation properties of the field operators 
in the isotopic space.) The only exception is the isoscalar meson: 


Pigs S's 26: 


This would be a neutral particle with zero strangeness and thus it would fast 
decay into pions and photons and therefore would be difficult to observe. 
Perhaps this particle may be identified with the particle postulated by FRIED- 
LANDER on the basis of indirect evidence (°). 

SALAM and POLKINGHORNE (*) discuss the possibility that the strangeness 


(5) E. FRIEDLANDER: Nucl. Phys., 1, 363 (1956). 
(5) A. Sanam and J. C. PoLKINGHORNE: Nuovo Cimento, 2, 685 (1955). 
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TABLE I. — Properties of elementary particles. 


| | 1 


Symbol. Q | Spin Parity) N | 7 T, U S Api Pi 
| | | 
nt | + Qik 0: 1 O | 00 pirata 
SORA 0 0 1 0 0 0 700 7 — n° 
ESA ra 0 — | 0 1 —] 0 Ons | Set UM > 
| 8+ Fe AT LOSE 4 eli tea | 9° O= | aha 
gut ea | ane od (1) ae PR 0 4 cha ae pa gr "ge 
90 6 | (0) + 0 1 4 as +1 DE 0° it 
6- TERZO 0 4 ose = +1 0° 0+ — ip? 
zt = (O) 0 4 4 + | —1 7° = in 
7° OL (0) all OE ei ate | eee 
70 0 (0); | == Ia Ae 4 e Ts)! int 
ia e; 2 ee e ie =, 2 | oe. 
| 
E + | 4 | + | 4 Fall Z1 0 N |-P Ni 
N 0 Ri * 4 ze sE 0 P N — Pi 
N 0 4 LTT Felco ie Gi Pp N iP 
P — 3 "A abe Aer gie ORL 0 N PÒ aN 
A 0 | (3) | + | 0 o | o | +1 NET A 
A 0 (4 — 1.4 SR 0 0 —1 A A A 
viele a ea aa +1 1 [08 +) gems Ftp FAO 
xo On Vay + | 1 0 0 +1 mo | ye + — De 
s | — |. @] Pee | Db of ee PO" eS ee ets 
s+] + | @) {| 1 1 0 =) | $i 
x° |. 0 -|-(4) {>| J 0 0 —1 >} See 
= /— | “i 1 a RE OE ea a co 
Be [0-1 ET La eames ie Ei] BP Be 
Berit ine Cee i tal ei Efo ino 
cha aes!) (sa) Saath ae 3 To ae oe = | E | —<8° 
oy 0 (4) aa 4 —4 +; 2 Bt pe is” 


of the 7* is +2 and so 7* is not produced in association with A and & 
but with =. According to them this would offer a possibility to decide between 
the three-dimensional Gell-Mann theory and the theory of the four-dimen- 
sional isotopic space due to SALAM and POLKINGHORNE. It may, however, be 
' remarked, that should it be verified that ++ is produced together with 3, and 
thus the assignment S = — 2 proved to be correct, this would not mean the 
incorrectness of the assumptions of the Gell-Mann—d’Espagnat—Prentki theory, 
but only the isopseudoscalar character of 7. For an isopseudoscalar boson 


T=0, U=+2, @=+1,. S= 72. 


Such a meson can be produced through strong interactions in associations 
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with &. © is the antiparticle of ++ with opposite charge and strange- 
ness (*). 

Now we want to establish the eigenvalues of P, and P, for two-particle 
states. (By £, and H, we denote the exchange operators of space and spin 
co-ordinates.) For example let us consider the PP system. If the vacuum 
state vector is denoted by D,, we get: 

P = az(t, s)bp (1, s')@, , 

PEyEsP Ga, bi (1, s')ap(t, 8)Do == ap (%, 8)bp (x, 8')O, = — : 
therefore for this state P.#,.H,=—1, thus P, = — H#,H, = (—1)"**. For 
the other two-particle states the following list may be consulted (+): 

nmin-, K+K-, K°K?®: P, = BE, = (—1)', 
PP, NN oo AAS OSS, 


Io Se do RA; Pp. =~ HH, = (—2t)*, 
K+K°, K°K-: Pj =— By = (—1) 

PC PN, ere Bet: Pe — FE; = (—1)*:, 
Levi: Py = — BE. =(—1)**: 


If acting on A- and °-particle variables, P, = P,. 


8. — Annihilation of Antiprotons with the Emission of Mesons. 


The selection rules holding for the annihilation of proton-antiproton, neutron- 
antiproton pairs, which originate from the conservation of charge, angular 
momentum, space parity, charge parity and mesoparity are collected in 
Table III. The selection rules of the annihilation with the emission of 7-mesons 
agree, of course, with the results obtained earlier by other authors (AMATI, 
VITALE (5)). 

We add some remarks on the results.. The annihilations with the emission 
of x-mesons and K-, K-mesons (7) go both through the strong interaction and 


(*) Lee and OREAR (7) assumed also S = + 2 for tt, to give a theoretical expla- 
nation for the absence of a fast 7-+-0+y transition if the spin- and energy-relations 
allow such a transition. See however: L. ALvarez: Proc. of the Sixth Rochester Conf. 
on High Energy Nucl. Phys, V.28. 

(7) T. F. Ler and J. OREAR: Phys. Rev., 100, 938 (1955). 

(+) Here we assume, that the K-particles have zero spin. 

(8) D. Amati and B. ViraLe: Nuovo Cimento, 2, 719 (1955). 

(-) After this work was completed, we received a preprint of Garro which treates 
also the selection rules of the 9797 + KK annihilation processes. 
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TABLE II. — Higenvalues of the operators of the space pari 
sd n i re" 
PE PN 070 mtr Tem Te 70779 | troni) nona | ate 
LA | LU | ’ 

Py (— 1)4#1 | (—1)41 (— 1)E Cay (—1)2 (—1)4+# Abete +1) (—])£+2'41)(_]) I+ 

| sex (—1)#s " 1 (— 1)4 x 1 (—1)4 x x 
P, x (— 1)ts4 Nas Salus a 1 ie eS | el 

TaBLe III. — Final states allowed by conservation of space parity, charge parity, 
mesoparity for given initial states. 

È E i sen ee m 

‘Symmetry | Conservation of TR aa for Wpospurei 
| initial state 

Process of wave |__ si asa > SE + ALI 
function P, P, P, Ig | 3g lp 3p 
| 7% 79 Leven |! odd s=1 50% — |A 
| tr x | Fe odd s=1 50% S+1-|: = P Paes 
| n0n0n0 Leven | 1+L° even | 14+s even | 50% >—1 |Ss, Dd) — | — |Sp,I 
| tran x | I+L+L' even |1+L+seven| 50% --—1 Ss, Ddl Pp Ps, Pd Dp 
| 90G0, 070 x | 1+0 odd s=1 pat Por Li 
RCA pe ia X | 1+L odd el ca PeR aa A By. J 
999 + 7960 x Lr e even | 1-+s even x FCs en fe P 
0070 — 2900 | x | 0 even | J+s odd x eer P = 
Q+T-+ 40- x 1+L even | 1+s even x S pay ee P 
6+=-—-<+6- x RESTA even | J+s odd x STI PRESO P Lod 
| nn (atin |1+L odd x 1+s odd oa | P|. ea 
| 70° 1° | J even | t+ even x I+s even Ss, Dpl — — |Sp,1 
fae tree | L even | 0+" even x l+s even (Ss, Ddl — — |Sp,1 
(90 I X | t+L odd ov Seal = |j- So 
O's + 2960 x |l+Z even x I+s odd. | —- |—} Py) = 
0%7-—196- | x +L even x 1+L even Sgh La P 


both are allowed by energetical relations. 


From energetical considerations 


follows, that the annihilation with the emission of 7-mesons is the more pro- 


bable. 


Consider the ground state of the orthoprotonium (*8 state of PP). The 
simplest annihilation of this system allowed by the conservation of P, and P, 
takes place with the emission of two x-mesons. 
state of P,(P, = 1). We know that P, is conserved, so that the initial state 
must also be of even mesoparity. The PP system is not, however, a P, eigen- 
state. To clear up the situation we are forced to decompose the state vector of 


The final state is an eigen- - 


È Call Pee ISTE RR TE SPENTI DE O a + pe be ie - <= a mY 


"A 
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ge parity and mesoparity for the VQ. 2r, 3x and 2K states. 


e e py | fi SA 
a |09T® + 790% 6970 — 1000 PO te +0 | Or — 299-| =” |0%7-+ 1%9-|0%7_— 190- | 


#3 TRS | ( Ss 1)£ | (-- {ers (+ J)2FL (— ])2+1 | (— ])2+1 | (— 1)* . (— ])2+1 (- ])44 | 
ye | oC — 1) 1 — 1 1 | —— | x x x 
x x x x x x (She 1 221 


the protonium as follows: 
PPP) = 3[P(PP) + Y(NN)] + 3['Y(PP) — PNN)]. 


The first member on the right side describes an even state (P, = 1) realized 
with the probability 3, the second one describes an odd state of the same - 
probability. The even state annihilates with the emission of two (even number 
of) m-mesons. If the possibility for annihilation with the emission of more 
than three z-mesons is neglected, the probabilities (integrated over the whole 
time axis) of the + atx and —7x°xtx~ annihilation modes of the orthopro- 
tonium are equal. 

The component of odd mesoparity of the paraprotonium ground state 
| (1S state of PP) annihilates fast with the emission of three x-mesons. The 
annihilation of the component of even mesoparity with the emission of less 
than four x-mesons is forbidden. For this reason we expect, that the ground 
state of the paraprotonium annihilates with probability with the emission 
of four 7-mesons or two K-mesons (presumably with a longer life time). These 
branching phenomena are similar to those, which occur in the case of. the 
decay of 0-mesons as a consequence of the conservation of charge parity (9). 
In the case of the nucleonium (NP system) such branching effects are not 

expected. 
Annihilation with emission of two K-mesons is allowed from any initial 
state, in contrast with that involving emission of two x-mesons. The reason 
for this is, that there exist K-mesons with different space parities (7 and 9), 
the x-meson is, however, definitely of odd parity. The 07 pairs are not emitted 
in pure particle states (these were not eigenstates of P, and P, respectively), 
| but in superpositions. The K*-meson emitted in the annihilation process of 
the paraprotonium, for example, possesses no definite intrinsic parity, but rea- 
lizes with probability } a 6+ state and with the same probability a 7* state. 


(°) M. GeELL-MANN and A. Pais: Phys. Rev., 97, 1387 (1955). 
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(The latter state is the eigenstate of the parity conjugation operator of LEE 


and YANG (?°).) (*) 


4. — Relations between the Cross Sections of the Production Processes of 
K-Mesons, Hyperons and Antihyperons and of the Annihilation Processes 
of Antihyperon-Nucleon Pairs. 


The invariance of the Lagrangian describing the strong interactions with 
respect to the rotations and reflections in the isotopic space as well as to the 
charge conjugation leads in a well-known manner to a number of relations 
between the probabilities or cross sections of different processes, if the state 
vectors describing these processes can be transformed into each other by the 
transformations mentioned. 

Deduction of the relations following from the rotation and reflection 
invariance in the isotopic space is often made with a method using the explicit 
forms of the isotopic spin functions (12). We want, however, to apply instead 
of this a more graphic method proposed by SHMUSHKEVICH (1%), which yields 
the same results. The idea of this method can easily be seen on hand of the 
example of the associated production of X-hyperons and K-mesons predicted 
by the Gell-Mann theory: 


(nt +P>X++K* mn +N>X + E° 01) 
mt +N > Dt + Ke tm +P >D + Kr 0, 
(15) mt + N >X° + Kt m+P->>° + K 03 
mm +P > X++ K° mm +N>X +K* O4 
™m +P —> Y + Kt TO +N —> >? + K Os 


The state vectors describing the processes written in the same row are 
connected by the transformation J, of the isotopic space. Therefore (if we 
neglect the electromagnetic interactions) they must have the same cross sections. 
Further relations between the five o,’s may be established in the following 
manner: let us suppose, that a target containing protons and neutrons of 
equal number is bombarded with an equal number of x+-, 7°, = -mesons. 


(19) T. D. LEE and C. N. Yana: Phys. Rev., 102, 290 (1956). 

(*) Briefly we must describe the situation occurring, if the K-mesons do not form 
an isotopie doublet, but an isotopic triplet. Regarding the three charge states +, 0, — 
this was the first and most evident assumption. (It has been pointed out by SACHS (11), 
that the quantum number strangeness may be independent of the isotopic space.) 
Under these assumptions the selection rules of the annihilations PP, NP +KK should 
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Then the state vector describing the initial state of the processes (15) does 
not distinguish the axes of the isotopic space. Thus also no axis can be dis- 
tinguished in the final state. The final state must therefore contain equal 
numbers of X*, &°, & and K+, K° (for a given scattering angle). The number 
of the particles produced in the reactions (15) is proportional to the ceross- 
section of the production process; equating therefore the number of S+- and 
Y°-hyperons we obtain the following relation: 


(16) 0, + 0° +0, = 2(03 + 03). 


The cross-sections of the reactions obtained by time reversal are proportional 
to the cross-sections of the direct processes. If we apply the former method 
to the reversed processes we get (n_. = 1»): 


(17) 0, + 0° + Os = 2(0, + 05). 


From (16) and (17) follows 


03 = .04; 01 + 09= 0, + 205. 


That is: 
o(x+ + N > 2° + Kt) = o(7°9 + P>X*+ 4+ K), 


o(xt +P > X+ + K+) + o(n+ + N > D+ 4K?) = 
eater br oe KO) 207 gp > 3K) 


be modified. We assume that the annihilation is effected by the strong charge 
independent interaction. If the members of the K-triplet are not identical with their 
charge conjugates, there are no essential modifications. If, however, the K-triplet 
behaves under the transformations P, and P, like the m-mesons, we obtain because of 


§°= 0°, 7°= 7° the following differences: 


PP(3S8) > 26° 270 forbidden because for identical bosons of 
zero spin a p state is not possible, 

PP(1p) +0%° forbidden because of the conservation of P, 

PP — 2K branching with probability + for all states, 


NP(*p)+0°9-, 7°7- forbidden because of the conservation of P,, 
NP(!s, *p) + K°K~ forbidden because of the conservation of P,, 
NP(2p) + K®°K~ allowed. 


These differences make possible (in principle) to test the theories put forward. 
(11) R. G. SAcHS: Phys. Rev., 99, 1573 (1955). 
(12) W. HEITLER: Proc. Ir. Roy. Acad., 51, 33 (1946). 
(3) I. SaMmusHKEVvICH: Dokl. Akad. Nawk SSSR, 103, 235 (1955). 
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The relations between the cross sections of other reactions leading to the pro- 
duction of strange particles can be deduced with the same method if we assume 
invariance with respect to reflections in the isotopic space (the validity of the 
Gell-Mann scheme is assumed): 


T+tRXA>A+K: Tt+N > A°+ K+ T-+P — A°+ Ke 0) 
7° +P > A°+ Kt 7 +N + A°+ Ko 9, 
0, = 202. 
T+MA->E+K+K: wtt+P>84+Kt+ K+ qr+N->£4+K°0+K°® co; 
mtt+N—> E° +Kt+K®° r+P+>& +K°+K+ o, 
Ttt+N-> E +K++K+*_ r+P+£E°+K°0+KR° 0; 
T° + Py> E°+K++|K° 2+N->& +K°+K+. o, 
x +P+E+K++K+ w+N+4594K°+K gg, 
0,1+0, +03 = 2(0,4+-05) - 
N+N>N+XYZ+K: P+P>P4 X*+ kK NNN +24 KY ie, 
P+P>P'+ 294 KY N+NSN + 2° > KO: 
P4+P+N+4+ H+ Kt AN SP ae 
PiN OP 4+ 294 Ko “NSP SN SD eK oe 
PEN > P + + K+ N+P—-N+2++ K® 0; 
P.4- Nias N+ St Ke INGE RS Pa eee 
PLIN4+N# So Kt ON 4 Poy Po SCE 
01 +03+051+0,4 = 2(0,+04+-0,) . 
T+N>N+K+K: w+Ps+P+K++ RK w+N>N4K4K gg, 
fee hoa tt NG se Phat tots a reece N Tee 
nt+N->Pi+K°+K x-+4P.->-N+4K+4tKN dai 
m4+N—>N+Kt+K° n-+P>P+K°4+K a, 7 (11 
t°-+P+>P+K++K-. n+N+>N+K°+K° gi; 
n° +P +P'+K*+F° . r+N#N-+-Kt KR Sa 
n°+PtN+K++K° r+N->P+K°+K" o, 


0, +02+03+0, = 2(05+-05+-03) (*). 


(*) It seems to be interesting to mention in connection with the reactions (17) 
the possibility that the K-mesons do not form charge doublets but that they are the 
members of two charge conjugated triplets (see the end of Sect. 3). The most striking 
difference between the doublet (GeLL-MANN( and the triplet scheme is the occurrence 
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In Table IV the relative orbital momentum of the KK-pair (LZ) and the 
orbital momentum of the center of mass of the KK-pair with respect to the 
nucleon (l') is presented for given total and orbital momentum of the initial 
7% state. Both K and K are assumed to be scalar, or pseudoscalar (66, +7). 


TABLE IV. 


States of x97 | | | 
(1) 54 Pa Py | dy 


| States of KK (sP),, (pS)a, (8S), (PD), | (pP)g, (sD) q, 


. (sP)g, (pS)g, | (PD)s, (dP) gs. 
(UL) (dP),, (pD)3. ...| (AD), ... (dS)3, (AD)g, ... 


(PD)z. (AP). ...| 


If the KK-pair contains mesons of opposite intrinsic parities (07, 70), the 
states not shown in Table TV, and not forbidden by angular momentum con- 
servation are realized. 


Among the reactions which lead to the production of antihyperons (Y) we 
discuss the following: 1) 97+97 > Y+Y, transformation of a nucleon-anti- 
nucleon pair into a hyperon-antihyperon pair, 2) 977+97 > 97+Y-+-K, trans- 
formation of an antinucleon colliding with a nucleon into an antihyperon and 
a K-meson. Other possible reactions 
RIEN tty, toe he OL > UK, 


UPS T+ YY, Mt Us W+ U4+07+VY4+K, ete.) 


can be treated in a similar manner. 


of the reactions 
n+P—+>N-+K++K?+, m+N—>P+4+K"4+K-. 


These occur if the triplet scheme is valid. In the doublet scheme they do not occur 
because of the non-existence of Kt and K~. In the triplet scheme not the reactions 
written in the same row of (17) are connected by F, but for example: 


zx* +-N+P + K++.KT is connected by J, with r-+P-+N+K7+ K+, 
t--P+N+K°+Kt is connected by J, with 7r++N-+P+K°+KR°. 


These reactions must have equal cross sections if the triplet scheme possesses validity. 


12 - Supplemento al Nuovo Cimento. 
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at oz TÀ 
W@+9-Y+Y: Production of A- and X-hyperons and antihyperons: 


DES PI lb e LA 

Do + Do Do + LE 

n me + 7° 4 x + Ae 03 
DR My N4+N- ki: 

LS + dt t+ + > O4 

At ee 50 ASE ISS Os 

| A® + A? A® + Ae Oe 

[45 pgp ba: LA 

Ù py 0 Lis x 4A LA 

Pi N O N+P > 
> 45+ | se 4.35 ai 
| INS Et Ao 10 


From the symmetry with respect to the reflections of the isotopic space 
follow the relations 


0, + 04 + 07 + Og = 2(0, + 03 + 09) 


and 
0, +04 + Oy + Ory = 2(0 +05 + 07). 
The states X°A°, A°Y° are not eigenstates of P., to the initial states PP 


and NN, however, we may assign definite charge parities. For this reason the 
X°A°, A°X° pairs are produced in superpositions of the form: 


W(PP) > 5 [Y(S9A) + (SA). 
From this fact follows: 
03 = O;. 


In a similar manner the states PN, NP of definite mesoparity are transformed 
into superpositions of the type 


1 xo Sto 1 40 F+tAo 
esate ) + Y(a+d»)], ah ) + V(ZtA)), 
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from which follows 


Og = O10 » Ono 

N+N>N+Y+ K: 

|p+®+E N+Y° + Ke 01 
pe Pot sp Ke a N+ +4 K- 
App S Ness Spee a 

N44 P+4X +KR° Os 

[neri P+ + K- 94 

(P+X- +K° e 0; 
P+N+ IN4F- 4K N+P_> AO or 

ESS REA CR, 


From the reflection invariance in the isotopic space follows: 


0, +0, +0; +08 =2(01+04+0,). 
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For the cross sections of the production processes of E-antihyperons we 


do not obtain essential relations. 


If antihyperons annihilate in collisions with nucleons the conservation of 
strangeness postulates the emission K-mesons into the end state. The simplest 


processes are treated in detail: 


NAOT YS Kt: 


ee Ot Ko 


therefore 


Ao + P +K+4+ 7 
Ao + P + K® + xt 


0) 


Dea Po Kt pt 
Z++N->K++ n° 
De ON KO aL apt 
IE Poa ta? 
> +P4SR0° 47 


Op 7, 


Tg == 20%" 


Aen Ke eka 
AP ON Kt 7 


= AI 


ZAN KO cae 
> Pe Ke 
Pe Rie te 
Z+N->-K0 +70 
Die Nea Keak re 


01 +03 = 204+-05, 
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Annihilation of hyperonium. — If hydrogen is bombarded with Y7-partieles, 
the following processes are expected: 


SED era 


The nucleon-antihyperon pair of the initial state can form a bound system. 
If the K-mesons and the X-particles possess spin 0 and } respectively, the 
following may be stated: 

If the hyperonium (XP) is formed in singlet state the total angular mo- 
mentum J equals the orbital momentum of the system: J =/. The eigen- 
value of the space parity operator is P, = (—1)’**. Since the intrinsic spins 
of the particles of the final state (70 or xt) are assumed to be zero, the 
annihilation to 7 is forbidden, only 70 are emitted with a relative orbital 
momentum J. 

If the hyperonium is formed in triplet state with J =l, P, = (—1)’, 
the annihilation to zz is forbidden, again 70 are emitted with a relative orbita] 
momentum J. i 

The hyperonium triplet with J=/+1, P, = (—1)’ cannot be trans- 
formed into 70 because of parity and angular momentum considerations, but 


«into mr. 
The following Table shows the allowed final states for given initial quantum 
numbers. 
TABLE V. 
DE Cily sor: eri Futa 
SP Clone ee *Po of ee e I li *d, | [dg | /|ds 
x @ Bello Pole Py Kl Dae eae 
SH VO A | | 
ig PT ee wae pals ie Pee F 
_. = da = | = | n = 
| | 


We consider also the situation which occurs if & and K possess higher 
spins. Let us discuss the situation if the spin of X and K is § and 2 respect- 
ively, the parity of K=0=7 is supposed to be even. 

If we restrict ourselves to S states, the initial state may be 58; or 7S, with 
odd parity. The possible angular momentum values of the final state are 
J =1+2,1+1,1,1—1,1—2. The corresponding parities are (—1)*1, (—1)4, 
ele Aaa 

The 5$, state of XP can decay into the states Ss, P., D., Fa; ..., of Kr. 

The Kx-decay of 78, is forbidden because of parity conservation. In this 
case K 27-decay may occur. 
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BOS KEK: 


The reflection invariance of the isotopic space does not yield any relation 
between the cross sections. If the spin of K is zero, K+K* and K°K° possess 
even relative orbital momentum. The &tP, ZON systems can only annihilate 
in states of even total angular momentum with the emission of two K-mesons. 
If the relative intrinsic parities of E and 9 are identical, only initial states 
with odd orbital momentum can annihilate with the emission of two K’s. 


dk ok 
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1. — Introduction. 


Our general purpose is to derive and discuss explicit formulae for the 
directional correlation between {-particles and any succeeding nuclear radiation. 
It is well known (‘) that the directional correlation for any two successive 
radiations has the form 

VT de (1) 4 (2) ‘ 
(1) W(0) = > AMA? P, (cos 0), 
k 
where A® and A® vanish for odd values of k and depend only on the para- 
meters of the first and second transitions respectively. For y and «-decay 
these coefficients have been explicitly evaluated by many authors and can 


(*) Submitted in partial fulfillment of the requirements for the Ph.D. degree at 
the State University of lowa, Iowa City, Iowa. 

(+) Now at Northern Illinois State College, De Kalb, Illinois. 

(1) For a simple derivation see for instance Beta- and Gamma-Ray Spectroscopy 
(edited by K. SIEGBAHN, New York, 1955), Chapter XIX (I) by H. FRAUENFELDER, § 3. 
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be easily computed from tabulated functions (2-4). We shall therefore be con- 
cerned here only with the evaluation of Aj” and, for convenience, drop the 
superscript ‘. In general A, has the form (5) 


(2) Ax = 2n(2T,41)* Y YAANFHK(A'T\WIIkI;J'I)c(AJ, A'T') , 


AJ AJ 


where J and J’ are total angular momenta of the lepton system which consists 
of an electron and an anti-neutrino. The symbol A collectively denotes 7, 7,, 
j, Jo which are respectively the parities and angular momenta of the electron 
and the anti-neutrino (*?). J, and J, are respectively the initial and final 
nuclear spins; 7 is the reduced matrix element of the Hamiltonian; W is a 
Racah coefficient (5), and c, is the radiation parameter introduced by RACAH (?). 
Both # and ce, depend on the electron energy H; and A,(£) is so normalized 
that A,(#) is the 8 spectrum per unit solid angle. The reduced matrix ele- 
ments € and the radiation parameters c, are evaluated in Sects. 2 and 8, 
respectively. The effect of the finite nuclear size on the electron wave function 
which is needed to evaluate # has been neglected so far in directional cor- 
relations (1°). The dominant part of this effect is taken into account in Sect. 2. 

As explained in Sect. 3, the effect of the finite nuclear size on the radiation 
parameter ¢, is negligible. 


(?) See L. C. BIEDENHARN and M. E. Rose: Rev. Mod. Phys., 25, 729 (1953). These 
tables are reproduced in ref. (1), Appendix V. 

(8) M. Ferentz and N. Rosenzweic: Argonne National Laboratory Report 5324 
(1954). 

(4) We are not concerned here with the effect of extranuclear fields. For a survey 
of this subject and further references see H. FRAUENFELDER, ref. (1), § 9. 

(°?) This is an immediate consequence of ref. (1), eq. (33), since e,, = 0 if 140 
for directional correlations. We have made the following changes in notation: 


Lyod’, Ty eJ, (IL) > MAT), vhs 0,5 ey. 


We have changed the normalization of W(0) by a factor 27(273+1)?. 

(°) For the sake of definiteness we consider only 87 decay explicitly and give at 
the end simple rules which will give the results for 6+ decay. 

(7) The distinction between neutrino and anti-neutrino has no practical importance 
for the present subject, since these particles are not observed; but we follow the main 
convention. Our results would be the same if we adopted the Majorana theory. 

(8) G. RACAH: Phys. Rev., 62, 938 (1942). 

(9) G. RACAH: Phys. Rev., 84, 910 (1951). 

(19) Corrections for finite nuclear size of some of the energy dependent coefficients 
which occur in 8 spectra have been computed by M. E. Rose and D. K. HoLmEs: 
Phys. Rev., 83, 190 (1951) and Oak Ridge National Laboratory Report 1022. However 
these are insufficient for directional correlations. 
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It is convenient to write A,(#) in the form 


(3) Ax(E) = (22,41) Y W(bIkJ; J'I)(-1)"D(E)B(E, JJ'), 


JJ’ 


where D(H) is the allowed ~ spectrum 
(4) D(E) = 42-*phy?F(Z, E). 


p and q are respectively the electron and anti-neutrino momenta. (7, E) 
is the Fermi function which is well tabulated (!). The entire factor preceding 
D(E) in eq. (3) contains all of the explicit dependence of A,(H#) on J, and J, 
and can be quickly computed with a table of Racah coefficients (1?) and by 
using its symmetry in J and J’. The coefficient B,(H,JJ') which is defined 
by eqs. (2) and (3) depends on the nuclear matrix elements but not explicitly 
on J, and J,. It can be written as a sum of terms each of which is a product 
of two nuclear matrix elements times a known energy dependent coefficient. 
These expressions are given in Sect. 4°1 for first and second forbidden trans- 
itions. The energy dependence of the reduced matrix element 3 can be 
partially expressed in terms of quantities which arise also in the analysis of 
8 spectra and. are well tabulated (!8:14). The rest of this energy dependence 
is a simple polynomial in E and causes no difficulty in numerical calculation. 
The energy dependence of the radiation parameter c, has not been tabulated 
so far and a convenient technique for its numerical evaluation is given in 
Sect. 4°2 (14). Numerical calculations have been carried through for some 
cases of interest; the results are applicable to the @-y correlations (15) of *°Rb, 


(1!) Fhe function (1+yg)(P/,/2E) where yyp=(1 —«?Z?)# and « is the fine structure 
constant is tabulated by N. Dismuxkn, M. E. Rose, C. L. Perry and P. R. BELL: Oak 
Ridge National Laboratory Report 1222. These tables are reproduced in ref. (1), Ap- 
pendix II. 

(12) L. C. BrepENHARN: Oak Ridge National Laboratory Report 1098; A. SIMON, 
J. H. VAN DER SLUIS and L. C. BIEDENHARN: Oak Ridge National Laboratory Report 1679. 

(18) M. E. Rose, C. L. PERRY and N. M. DismuKkE: Oak Ridge National Laboratory 
Report 1459. These tables are reproduced in ref. (1), Appendix III. 

(14) The screening effect of atomic electrons is neglected. For the electron wave 
function in the reduced matrix element 3% this is a good approximation when the 
B-particle energy is above 59 keV. See C. FLUGGE and S. Friaan: Zewts. f. Naturf., 
2a, 6 (1947); J. R. Reirz: Phys. Rev., 77, 10 (1950). 

(1°) References for measured 8-y correlations are listed by H. FRAUENFELDER: 
Ann. Rev. Nucl. Science, 2, 129 (1953); also, ref. (1). An additional ®-y correlation 
has been measured and analyzed in considerable detail by T. B. Novey, M. S. FREED- 
MAN, F. T. PoRTER and F. WAGNER Jr.: Argonne National Laboratory Report 5523 (1956). 
An anisotropic }-y correlation is reported for 38C1 by P. Maca: Bull. Acad. Roy. Bel- 
gique Cl. Sci., 40, 802 (1954). An anisotropic B-x correlation in the *Li decay is found 
by C. M. Crass and 8. S. HANNA: Phys. Rev., 89, 877 (1953); D. St. P. BunBURY: Phys. 
Rev., 90, 1121 (1953); however an isotropic B-x correlation for the same decay is found 
by S. S. HANNA, E. C. La Vier and C. M. Crass: Phys. Rev., 95, 110 (1954). 
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Sb, !24Sb, “I, abd !°Tm. For qualitative discussion it is also useful to 
have approximate analytical expressions for the energy dependences which 
are reasonably simple. The low Z approximation which was first applied to 
directional correlations by Fucus ('*) is especially convenient. The low Z 
approximations for the energy dependences in B,(£, JJ’) are given and their 
practical limitations are discussed in Sect. 4°3. In the analysis of 8 spectra (17) 
it has been useful to make an approximation based on the smallness of the 
electron kinetic energy as compared with the height of the Coulomb barrier. 
Corresponding approximations for the coefficients B,(H, JJ’) are also given 
and discussed in Sect. 4°3. These approximations are used in Sect. 4°3 to 
elaborate on a point first made by Fucus (1°) concerning the relation between 
the shape of the % spectrum and the strength of the correlation. The use of 
-y directional correlations to-obtain experimental information about nuclear 
matrix element ratios and spins and parities is discussed in Sect. 4°4 and 45. 
It has been the usual practice to work with the anisotropy when comparing 
coincidence rate data with the theory. However the shape of the B-y aniso- 
tropy when plotted against £ does not show the special effects of the matrix 
elements ratios to advantage. Substitutes for the anisotropy are suggested 
in Sect. 44. 

The analysis of first forbidden spectra (7) and the electron-neutrino cor- 
relation in the “He decay (18) indicate that the vector and axial vector inter- 
actions in 6 decay are negligible. On theoretical grounds the pseudoscalar 
interaction is also negligible unless the pseudoscalar coupling constant is much 
larger than the scalar and tensor coupling constants (1°). A sufficiently large 
pseudoscalar coupling constant may manifest itself in an anisotropic B-y cor- 
relation for allowed { transitions. The relevant expression for the anisotropy 
and the sensitivity of this effect in establishing an experimental upper bound 
for the pseudoscalar coupling constant are discussed in Sect. 5. For first and 
second forbidden transitions which are discussed in Sect. 4°1 to 4°6 only scalar 
and tensor terms are taken into account. 

The first results in the theory of the 8-x directional correlation were given 
by FALKOFF and UHLENBECK (?°) who evaluated the angular distributions of 
6 particles for Z = 0 ignoring all interferences. SPreRs and BLIN-STOYLE (?!) 
calculated essentially the same functions without neglecting the Coulomb field. 
Fucus and LENNOX ('*22) take the Coulomb field into account and include 


(19) M. Fucus: Ph.D. Dissertation (University -of Michigan, 1951) Unpublished. 
(7) H. M. Manmoup and E. J. KoNOPINSKI: Phys. Rev., 88, 1266 (1952). 

(18) B. M. Rusrap and S. L. RuByr: Phys. Rev., 89, 880 (1953). 

(19) M. E. Rose and R. K. OsBorn: Phys. Rev., 93, 1315 (1954). 

(2°) D. L. FaLKorFr and G. E. UHLENBECK: Phys. Rev., 79, 334 (1950). 

(21) J. A. SPIERS and R. J. BLIN-STOYLE: Proc. Phys. Soc. (London), 65, 809 (1952). 
(22) M. Fucus and E. S. LENNOX: Phys. Rev., 79, 221 (1950) (A). 
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interferences which arise from pure 6 interactions. The energy dependences 
are given explicitly in an approximation valid for light nuclei (low Z approx- 
imation). BIEDENHARN and Rose (?) give the « particle parameters » which 
follow from the calculations of Fucus (1%). These parameters give the 6-x cor- 
relation when they are multiplied by the corresponding terms in the y-a cor- 
relation. These calculations are insufficient since it is known that both scalar 
and tensor interactions are present in the Hamiltonian (2%). YAMADA and 
MORITA (24°) define an angular distribution function F7,(09) which (except 
for their neglect of the finite nuclear size) is related to our quantities by 


(5). B¥(0) = 4n(2—6,,)(2fn+1)(21, +1)" 


-¥ (—1)"(J'J — MM |k0)B,(B, JJ') P,(cos 0), 
k 


where (J’J — MM]|k0) is a Clebsch-Gordan coefficient. They give complete 
expressions for #'%.(0) for a mixture of scalar and tensor interactions. Also 
expressions for all of the pure (24) and some of the interference terms (25:25) 
involving the other interactions have been given. The energy dependence is 
implicit in the Coulomb coefficients which are tabulated (13) and the Coulomb 
phases which are not tabulated. In the low Z approximation MORITA (7) 
gives explicit forms of coefficients b&?, which are related to B, by 


IL 


(6) b®, = 47(2 — 6,,.)(2Ta+1)(21,41)B(E, JJ"). 


2. — The Reduced Matrix Elements. 


Let M,, M,, m and m, respectively denote magnetic quantum numbers 
of the parent nucleus, daughter nucleus, electron, and anti-neutrino (*7). The 
6 decay Hamiltonian matrix element (M,Amm,|H|M,) is expressible as a 
nuclear matrix element (M,|(Amm,)|M,) (#8). The lepton states have been 
incorporated into the operator #(Amm,) which depends on the Dirac matrices 


(23) For a review of the evidence and references see E. J. Konopinsxki and L. M. 
LANGER: Ann. Rev. Nucl. Science, 2, 261 (1953). 
(24) M. Yamapa and M. Morita: Prog. Theor. Phys., 8, 431 (1952); 10, 641 


) M. Morrra: Prog. Theor. Phys., 10, 363 (1953). 

) Y. Karo and M. Morita: Prog. Theor. Phys., 13, 276 (1955). 

7) M. Morita: Prog. Theor. Phys., 14, 27 (1955). I am indebted to Dr. H. 

FRAUENFELDER for sending a manuscript of this paper to me before its publication. 
(28) For the sake of brevity, I, and J, are frequently omitted. 


= 
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and position vector x of a single nucleon as follows: 


(7) Fe(Amm) = F(t + it) [@By(x)'Bp(x) + G,8e-y(x)'Bog (a) + 


+ G,pa-y(x)'pag(x) + By p(x)'By p(x)] (29). 


G,, G, and G, are the scalar, tensor, and pseudoscalar coupling constants. 
y(x)' is the hermitian conjugate of the electron wave function representing 
the state E, x, j, m; and g(x) is the charge conjugate (*°) ifx,p%, of the neutrino 
wave function 9,, representing the state q = E_.. TÉ, To, jo, mo; we nor- 
malize these functions in the: continuum and prescribe that they be solutions 
of the Dirac equations in the form: 


(8) [ia-V—B+V(r)lp = Ey, ia-Vp=—qp, 


where units are adopted such that #% = ¢ = electron mass = 1 and V(r) is 
the electron potential energy in the field of the daughter nucleus. The fol- 
lowing customary representations are used for the Dirac matrices: 


Ti 0 0 Sl 
(9) ee Da): alt 0)? ayo. 


T, and 7, are isotopic spin matrices which will have no bearing on our calcul- 
ations and are suppressed in subsequent formulae. 

The form of the operator (7) is determined by the requirement of Lorentz 
invariance; it implies a relativistic description of the nucleons. There exists, 
however, no relativistic theory of many interacting nucleons. Therefore we 
first reduce the Hamiltonian for a free nucleon to its non-relativistic form (313?) 
and then apply the result to nuclei. The reduction can be easily carried out 
by introducing a momentum representation for the nucleon operators and 
expanding in powers of the nucleon velocity. 

Let | Po) denote a free nucleon state such that (— «-P— 6M)|Po)=€ | Po) 
and o -P| Po) = 2cP| Po) (*). Here P is the nucleon momentum operator, M 


(2°) For a review, see E. J. KONOPINSKI and L. M. LANGER: Ann. Rev. Nucl. Science, 
2, 261 (1953). As explained in Sect. 1, we omit A and V terms. 

(39) For a description of charge conjugation, see for instance H. A. ToLHoEK and 
S. R. De Groor: Physica, 16, 456 (1953). Their C = if, in our representation. 

(31) This form has been obtained by M. E. Rose and R. K. Osporn: Phys. Rev., 
93, 1315 (1954). Their derivation differs from ours; but results are the same. 

(32) M. E. Rose and R. K. Osporn: Phys. Rev., 93, 1326 (1954). 

(83) Neglect of the mass difference between proton and neutron causes no appre- 
ciable errors. 
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the nucleon mass, € = (P?-+ M?)? and o= +4. From these equations and 
the relation a = y's we can show that 


o Bia = pei + SE) (Pro! fl2)| Po), 
È Pa! \Bysf(x)| Po) =" er (Po (Bitz) | Po), 
where f(x) is of the general form 
(11) f(x) = F(x) + 0-G(a); 


and F(x) and G(x) are arbitrary functions of x. The coefficients on the right 
side of eq. (10) are now expanded in powers of the nucleon velocities, and 
terms of the second and higher orders in these quantities are neglected. The 
resultant non-relativistic approximations are 


: (P'o' | Bf(x)| Po) = — (P'o' | f(x)| Po), 
12 
©) | @o'|ByH{x)| Po) = — 4-4 P's" lo -Pf(x) — flz)-P|Po) 


within percentage errors which are respectively ~ PP'/2M? and (P+ P’)?/4M?. 
The application of this result to eq. (7) yields the non-relativistic form 


(13) FH(Amm,) = — Gyy'Pp — G,o-y'Bop + G pp Mio -V(4'Py°9) — 


— G}{iM-:(0xP): vag} + G,4M-UV : (y*Bag) , 
where 


{4-B}=A-B+B-A. 


Let us examine the last term of eq. (13). From eqs. (8), it can be shown that 
V-(y'Bav) = y'B(q—B +V—E)p. Now, it is generally true that g+1+ 
+ V—H=V or at least has the same order of magnitude as V within the 
nucleus (#4). Moreover, experimental evidence indicates that |@,/@,| = 
=1-+.5 (*%%). Therefore, the ratio of the last tensor term to the scalar term 
s ~4M~V which is always <1. We can certainly neglect the last term 
In 6g. (13) (38). 


(34) A useful rule of thumb is V(R) ~ZA-* MeV. i 

(35) A recent value (G,/G,)1=1.37t0:30 is obtained by J. B. GeRrHART: Phys. Rev., 
95, 288 (1954) from the f spectrum and half life of 140 and the ft value of neutron decay 
A full discussion of measurements of G,/G, is to be found in ref. (1), Chapter XI by 
C. S. Wu, § 4. 

(35) This agrees with M. E. Rose and R. K. OsBORN, ref. (31), who consider specific 
matrix elements deriving from this term. ; 


DIRECTIONAL CORRELATIONS OF {3-RAYS F 189 


The lepton states in eq. (13) are now coupled, in correspondence to the 
vector sum J=j+j, to form 


(14) FE(AJM) = > (jjommy|JM)FH(Amm,) (37). 
The matrix element for the emission of the lepton system into a state A, J, M 
in then (M,|7¢(AJM)|M,). Since H commutes with I, = I, + J, 


(15) (M,|#(AJM)|M,) = (LJ M,M|I,M,)2(AJ) , 


where 3€(AJ) is independent of any magnetic quatnum number. This defines 
the reduced matrix element in eq. (2). 

The aim of the present calculation is to express the spherical tensor 7¢(AJ M) 
as a superposition of hermitian conjugates of the solid and vector harmonics 


(16) a = (in’Yi(Q) (37) 
(17) Ja —* x (LIN |.JM){Y* (x), Bt 


where 7, 2 are the spherical co-ordinates of x, the vector B is either o or 
1M-(o xP), and 


(18) Bo = Bi, Be — 7 Fe (Bi + iB). 


The reduced matrix element #(AJ) will then be a superposition of the re- 
duced matrix elements <Y,(x)> and <7T,,(x, B)> which are defined as in eq. (15). 
For example, 


(19) (M,|UF(x)*| Ma) = (hI MM | IMs) <Y,(x)> . 


The spherical tensors (16) and (17) have been so defined that their reduced 
matrix elements are real provided the arbitrary phases in the nuclear wave 
functions are chosen appropriately (#8). We may assume that the nuclear 
wave function ®¥ satisfies the relation (°°) 


(20) UP =4— Ly AO , 


(37) (jjgmmy|J VM) is the Clebsch-Gordan coefficient (jj7ymmp [ij } M). See E. U. Con- 
pon and G, H. SHoRTLEY: The Theory of Atomic Spectra (Cambridge, 1951) for a de- 
finition. Also we use their definition of the spherical harmonics Y*(). 

(°8) The reality of ratios ef f decay matrix elements has been proven by ©. L. 
LoNGMIRE and A. M. L. MESssIAH: Phys. Rev., 83, 464 (L) (1951). 

(39) See F. CorstTER: Phys. Rev., 89, 619 (1953), in particular, eqs. (6) and (12). 
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where GW is a unitary matrix such that W* is the time reversed wave 
function (*°). According to their definitions, Yi(x) and T(x, B) satisfy the 
relations (4) 


(21) Ue Ur = ETERO, 
(22) CUTER OT es (hy Le 


The reality of the reduced matrix elements follows then immediately since 
the Clebsch-Gordan coefficients are real and satisfy the relation 


(23) (IJ— M,— M\I,— M,) = (—1)%*?-“«(I,J MyM |1,M,):. 


Now consider the expressions of the form y'og which occur in F(Ammy) 
and observe that y'op = Tr (py'o). A spherical tensor [py'|* will be con- 
structed from gy' by coupling the lepton states in accordance with eq. (14). 
This tensor will be expanded in a series of Y"(x)' and 7™(x, o)'; and formulae 
will be found for the coefficients of this expansion. Then 3€(AJM) will be 
obtained by replacing my’ with [gy']Y in eq. (13). 

It is convenient to label the spinor components of y and g by two-valued 
indices b and s where b = + 1 is an eigen-value of 6 and s = + + is the spin 
magnetic quantum number. In order to obtain real reduced matrix elements, 
we choose the phase of the electron wave function such that its asymptotic 
form is 


(24) p(x, b, 8) ~ itp(E — b)/x}*(pr)- sin [pr — tal + A,(x, B)]- 
> (4 ns | jm) YQ) . 


n 


In the above expression, p = (E? — 1). The quantum number x is related 
to the parity m by 


(25) x = m(—1)*#. 


A, is so defined that it vanishes when Z=0. The exact expression for 
p(x, b, 8) is 


(27) p(x, b, s) = [PBF,(Z, B)|a}tu,(r, xb) X (3 ns jm) VQ) (ir)! , 


(49) E. P. WIGNER: Gott. Nachr., 31, 546 (1932). 
(41) See ref. (87), eq. (3). 
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where w,(r, +1) satisfy the differential equations 


(28) ene = — (H—x— V(r))ru,(r,—1), 
2v4-3 Ea 
(29) air cu Re e (E +x— V(r))r*2u,(r, 1). 


For V(r)=— Za/r, whe have (#2) 


(30) A,(x, E) = y ln 2pr + 6,(%, H) — arg My, +1+ iy) +40 +1—y,), 


where 

(31) y =ZoB/P, a =e, 

(32) y, =[@ +1)? (Za, 

(33) 8,(x, E) = aretg[y(1— xB)» +1+7y,)], [9,1<3 


IMA 
di 


RA le 
2(y +1)2v + 1)!! 


‘(exp[i(pr + 6,) Fly, — ty, 2y, +1; — 2îpr) + ce.) . 


(34) u,(r, +1) = (in) 14 E Z, | 5) 


F(Z, E) E 


c.c. means «complex conjugate ». (2v +1)!! = (2y + 1)(2v — 1)...3-1. 


(2v + 2)! |I'(y, + ty)| 


(35) F (7, Z, E) == yt Ty, ope 1) (pren: exp [ sary] ’ 
FO LILLA) 
Ee MA, Bs ®) = 7a) 2,78 4m) a! 


The Fermi function F(Z, E) is defined to be K(R, Z, E) ,where R is the 
nuclear radius. Relations between the «, defined in eq. (34) and the radial 
functions f and g given by ROSE (4) are for x = 1 


u(r, 1) = —[p°F(Z, EY fy a 
37 
$ u,(r, —1) = —[p*F(Z, DI "tg 


v v_2 ? 


(42) M. E. Rose: Phys. Rev., 51, 484 (1937). His x and J are respectively our 
(+4) and j+3x. It should be borne in mind that the spherical harmonics in this 
paper differ in their definition from ours. 


192 1. HAUSER 
and for x =——1 

U(r, 1) == [pk (Z, E)} tr:'9, 
(38) 

u,(r,—1) = —[p?F,(Z, E)\~*r7’-¥7, . 


The corresponding expression for the antineutrino wave function is obtained 
from eq. (27) by putting Z = 0 and taking the charge conjugate. To a good 
approximation for r< R (#), 


(39) P(x, Do, 80) = bo(q?/)*[.q"/ (20 > LEN 


xi = 1)*- "(1,4 Mo — 80 | joMo) Y(02)*(— ir)”. 
The (b 8), bs) element of [py'}¥ is obtained from eqs. (27) and (39) by 
coupling the lepton states as in eq. (14). The (b), è) element of [py']Y is the 
hermitian conjugate of an electron-antineutrino eigenfunction belonging to 
the quantum numbers 2yjjiT M. Now it is known that this eigenfunction can 
be expanded in terms of eigenfunctions belonging to the quantum numbers 
ULSJM, where L and SN are the orbital and spin angular momenta of the 
two particle system (44). The expansion coefficients which we signify by the 
letter /" are real and independent of M. This expansion is evaluated in the 
Appendix with the result that 


(40) [p(x, bo) p(x, DI] = £b,D(B)*q’u,(r, xb): 
+ DU(UojjeLST)[d(S, IY (x) + d(8, 1) T(x, 0)]i(- ir) t*-*, 
IS : 
(41) U (Uji. LST) = (jjo| T@}4I)|L8)- 


(100 | LO)[(2L + 1)-1(27 + 1)(2% + 1)}#[(2 + YN. 


It can be seen that terms containing Y"(x)' and 7 (x, o)' correspond 
to S=0 and S=1 states respectively. The /' coefficient (444) in eq. (41) 


(4°) The rigorous radial factor is the spherical Bessel function j,,(qr) whose first 
term in a power series expansions is (qr)'/(21,+1)!!. The remaining terms are always 
negligible since (qR)?< 1. 

(44) A like derivation has been used by J. A. Sprers and R. J. BLIN-STOYLE: 
Proc. Phys. Soc., A 65, 801 (1952). Their Bi( ILS) is our J’ coefficient. 

(49) Coefficients equivalent to or simply related to the JI’ coefficients have been 
independently given in numerous articles. Our notation is from F. CorsteR and J. M. 
JAUCH: Helv. Phys. Acta, 26, 3 (1952). A review of several different definitions is 
given by H. A. JAHN and J. Hope: Phys. Rev., 93, 318 (1954). 
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is defined in the Appendix; explicit formulae for those J" coefficients of im- 
portance in 6 decay have been given. 

We eliminate from our calculations those terms of eq. (39) which do not 
satisfy the usual absolute and approximate selection rules. Angular momentum 
conservation implies the triangular relation 7,+J, >J, I,+J >I,, I,4+J > 1, 
and J,-+J,+J= integer. The same relations hold for the triads (903); (LSS), 
(,L) and (338). Also 1+1,+ I= even integer, since both sides of eq. (40) 
must undergo the same change in sign when x is replaced by — x. Parity 
conservation implies that. m7, equals the nuclear parity change. Therefore, 
from eqs. (25) and (26), 7+-1,+4(1 — bb.) is even (odd) when the nuclear 
parity change is «No» (« Yes»). The value of bb, here depends on the part- 
icular term of the interaction Hamiltonian which is being considered. It can 
be seen that bb,=1 for the scalar term and that tensor term which does 
not contain the nucleon momentum P in eq. (13); and bb, = — 1 for the pseudo- 
scalar term and that tensor term which does contain P. 

Approximate selection rules involve the concept of order of forbiddeness n 
of the @ transition, which is the smallest value of 1-+1,+4(1 — bb) for which 
there exists a non-vanishing scalar or tensor matrix element. The absolute 
selection rules enable us to deduce that n = AT =|I,—TI,| or n =|AI—1)| 
when the nuclear parity change is (— 1)” or (— 1)! respectively. We neglect 
all scalar and tensor elements for which J +1,+-4(1 — bby) > n and all pseudo- 
scalar elements for which 1+1,—1>n. It follows that 1-+1,— L in the re- 
tained matrix elements with two exceptions which willbe computed separately. 
This approximation introduces relative errors of order (HR)? which are not 
observable (2°). 

To compute F(AJM) we replace g(x, do)y(x, b)' in eq. (13) by the expres- 
sion (40) with L=/+%. Since the trace of the Pauli spin matrix is zero, 
only S=0 eigenfunctions enter into the scalar and pseudoscalar terms; and 
only S =1 eigenfunctions enter into the tensor terms. For the tensor term 
which does not contain P, we use the relation 


(42) o-trace [Ti (x, a)'a] = 27% (x, a)*. 
For the tensor term. which contains P, we use the relation 
(43)  {iM-oxP-trace[TX,(x, 0)'o]ul(r, xb)} = 
= — 4u,(r, «b)[TX,(a, iMr1oxP)' — 4 M-Ww, (1 xb) TH (x, 0 Xx)'], 
where 


1 du,(r, xb) 


(44) w,(", xb) TS ru,(r, xb) Teide . 


13 - Supplemento al Nuovo Cimento. 
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For the pseudoscalar term, we use the relation (49) 


(45) -V(Y¥(x)tu,(r, 0) = ((J(2T + 1) TH , (x, 0) + 


+ w,(r, xb)(2F+-1)—*[ J TH, (x, 6) + (J+1)*T%,, (x, 6)])u, (7, xd). 


The result for the reduced matrix element of (ASM) is 


(46) (AT) = — D(B) Y Y d(L, 144) U(MojjoLS]): 


bby LS 


-£6(b, do)[d(8,0)S(J) + d(8, 1)T(Z, J)]+ d(b,—bo) AS, 0)[D) + w,(r, D)D'I]+ 
+ db, — by) 5(S, L)[T(L, J) + w,(r, xb)T(L, J)]}q'eu,(r, xb) , 


where 
SJ)  =G4<Y,(x)> 
TL, Fy = GT, 3)> 
C"'(L,J) = G,CT,,(x, iM-0xP)) 
na CXL, J) = 4M, KT, (a, 6X2) 
PI) =[F2I+1)}'3M4,<T,_, (x, 6)> 
DP) = (29 +1) 14M, I T,_, ,(x, 6) +(J+1)'7,,, (x, 6)> (19). 


The variable r in «,(r, xb) and w,(r, xb) is an integration variable in the in- 
tegrals (47). It has been common practice, however, to replace w,(7, xb) by 
its value at the surface of the nucleus. We discuss here briefly the basis for 
this approximation. 

The differential equations (28) and (29) can be replaced by the integral 
equations (4) 


(48) u(r, 1) = u,(Hy 1) + far r(E-x—V(r)u,(n-1). 
1 r 
(49) u,(r, —1) = parta farce +e = Vir))u,(r, 1)7 


0 


(4) See for instance eq. (49) of ref. (31). 
(47) M. E. RosE: Phys. Rev., 82, 389 (1951). 
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which can be solved by iteration. In the lowest approximation, we have 


(50) u,(7, 1) ~ u,(R, 1) 
H+ Za 
(51) u,(7, >< 1) = (= gi a R 2,0) u,(R, 1) b) 
where 
52 SIA de ni i fell 
(52) ee ee OT). 
0 
For a homogeneously charged sphere 
Zo\3 > 1fr\? 
(53) Vn) =F —3() |: 
and 
a 3 a Ti? 
(54) GAS 5 a5 para s(z) | 


The errors in (50) and (51) can easily be estimated by continuing the iteration 
process. For light elements, the error in (50) is very small; for heavy elements, 
the error may be as large as 10 percent. The relative error in (51) is the same 
to a good approximation; i.e., it closely equals [u,(R;1) — u,(r, 1)]/u,(B, 1). 
The variation of V,(r) in (51) is so large that we retain it with the under- 
standing that it modifies any nuclear matrix element which @,(r) multiplies. 
w,(r, +1) are in our approximation 


E Z 1 
(55) le, = (B—2— Vin) (SEE + Fain), 
2v +3 H+x2—Vi(r) 
(66) w,(r, —1=—- | dai aoa): 


u,(R,1) is related to tabulated Coulomb coefficients by 
(57) u,(R,1) = (L,—xP,)*. 


The tables by Rose et al. (!*) are for V(r) = — Zx/r. Correction factors for L, 
which allow for finite nuclear size (#8) have been computed by Rose and 


(48) The dominant effect of the finite nuclear size is already taken into account 
in eq. (51). 


i" 
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Hor.mEs (1°). Correction factors for P, are not given; but it is reasonable to 
assume that they are of about the same magnitude. The error in w,(R, 1) 
due to neglect of finite nuclear size is opposite in sign to and has the same 
order of magnitude as the error due to replacing «,(r, 1) by its value at the 
nuclear surface. Therefore, the two errors partially. cancel each other out. 
For these reasons the effects of finite nuclear size on L, and P, can be ignored. 

Eqs. (41) and (46) were used to obtain explicit formulae for those reduced 
_ matrix elements which enter into the n-th forbidden ( transition probability (49). 
There are four distinct types of elements which are given below in eqs. (58 a) 
to (58 d). 


Type, -t=7+7,=n>0 


ia: 1 
(58a) (AJ) = — D(E}(m — v00|n0) = lo il i 
q E+tx Za 

‘| S(n) Gta TREE RAI) 0,0) = 


On Dy a. Ogre 


qu'u,(R, 1) da 
(2 —'2y =) 


\} , 

+ (- — Tn, n)( z + aoe oy ©) ef 
} } : 

(3 =| (T'(n —1, n) — w, (7, 1}C"(n — 1, n) 


Type II, J=n, (j+jo=n+1 


(580) FC(AJ) = — D(E)}(vn — v00 |n0)- 


m+1\t_ Qytn- * q* "u,(R, 1). © 
[È i i) St on + DE Ol n) (Qn —2y +0 


Type III, J=j+j,=n+1 


7 Qy +1)(2n — 2y + 1)}} - 
(58c)  F(AJ) = — D(E} (n — 00] no) | = > 1 = a) 
9 o 1 wv ETA X 1 : 1)P'(n + 1)) — 
Tm, n FA) | 3) (Dn + 1) + w, (7, ) ee 


= (2, a) Pe ++ D+ 1): | : 


+9 UN) nti 


(E+ax , Ze 6) qu'u,(R,1) . 
2v +3 Vetta Se 


(49) Formulae for I’ coefficients were adapted from M. K. BanERJEE and A. K. } 
Sanwa: Proc. Roy. Soc. London, 224, 472 (1952). | 
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Type IV, J=m+1, jt+h=n+2 


(58d)  Fe(AJ) = — D(E)Kon — +1 00|n +10): 


saat 
2n + 3 


bi : ti, ook, 1) 
(D(n +1). + w(r, 1)D'(n + 1)) (2n R= 9y ot 3) 


Let us consider the @”’ term in (58a). We use the relation 


She a 
(59) T_3(x,0X x) = (75) T,X(x,0). 


Therefore, from eqs. (47) and (55), the ratio of the ©” term to the © term 
in (58a) has an order of magnitude +M-!V(r) which is always < 1. We can 
certainly neglect the €’ term in (58a). 

Egs. (58a) to (58d) cover every case except for two #(A47) which belong 
to the values n =1 and AJ = J = 0 and which are given by 


(60) dem, —n,3, 1,0) = DBA Tu,0)(£ crac DE 


3 3 R 
— woy(r, 1)D'(0) — Mere (x, o)> + 4, (r, — 1)Kr?2T,0(£;0)))- 
; EHE+x Za fu: j 
( 3 +72) { vo(R, 1); 


(61) F(x, — n, 3, 3,0) = — D(E)V2 MG, - 


; 7 x u,(R, 1 
(<Tiol%,6)> + duoo(r, 1)< 722, 0(x, 6)>) me 


Eqs. (60) and (61) contain pseudoscalar elements for which / + 1, = 2 +4 L 
and which, therefore, could not be computed from eq. (46). These were com- 
puted as special cases. 

All of the foregoing formulae are for electron emission. The corresponding 
formulae for positron emission are obtained by replacing Z by —Z and G, by 
— G, everywhere (5°). 

The correspondences between our reduced matrix elements as defined by 
eqs. (47) and those of YAMADA and MORITA (?*) are given below in Table I. 
The symbols fx, B,?, A,f, ete., which were first used by KONOPINSEI and 
UHLENBECK (51), denote either cartesian tensors or matrix elements of cartesian 
tensors. The symbols M(Px), MA,%), ete., of YAMADA and MORITA (24) denote 


(°°) For the rule regarding the change in sign of G,, see ref. (39). 
(91) E. J. KonoPINSKI and G. E. UHLENBECK: Phys. Rev., 60, 308. (1941). 
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reduced matrix elements of corresponding spherical tensors Y, (fx), Y, (A;È), 
etc., such that 


(62) (M|V,y |M = eI MM |T,M,)M . 


The phases of these spherical tensors are chosen so that their M= 0 com- 
ponents are equal to a positive normalization factor times the 33 ... component 
of the corresponding cartesian tensor; for example, Vi(fx) = fa,. The nor- 
malization is such that the product of any two M belonging to the same value 
of J is equal to the corresponding quadratic. form of KONOPINSKI and UHLEN- 
BECK (5'), except for a factor (25, + 1)/(27,++ 1). For example, 


(63) MAF)" MBP) = [(21, + 1/(2I,+1)]Y ABS 


The relations between these quadratic forms, which are often used in 6 spectra 
theory, and our reduced matrix element can be found from Table I. 


TABLE I. — Correspondences between our notations and tose of YAMADA and MORITA (4). 
The quantities in column 2 times (-- 1)?-/4[(2I,+1)/(21,+1)]}*(42)-* would replace our 
matrix elements in column 1 if a non-relativistic nucleon theory were not used. 


Ours YAMADA and MORITA Ours YAMADA and MORITA 
S(0) — GB) T(1, 1) — (3/2)}G,9M(fox x) © 
S(1) \/3G Mx) C(2,.2) (5/4)?G pi WU T È) 

S(2) (15/2)*Gs977(R,f) TC (0, 1) G,M(Ba) 

T1, 0) — Gi FU Bo: x) (1,2) | — (3/4/4197 A §) 
(0, 1) — G,97(Bo) D0) GpIM(Py9) 

T1, 2) (3/4)?G i970 B,?) D(1) — V3Gi9TMBy° x) 
(2, 3) (5/24)3G,9778;É) 


No P'(J) elements as defined by eqs. (45) are in Table I. These elements 
have no corresponding forms in the usual treatments which completely neglect 
the radial dependence of wu, in the pseudoscalar term, since D'(7) oceurs in 
those terms which involve derivatives of «,(r, xb). The importance of these 
derivatives in the analysis of AJ = 0 first forbidden spectra has been discussed 
elsewhere (*!). The relative importance of the elements P(J) and D'(J) when 
J 0 is considered in Sect. 5. As for J= 0 the element (0) which cor- 
responds to M(By°) in Table I, vanishes identically (5?) according to its de- 
finition. 


(52) This was noted by T. AHRENS, E. FEENBERG and H. PimaKorr: Phys. Rev., 
87, 663 (1952). 
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We will assume in our discussion of first and second forbidden {} transitions 
that all of the pseudoscalar elements are either zero or negligible; and we will 
omit these elements from the first and second forbidden formulae which follow 
this section. There is no conclusive argument, experimental or theoretical, 
for or against this assumption. However, it is possible so far to account for all 
experimental 8 spectra and $-y correlations with the scalar and tensor inter- 
actions alone. Nothing new is usually to be gained by including the pseudo- 
scalar elements in the formulae when analyzing data. Exceptions to this rule 
are some allowed 6 transitions which offer the best chance of detecting the 
pseudoscalar elements if G, is sufficiently large. Even if the pseudoscalar 
elements are negligible, these 8 transitions can still be used to obtain an ex- 
perimental upper bound for the ratio G,/G,. This is discussed in Sect. 5. 


3. — The Radiation Parameters. 


The radiation parameters (*) ¢,(AJ, A’J') are defined by the equation 


(64) AI AT) = arida) >, 2, DEI 


MM' mm' my 


(JIM — M'|K0)jiommo|TM(jjm'm | J’ M') > (jmx|00)(j'm'x'|00), 


where (jmx|c0) is by definition an element of the unitary matrix which trans- 
forms the wave function (27) to one whose outgoing wave part is identical 
with that of a plane wave propagating in the direction of the axis of quant- 
ization. In other words > w;n,(îmx|00) is a plane wave propagating in the 


imx 
direction of the quantization axis plus an ingoing wave (52%) if y,,,, 18 given 
by (27). o = +4 is the spin component in the direction of quantization. The 


above requirement determines (jmx|00) uniquely. One finds 
(65) —(jmx|00) = d(m, 0) exp[— id,(x, E)]{($ — 0) + (§ + o}a[(2j + 1)/8x]*. 


We insert (65) info (64) and sum over the magnetic quantum numbers. The 


(524) Here M. Fucus used an outgoing instead of an ingoing wave in ref. (19). It 
was pointed out that an ingoing wave is the correct choice by M. E. Rose, L. C. BIEDEN- 
HARN and G. B. ARFKEN: Phys. Rev., 85, 5 (1952). The only effect of using an out- 
going wave instead is to change the sign of the phase in eqs. (65) and (66). However 
only the real part of (66) enters into the directional correlation. Therefore, the direc- 
tional correlation is the same whether an ingoing or an outgoing wave is used. 
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result is 
(66) CAT, A'T") = (470)-*8 (555 49) 5 (0s 0) 
‘3(1 + rere’ (— 1)*) exp [i(A,,(x', E) — A,(x, E))]: 
WI oki; IV (2T + 1)(2I'+ 1/25 + 1)(2j’ + HT 1)" #4057’ — Hb). 


Because of parity conservation only terms for which m’= x contribute to (2). 
c, vanishes therefore for odd k. Because the reduced matrix elements #(AJ) 
are real (5), only the real part of ¢, contributes to (2) and we can write for 
even k 


(67) capiti, Î'x'joxo) = (47)! cos [A,,(x’, By A, (x, E)]: 
(1° +*(jj" — 33|k0)[(27+ 1)(27/+ 1)(2j + 1)(2j’+ IE WO jks; FT), 


where x'=x(— 1). 

For any f}-y correlation which has so far been observed it is a good ap- 
proximation to evaluate 4, — A, from eq. (30) neglecting the finite nuclear 
size. To discuss this point we outline a derivation of the finite nuclear size 
correction for the Coulomb phase (30).. From eq. (8) we obtain V-(y'ay’) =0 
in the region external to the nucleus. Here c is temporarily being used to 
distinguish the Coulomb wave function from the wave function wy for which 
the finite nuclear size is taken into account. Now from Gauss’ Theorem the 
integral of y'ay° over the nuclear surface equals its integral over a sphere 
which is concentric with the nuclear surface and which has so large a radius 
that eq. (24) is a good approximation on it. We integrate over all angles 
and upon using eqs. (24), and (27) we obtain after a rearrangement of terms 


; UOC asi, u,(R, — 1 
sin (43 — A,) = F(Z, E)pER”* u,(R, 1)u(R, 1) foe i “ E a 
17) ’ v ’ 


The product u,(R,1)us(R,1) in the above expression can be replaced by 
u5(R, 1)? since the finite nuclear, size corrections for u,(R,1) are small. With 
the aid of eqs. (34), (51), and (57) and with tables (141%) 4° — 4, can now 
be evaluated. The magnitude of this phase difference decreases with increas- 
‘ing v. Let us consider y = 0. Then at E = 2.88 the value of 4° — A, is ap- 
proximately .004 for !85Re. At E = 5.65 the value of A’— A, is approx- 
imately .002 for '*4Sb. These yield corrections which are roughly .35 and .2 
percent respectively in W(0), The magnitudes for other observed cases do 
not run higher. 


{53) This requires that the & decay coupling constants be real. For proofs see 
ref. (9°); see also L. C. BIEDENHARN and M. E. Rose: Phys. Rev., 83, 459 (1951). 
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4. — First and Second Forbidden Transitions. 


41. General Formulae (54). — The directional correlation between a 8 part- 
icle and any succeeding nuclear radiation is given by eq. (1). The 8 particle 
coefficients Aj? = A,(E) are to be calculated from eq. (3). Explicit formulae 
for the parameters B,(£, JJ') = B,(H, J'J) as defined by eqs. (2) and (3) are 
required for the calculations. These formulae can now be obtained by using 
eqs. (58a) to (58d) and (60) for the reduced matrix elements and eqs. (67) for 
the radiation parameters. The results are given below under the separate 
headings of first and second forbidden transitions. Whether or not a given 
product of two matrix elements occurs in a given B,(EH, JJ‘) is determined 
by the triangular relations which hold between the parameters in the triads. 
(JJ'k) and (jj‘k). For example, no S(1)@(1,0) term exists in any of the 
B,(E, JJ’) because J=1 and J'=0 imply that k = 1; and B,(E, JJ’) is zero 
if k is odd. All of the formulae are for electron emission. The corresponding 
positron forms are obtained by replacing Z by — Z and G, by — G, every- 
where (5°). 

The energy dependent coefficients L, (°°) and P, (5*) in the formulae are 
defined by eqs. (57); they are well known from 8 spectra theory. The fol- 
lowing notations are used for additional coefficients which do not occur in 
8 spectra (57): 


(68) L,,,,=4+> (,,,—P,,,)(L, + «P,)* cos [A,,,(x, E) — A,(—, E)], 


x 


PRES =} > x( x(L, ES aa xPi) (L, ie “P,) * cos LA, 1% H)— Pio 4, E)] ° 


x 


(69) 


All of the Coulomb energy factors (Zx/R)V,(r) in the formulae, except those 
in eqs. (73a) and (73f), are incorporated into the matrix element parameters (58) 


< È Za 1\3 2\3 , 
(70) X -F (3) si) — (5) cun 0,1), 
Za 4\t _. 240 Seo II 
1) Va (3) 5) (5) ce, 2)|—(5) 71, 
È Za 4\t _. A ee PA irae 
(72) Y= a(0) (3) se) -(1) TR, 2|- (5) (1,2) . 


(54) We find that our formulae are in agreement with the results in refs. (24) and (2°). 

(55) The coefficient L, was first introduced by ref. (91). Formulae for these coef- 
ficients for any v are given by E. GREULING: Phys. Rev., 61, 568 (1942). 

(5°) P, was introduced by D. L. Pursey: Phil. Mag., Ser. 7, 42, 1193 (1951). 

(57) Analogous coefficients, for first and second forbidden formulae, are defined 
in ref. (24), which also gives their low Z approximations. 

(58) Parameters similar to X have been introduced by M. YAMADA: Prog. Theor. 
Phys., 10, 252 (1953) and G. E. LEE-WHITING: Phys. Rev., 97, 463 (1954). 


bo 
= 
bo 
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These parameters play important roles when analyzing data, as will be dis- 


cussed in Sect. 4°4. 


to (19) and (47). 


(73b) 


(73e) 


(73f) 


(739) 


The reduced matrix elements are defined by eqs. 


2 ; _& , 29E 
+ 3c, 1) |( a +h 4 )h-3 “(E+ q)Py +> 5 ia] — 


9 
» (1\#/2\# vera. 2H 
== (fone. af) ea 


2 
B,(22) = 5¢C (1, 2)? (4 Lo + Li) 


B,(11) = [8#S(1) +2©(, Î)] « 


1\3 E 1 1 
{rta at (3) S(1) (7-3) Ino 3 10 + 51 = 


Ss 3 
B,(22) (7/2kC 2D, , 
B,(02) = — 2? T(1, 0)C(1 2» {( Foun +5-5) Lo 


} ni 
B, 13) "319201, 2)| XE + (3) S(1) E -j) Lio 


2} E. g 
—(5) can |(F +9) 0-3? 


1 Ji 


(16) 


B,(00) = ©, 0)2 | FUMI +3 FUMI PL] + 
N 
hg LE — 9)? + 1]L,—<(H or}, 
1\? Eq 1 
Se OE VS Sila eae = a 

B,(11) = sfx Big a8 È XS(1) [È IL Pa 

NOVA BISI 
2 (;) XT(1, nF +3) L-5Pl sì 

Il E° +1. q? . 2qH 2 
+3600 (+) apo + an] + 
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(i 


(74a) » B,(22) = lr Ly + Y?3 27, by + (35) ve) |(S 2) Tee rl Ra 


A e VE MT q? AAT {fOr 
-(È) rce2]( 3 +] Eh e] +(5) Y,50) (== — 3a) Li —52|- 


2 + 6 9 4 : q' Gk a Dh gas 
—(3) ICQ (7 +39) Ly —38|+q5e"|(5- + 18 + ia) lt 


UO dH cage o te 9 34 9H 27 
+(È 5) Pe +(1 SA Pri A et Tal DI 


o 4 3H 22 2 3 2H 
+32 TITEL) 


15 Cr 5 ag 18 
2 3qE 9E? 3q 98 

+($ 4 42 50) L —(F +55)”: +3) — (5 15) (is) © T(2, 2) 

gk? gq?’ ea) 95? DE AGE 9E 9 
22 ig mene Sa Sinti SEE LI tate DI A 

(os 5 PI RARA TI 3) ara tal 

aT 2th 

- _— _ mige(c q Lo QI la 

(745) B,(33) = HE, 3) TE toh 


n 
~1 
-_ 
S 

— 
DR 

AR 
bo 
bo 

~~ 

| 


2\3(63 TARDO T 
= —(3) ti YV:L, + (5) YoS(2) 5 Luo + 


4\4 63E 21 63 27 
ct (3) 50) | 1 L, 7 P, +7 La- 


45 SE TRIO 10 5) 
be ete (i 4 a) rie si Do ot Ù 

(E - Ù et (7-3) jf aie oon Ty | Se 
E + ") P, (F ch 34) La + Ei + 12) ec 


63(2° +1) 7q 63B ee 154 9 
Sage Me ARN pce noi | ee AD eS, 
“ o) op Ps + (5p + G4) Laga 181], 
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289? 
25 


(74d) B,(33) = (=) ce 3)? DT, + 1214} ; 


7 3 


TPL 19° Tq? 
|( 9 35) Lo Bio 


$ To? \k 
(746) B.(23) - (È) (3) T(2, 3) PASTA 4 AST +) S(2): 


ho (AR Bata, oR oe 151, Es 


a ae 7@E 793 7q? 
a = Oe (' va i Lio — -g- Pio + (3E + 5q)Lx — 8Pa + 101, 
4 


PEs Peer ap A. LI Pi 2/2\k c 
(74f)  Bi(22) = 27 (=) (3) S(2) +3 =) T(2, 2) 


4} E 1 1 
{rata 2a (3) S(2) (7-5) Ly sr VEGA = L- 


4 
2\t) Ex q 1 15% 
cry (È) T(2, 2) (5 * 3) Lai SE Pa, Po tf ’ 
22\t 
(749) 5,68) - (7) cea. 
(74h) B,(23) = 15(5) ce, 3 XL 1 se) 
4\~ pig 33) (2, ) 1 » + (3) ( ) 


Ee 0 ni 2\k E al 2 
(7-3) te pees Pa La|- (3) CZs 2) IE +3) Ln Pas +3 th 


As regards the use of the results, there are two types of 6-y directional cor- 
relations. In the first kind, which is called the differential B-y directional cor- 
relation, the electron energy is measured within a sufficiently small range s0 
that there is no need to integrate over E. Frequently only the first two terms 
of W(0) have to be considered, and the anisotropy is then given by 


(75) = 


W(180°) — W(90°) 3a, 1 On ve 
W(90°) 24 


where a, = A{P(E)A}? is the product of particle parameters in eq. (1). For 
weak correlations a,/2a,<1; and the anisotropy reduces to — 3a,/2a). 

In the second kind, called the integral directional correlation, we do not 
select electrons within a sufficiently small range and must integrate over E. 
Suppose the measuring device counts a fraction e(£) of the emitted electrons; 
then the integral anisotropy is obtained by substituding | AFe(E)AP(E) for 
A®(#) in eq. (75). 

It remains to consider how the energy dependent coefficients may be com- 
puted. L, and P, are well tabulated (1%). The main problem is to compute 
the phase dependent factors in eqs. (68) and (69). 
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4°2. Numerical Caleulation of Phases. — A formula for computing the phase 
difference A,,,—A, is derived from eqs. (30) to (33). Use is made of the 
relation 


(76) 0,(x, E) + 6,(—x, E)= arg (y,+ ty), 
which derives from eqs. (32) and (33). From eqs. (30) and (76), we obtain 


(77) A,(— x, EB) — A, E) = 0,(— x, E) + 6,,,(—, E) + 
+ (2/2), Y%y — 1) + arg Ty, + ty) — arg Py, +1 4+ iy). 


The last two terms in (77) are now replaced with an infinite series by using 
the imaginary terms in the relation 


(78) In (e) => È — In (1 + a) Sie Ue: 
a n 
where C denotes Euler’s number and principal parts of all logarithms are 
understood. The result is 


(79) A,(— XH, E) E Azzi E) = 6,(— Xi E) Sr d,4a(— Xi E) 4 


+3 r1—%e—1) + ¥ te 51), 


n=1 


where 
(80) 8(n) = UV, VD, +1 +.) +97. 


A practical procedure for computing the infinite series is first to use the 
expansion 


(81) tg-1 s(n) = s(n) — 48(n)* +... . 

There is no difficulty in computing the s(n)* terms which are always very 
small and usually negligible; for Z< 70 and p >.6, we can neglect all but 
the s(n) terms within an error <10-*. The infinite series in s(n) is rapidly - 
computed with the Euler-Mac Laurin formula (°°) which is, for our case, 


(59) See, for instance, E. J. Wuirraker and G. E. Ropinson: The Calculus of 
Observations (London, 1929), Chapter VII, Sect. 67, expecially eq. (5). 
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where s,(n) is the i-th derivative of s(n) with respect to n. The dominant 
part of the error in using the first four terms of the Euler-Mac Laurin formula 
is — (30240)-'s,(1). Convenient forms for these terms are given by 


yd 2(y* — 3d°} 
83 di = to! 
(83) n s(n) (@? 10) DLL AO 
HE 
(84) Ripe o ded ae (1), 


s 
PA GAI =f Vy cae 1)? te y? — 4d? 


12[4(y,4, ty, +1)?—y? + 142] 
85 1) = 1 
( ) 83( ) [4,1 Y, 1)? y? Id]? 81( ) ’ 


where 

(86) b= yeh say Le 

The expression 3d? in the above formulae is always < y? and may be neg- 
lected when Z<70. The rapidity of convergence of the formula for our 


case is illustrated by the fact that the s,(1) term is 3-10-5 which is .2 percent 
of s(1), when Z = 70 and p = .6. 


TaBLe II. — A,(—x, E) — A4;(x, E) for electrons, Z = 38. 


A,(— % E) Fa Ay (x, E) Ay(— x, E) Re: A(%, E) 

Pp p 

“i x=—l soon x=—l1 

6 -7564 -0964 1.4 4383 .1441 
“wf .6766 .1039 1.6 .4103 1522 
8 -6161 .1109 1.8 .3890 .1593 
9 .5692 .1174 2.0 .3724 .1654 
1.0 .5319 .1236 2.2 .3591 -1708 
1.2 4767 .1346 2.4 .3482 .1755 


TABLE III. — A,(— x, E) — A,(x, E) for electrons, Z = 52. 


Ay(— x; E) a” A, (x, E) 
P 
DANNI o= =) 

2.8 4783 2760 
3.0 4695 2805 
3.5 4523 2901 
4.0 4396 2977 
4.5 4300 3037 
5.0 4224 3088 
6.0 4113 3165 
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We have computed A,(—x, E) — A,(x, E) for some values of Z and ranges 


of E for which differential 6-y directional correlations have been measured. 
The results are given in Tables II to V. 


TaBLe IV. — A)(—x, E)— A,(%, E) for electrons, Z = 54. 


A,(— x, E) — 4;(x, E) A,(— x, E) — A,(x, E) 
p p ASIA 
PAZZIA | x«x=—l y = | sg = = 
6 1.0682 .1698 1.6 .6106 .2466 
iT .9667 .1796 1.8 5811 .2565 
8 .8882 .1891 2.0 .5579 .2652 
9 .8263 .1981 2.2 .5393 .2728 
1.0 -7764 -2065 2.4 .5241 .2794 
1.2 -7018 .2218 2.6 .5114 .2854 
1.4 .6493 -23b1 2.8 .5007 .2907 


TABLE V. — A,(—, #) — A,(x, E) for electrons, Z = 0. 


A)(— x, E) — A,(x, E) A,(— x, #) — A,(x, E) 
P p 
a x=—l CARNI x=—l1 
6 1.3806 2729 1.6 -8357 3684 
7 1.2646 2845 1.8 .7986 3811 
8 1.1733 2960 2.0 -7693 3923 
9 1.0998 3071 2.2 7459 4021 
1.0 1.0399 3176 2.4 7264 4107 
1.2 -9490 3368 2.6 7103 4184 
1.4 .8840 3537 2.8 6966 4252 
4°3. Approximations. — When the atomic number is small, convenient 


approximations are derived by setting Z = 0 and by retaining only the first 
terms in the expansions of L, and P, in powers of pR. The results which are 
well known from the subject of 2% spectra are (5556) 


(87) L,={[p"](2v +1)!1}? 
(88) P,= EL. 


These formulae give the correct order of magnitude and are useful for pur- 
poses of qualitative discussion even when Z is not small. Corresponding 
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expressions for L,,,, and P,,,, (°7) as defined by eqs. (68) and (69) are 
mavt2 
Low n a qT\rR? 
e (2v +3)!!(2v +1)!!E 
(90) E = 0. 


vi 


(39) 


These are derived in the same way. The Coulomb energy at the nuclear sur- 
face may be as large as or greater than the kinetic energy of the electron even 
for light nuclei. Therefore, the low Z approximations do not include setting 
Z=0 in the Coulomb energy factors (Zx/R)V,(r) which are to be found in 
various terms of the general formulae. 

The low Z approximations have been used in the analysis of 6-y directional 
correlations for nuclei with atomic numbers ranging up to 70. An illustrative 
comparison between some values of L,, and its low Z approximation p?/3H 
is made in Table VI. The values of L,, were computed from tables (!*) of L, 
and P, and our Tables II to V. It can be seen that the approximation is in 
error by as much as 10 percent when Z = 38 to 30 percent when Z = 70. 
It is true that the approximations have nearly the same shapes as the exact 
expressions; and the small changes in the ratio of L,, to p?/3H may not be 
detectable with the accuracies of current data for the nuclei listed in Table VI. 


TaBLE VI. — Comparison of Ly) with its low Z approximation P*/3E. 
Nucleus | E? I Digg (p?/ Si) 
86Rh 6 .92 
2.4 00 
Sb 2.8 .81 
6.0 .80 
| | 
| DEI | 6 .83 
' | 2.8 .80 
| LI | | 
| oT 6 | 70 
2.8 -66 


However, the errors in the approximations introduce corresponding errors 
into any matrix element ratios which are deduced from the data. It seems 
best to avoid such errors when fitting data and to limit the application of the 
low Z approximations to nuclei as light as 4K and possibly **Rb. 

In the analysis (17) of { spectra, it has been useful to make another ap- 
proximation based on the usually large size of the Coulomb energy Za/R as 
compared with the kinetic energy £ of the electron. Corresponding approx- 


Sa ea Wi CO Ieee I ee SM RSE ae ey eo one ae 
Lara ire cp E : CA. a 5 


" - pa 
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imations may be made for {-y correlations. The large Zx/ER approximation 
of a given correlation parameter A,(HZ) is obtained by neglecting all of its 
terms except those of the highest degree in the Coulomb energy. The approx- 
imations can quickly be written down by referring to eqs. (73) and (74), because 
terms of different degree in the Coulomb energy are clearly separated and 
grouped in these formulae. We obtain for n = 1. 


Za 2 
(91a) : B,(00) ee (4-0) FU] Lo ’ 
(916) B(11) ~ — 3tX2L, , 
(91¢) B,(11) ~ [8*8(1) + 2T(1, 1)] XL, , 
(91d) B,(02) ~ — AT(1, 0)C(1, 2) 7 Dn) Lio, 
(916) B,(12) = —3#C(1, 2) XD, 
and for n = 2 
(92a) B,(22) ~ (vii + 723 Li) 
ae 0 eh = 0 9 0 1 5) ND 0, 
2\4/63 
(92) B,(22) ~ —(3) | 7) Vit, 
; (10\4{/ 4\3 2/2\3 
2 22 Rd Pay ey en = — 
(92¢) 82) «27 (7) ((3) se) +5() ce, 2) Kaden, 
+ 
(924) B,(23) = —15 (3) (2, 3)¥,Loy - 


All other B,(JJ') are neglected. The parameters X, Y,, Y, which are de- 
fined by eqs. (70) to (72) are of degree one in Za/R. 

When we refer to a first or second forbidden transition, it will be understood 
that the transition is not unique forbidden unless an explicit statement to the 
contrary is made. With the exceptions of RaE, ‘Sb, and %*Re, the shapes 
of all measured first forbidden spectra are allowed within experimental errors. 
A current explanation (1?) of the allowed shapes is that the (Zx/R)? terms of 
the 8 spectrum A,(#) are dominant for the nuclei in question. These terms 
have the allowed shape D(H) to a good approximation. Whenever this explan- 
ation is correct, the Coulomb energy terms should also be dominant in the 
correlation parameter A,(#); and the large Zx/ER approximations will give 
an accurate picture of the energy dependences of both A,(#) and A,(#). In 
particular, the energy dependence of A,(#) should be very nearly that of 
D(E)L, as can be seen from eqs. (91). 


14 - Supplemento al Nuovo Cimento. 
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However, one reservation to this statement must be made. B,(22) and 
B,(22) are neglected in the large Zx/ER approximations. These functions are 
both equal to certain numerical factors times @(1, 2)?Z,; and L, is markedly 
sensitive to the energy #. If the spectral shape is allowed and the absolute 
selection rules do not require @(1, 2) to vanish, then B,(22) must be negligible 
compared with the Coulomb energy terms of D(£)-14,(F); but this does not 
imply that B,(22) is negligible compared with the Coulomb energy terms of 
D(E)YA,(E). That B,(22) is negligible can be explained by the fact that it 
competes in D(E)-!A,(£) with terms of degree two in the Coulomb energy; 
but D(E)A,(E) is only of degree one in the Coulomb energy. Therefore, it 
is conceivable that B,(22) may play a detectable role in an angular correlation 
even though the spectral shape is well measured and very nearly allowed. 

It is possible that a partial cancellation of matrix elements may occur in 
the parameter X of eqs. (73) so that the large Zx/ER expressions become about 
the same size or smaller than the terms which are neglected in the approxim- 
ations. This is the current explanation of the marked deviation from an 
allowed shape of Rak (*!). Also small but noticeable deviations from the 
allowed shape may occur because of terms which are of the first degree in both 
the Coulomb energy and kinetic energy and which are neglected in the ap- 
proximations. These deviations derive mainly from the (Zx/R)T(1, 0)? and 
XS(1) terms of the 6 spectrum and not from the XY@(1, 1) term, as can be 
seen by referring to eqs. (73a) and (735). The X@(1,1) term is a slowly 
varying function of E, because £-+g is the constant £,,, and the energy 
dependences of L, and P, are given to a fair accuracy by their low Z ap- 
proximations 1 and E. 

If the Coulomb energy Za/R is infinitely large compared with #, then the 
spectral shape is identical with that of an allowed transition; and the aniso- 
tropy is zero, because A,(#) and A,(#) are respectively quadratic and linear 
in Zx/R. This suggests that an observed allowed shape which is due to a 
large value of Zx/ER will imply a weak correlation. However the special role 
played by the matrix element C(1, 2) actually permits a sizeable anisotropy 
even when Za/ER is large and the observed spectral shape is allowed (9). The 
term which contains this matrix element in the @ spectrum is usually neglig- 
ible or small compared with the terms of the second degree in Za/R. Ex- 
ceptions to this rule can occur only when Za«/H,, Fk is not large or if the matrix 
elements in XY almost completely cancel each other (and /,#1). In A,(£), 


(°°) In ref. (4°) Fucus notes that interference terms between matrix elements be- 
longing to different multipole orders (J) can destroy the correspondences which exist 
between spectral shapes and anisotropies for single matrix elements. Except for TI, 2) 
the first forbidden elements produce almost allowed shapes and weak correlations when 
Za/ER is large and no interference terms are included. 
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however, the element @(1,2) oceurs linearly in terms (91d) and (91e) (99) 
which are of the first degree in the Coulomb energy. Therefore T(15 2) is 
always important in the anisotropy even when it is negligible in the 8 spectrum. 
For example, suppose that the nucleus is heavy or moderately heavy and 
that E — 2.2. Then for a 8-y decay scheme 1(—) >2(+)->0(+) and a 
value $ for the ratio T(1, 2)/X the term (91e) would alone contribute a mag- 
nitude roughly equal to .15 to the anisotropy; and the TC(1, 2)? term would 
constitute only about 3.5 percent of the total correction factor. 

Well measured second forbidden spectra also have a characteristic shape 
which is explained by the large values of Zx/ER (23). Their experimental cor- 
rection factors are quadratic or almost quadratic in E; and this is explained 
by the dominance of the large Zx/ER approximation (92a) over other terms 
in D(EY!A,(E). Conversely if the ® spectrum is well measured and proves 
to have the shape given by (92a) we would expect the other large Za/ER 
approximations (92b) to (92d) to be valid. However, several reservations to 
this statement must be made. The expressions B,(33), B:(33), B,(23), and 
B,(33) given by eqs. (74) are completely neglected in the approximations. 
It is plausible that B,(33) and B,(33) are negligible because they must compete 
with terms of the second degree in the Coulomb energy and are themselves 
of degree zero in Zx/R. ‘However, it may be that B,(23) and B,(33) play 
detectable roles in angular correlations for reasons analogous to those given 
above for the first forbidden B,(22). Also the terms of Y, may partially cancel 
each other so that the large Zx/ER approximations become poor for B,(J.J’) 
and B,(JJ'). 


44. Experimental Determination of Matrix Elements, — We confine the bulk 
of the present discussion to non-unique first forbidden transitions and assume 
that pure multipole y radiation is involved. The determination of second 
forbidden matrix element ratios is briefly considered afterwards. 

The general form of the (-y directional correlation for first forbidden 
transitions is 


(93) W(0) = a, + a,P, (cos 0), 
where 


1, AE 
(94) as ma PLy1.1,) . 


The ratio a,/a, is related to the anisotropy by eq. (75). The factor 7, is the 
pure y-ray directional correlation which is well tabulated. A,(#) is given by 


eqs. (3) and (73). 
As(E) and A,(#) are quadratic forms in the first forbidden matrix ele- 


> dba a ee ee SRT VAI Mn ee oe te eee 
n 2) at Wat te 
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ments (61). Ratios of these elements are unknown parameters whose values 
are to be determined by fitting the data. When J, = J, there are four such 
independent parameters. Convenient choices for the parameters which are 
suggested by the structure of the general formulae (73) are 


X S(1) . ©(1,2) T(1, 0) 
Cll, 1)” BY CLI Gl) SNA 


When I,#1,, we have @(1, 0) =0; and the number of parameters reduces 
to three. The scalar element S(1) and the tensor elements T(L, 7) are de- 
fined by eqs. (16) to (19) and (47). X is a linear combination (70) of three 
matrix elements and is of the first degree in the Coulomb energy. For I, #1 
terms containing X are usually large compared with all other terms and con- 
stitute the large Za/ER approximations (91). For I, = J, there are additional 
Coulomb energy terms containing the element @(1, 0). The explicit separation 
of the Coulomb energy terms from other terms in the formulae (73) facilitates 
the analysis of data as will be illustrated below. 

It is desirable to extract as much information as possible about the matrix 
element ratios from measurements of @ spectra and {-y correlations. Such 
information is useful as a test of any nuclear model from which the matrix 
element ratios can be computed. For the present purpose it is important to 
select appropriate methods of graphing the data. The ® spectrum A,(#) is 
a product of the statistical factor D(#) and the correction factor; and it is 
only the latter which depends on matrix elements. In the graph of the 6 
spectrum itself, the effects of the matrix elements are masked by the strong 
energy dependence of D(E). The Kurie plot is useful for finding Ex if it is 
not already known; but only the curvature and not’ the slope of the Kurie 
plot will yield information about the matrix element ratios. It is desireable 
to plot the correction factor (*?) instead: 


(95) D(E)-1A,(B) vs E, 


which represents the non-coincidence count divided by D(#). This eliminates 


(°1) For definitions, see eqs. (16) to (19) and (45). For correspondences with other 
definitions, see Table I and the accompanying discussion in Sect. 2. Our matrix ele- 
ments cannot be equated to the conventional ones in ref. (°°). Ours are reduced matrix 
elements of spherical tensors and are defined with non-relativistic wave functions. Those 
of ref. (5°) are elements of Cartesian tensors, including Dirac matrices like x. Note 
that matrix elements of Cartesian tensors can not be used in an angular correlation 
formula which contains interference terms of different order tensors, like T(1,0)T(1, 2). 

(52) See the graphs, for example, of F. T. Porrpr, M. 8. FREEDMAN, T. B. Novry 
and F. Waaner, Jr.: Argonne National Laboratory Report 5525 (1956). 
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the irrelevant energy dependence of D(E); and we get a graph whose slope 
can be sensitive to and give direct information about the matrix element para- 
meters. There is an analogous situation for the directional correlation measu- 
rements, namely the coincidence rate counts at 180° and 90°. The large Zx/ER 
approximations (91) show that the energy dependence of A,(#) is principally 
contained in the factor D(E)L,. In a plot of the anisotropy itself, the effects 
of the matrix elements are masked by the strong energy dependence of Ly. 
(D(E) does not occur in the anisotropy, because it cancels out in the ratio 
of A,(E) to A,(E).) Therefore, it is desireable to plot 


(96 ) (L10) !(a2/00) vs È , 
instead of the anisotropy. The graph (96) is experimentally 


(97) (aa W(180°) — W(90°) 


2 ass) + 2790) £ 


If the second degree Coulomb energy terms in A,(H#) and the first degree 
Coulomb energy terms in A,(#) are dominant, then the experimental points 
(assuming no systematic errors) can be fitted by horizontal straight lmes both 
for (95) and (97). This corresponds to an allowed shape in the case of (95). 
Conversely if the graphs (95) and (97) are both horizontal straight lines within 
the limits of error, it is plausible that the large Zx/ER approximations (91) 
are valid. Then we can determine at best only a linear relation between 
S(1)/X, T(1, 1)/X and T(1, 2)/X when J,+ I, and only one independent quad- © 
ratic relation between the matrix element parameters when J, = /,. These 
relations can be computed directly from the ordinate of the graph (97); little 
information can be obtained from the correction factor plot (95), because a 
very wide range of reasonable parameter values will all yield an allowed shape 
within the experimental limits of error. If there is a mutual cancellation of 
the Coulomb energy terms in X when J, 1, or if E, x is sufficiently large, 
there is a chance that one or both of the graphs will noticeably deviate from 
horizontal straight lines. Then we can hope to extract more information from 
the data as is discussed below. 

The coincidence rates at 180° and 90° can also be used to compute the 
correction factor D(#)—a,. In this connection, an examination of the theo- 
retical formulae shows that [D(#)L,.|-a,, is a linear function of E in the 
low Z approximation. It was pointed out in Sect. 43 that the low Z ap- 
proximations have almost the same shapes as the exact formulae. This sug- 
gests that we plot both of the coincidence rate expressions 


(98) OD(E)-a) = D(E)-14[ W(180°) + 2W(90°)], 
(99) C[D(E)Lyo} !a, = [D(E)Luo]"® 3[ W (180°) — W(90°)] 
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as functions of E. Here C denotes an unknown normalization factor whose 
value is to be determined from the data. It is assumed that C(1, 1)? has been 
factored out of both theoretical formulae and has been absorbed into the 
parameter C; this leaves the formulae as functions of matrix element ratios. 
Let us assume that the experimental points of (99) do fall approximately on 
a straight line and that both of the plots (98) and (99) cannot be fitted by 
horizontal straight lines. The value of C and one quadratic relation between 
the matrix element ratios can be computed from the slope and the ordinate 
at any point of the line (99). This value of C is then substituted into (98), 
which can be used to obtain two more independent quadratic relations between 
the matrix element ratios. Therefore, it becomes clear that a non-allowed 
spectral shape (e.g. !24Sb) offers an opportunity to determine all of the matrix 
a? 1. If the spectral shape is allowed or almost al- 
lowed, on the other hand, it is probable that only one or two independent 
quadratic relations between the matrix element ratios can be found. The 
comparative ease with which the experimental plots of (98) and (99) can be 
analyzed and qualitatively discussed makes it desireable to use these methods 
of graphing. Another possibility is to use (97) and (98), which has the slight 


element ratios when / 


advantage that D(H) is not required to graph (97). 

The purpose of referring to the large Zx/ER and low Z approximations 
in the above discussion was to enable us to discuss the % spectrum and {-y 
correlation qualitatively and to make plausible some conclusions which are 
not obvious from the complicated general formulae. In practice, to obtain 
the parameter values with a maximum of accuracy, it is advisable to use the 
more exact formulae and make a least square fit of the data. However, it 
may be useful in some cases to make an initial analysis of the data with one 
or both of the approximations. This would not take much time and would 
give an idea of what can be accomplished by a more exact analysis. The large 
Za/ER approximations can be so used when the experimenta! points in the 
plots (98) and (99) can both be fitted by horizontal straight lines within the 
limits of error. 

We next consider the second forbidden angular correlation. The formulae 
are alike those given by eqs. (93) and (94) and the mode of calculation is the 
same with the important difference that the second forbidden correlation also 
contains a P,(cos 0) term. The second fobidden A,(#) are quadratic forms in 
the matrix elements (*') 5(2), T(2, 2), T(2,3) and T'(1; 2). The general for- 
mulae (74) for the second forbidden B,(£, JJ’) are expressed as quadratic 
forms in Y,, Yi, 5(2), T(2, 2) and T(2,3). The parameters Y, and Y, are 
themselves linear combinations of 5(2), T(2, 2) and ©'(1, 2) as defined by 
eqs. (71) and (72). They are both of the first degree in the Coulomb energy 
and play roles closely analogous to the role of A in first forbidden transitions. 
It is suggested that the scalar matrix element in the general formulae be 
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replaced by using the relation 


isla [Za LUANA) 
(100) (3) 50) =[7) 2, 2) +7 (Dl) - VM) (VV); 

which is derived from the definitions (71) and (72). This replacement leaves 
the formulae as functions of Y,, Y,, €(2, 2) and T(2, 3). The ratios 


1%; Yi T(2, 3) 

(3, 2)’ C2, 2)’ T (2, 2)? 
can then be used as the three independent parameters whose values are to be 
adjusted to obtain a fit with the data. 

The most important properties of the second forbidden A,(#) can be seen 
from the large Zx/ER approximations (92). Let us assume at first that these 
approximations are sufficiently accurate so that they can be used to fit the 
data successfully. Then the dominant terms in the correction factor are 
approximately equal to a numerical factor times Yiq? + Yîp®; and the spectral 
shape would enable us to deduce the value of Y?/Y7 and nothing more. This 
will be the usual case. 

If the approximations (92) are all valid, no new information about the 
matrix elements can be gained by measuring the conventional anisotropy. 
Because of the additional P,(cos 0) term, the anosotropy is now 

W (180°) — W(90°) 3a, + dy 


101 N AA SS 
cam W (90°) AG, — 3a, + $0, 


a, in the above formula is the % spectrum. a, contains a term which is of the 
second degree in the Coulomb energy and proportional to Yî. All other terms 
of a) and a, are at best only of the first degree in the Coulomb energy and are 
neglected in the approximations. a, is also of the first degree in the Coulomb 
energy and is not greater in its order of magnitude than the neglected terms 
in a) and a,; therefore, a, should be neglected in eq. (101). The net result is 
that the dependence of the anisotropy on matrix element ratios is a dependence 
on Y;/Y} alone; and the anisotropy measurements yield no information about 
the parameters beyond that already deducible from the 8 spectrum. 

To obtain a maximum of information about the matrix element para- 
meters, it is necessary to measure the differential }-y correlation W(0) for at 
least three value of 09. The objective would be to determine both a,/a) and 
ala, for several values of FH, a task which cannot be accomplished with 
the coincidence counts at 180° and 90° alone. Also the energy dependence 
of a, (i.e. the f spectrum) is determined by measuring W(0) at three or more 
angles. The values of a,/a, and a,/a, at any given value of £ furnish two in- 
dependent quadratic relations between the matrix element parameters. Of 
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course, if the P,(cos 0) term can not be detected by the measurements, our — 
conclusion does not apply. 

It is clear that no more than two independent relations between the para- 
meters can be obtained from the data if the approximations (92) are all valid; 
then the parameters can not be determined. If the experimental points deviate 
appreciably from what is predicted by the approximations, then it is probable 
that the parameters can be determined. For reasons discussed in Sect. 4°3, 
the approximations may be poor for A,(#) and’ A,(#) even when they are 
good for the 6 spectrum A,(#). Therefore, the possibility of determining the 
second forbidden matrix element parameters may not be so rare an event. 


£45. Determination of Nuclear Spins and Parities. — B-y correlations are 
helpful in determining nuclear spins and parities. This application of coinci- 
dence rate measurements is often possible without the lengthy analysis which 
must be used to determine matrix elements ratios. To cite a much used example, 
if a f spectrum has an allowed or almost allowed shape, we still cannot say 
whether the 8 decay is allowed our non-unique first forbidden. Now, if there 
is also an accompanying }-y correlation with a definite anisotropy (e.g. > .05), 
this demonstrates that the ®@ transition is non-unique first forbidden, which 
‘ pins down the parity to «yes » and the spin change to 0 or 1. If the anisotropy 
is zero within the limits of error, we can say tat the 6 transition is probably 
allowed; but we can not be sure until an analysis has been made to determine 
if extranuclear fields or a destructive interference of the 8 decay matrix ele- 
ments could have so weakened the anisotropy that it became impossible to 
detect. 

When a @ spectrum has a non-allowed shape but does not have a definite 
second forbidden shape, it is sometimes difficult to tell whether the £ trans- 
ition is non-unique. first forbidden or is second forbidden. The second for- 
bidden anisotropy has a markedly different energy dependence than the non- 
unique first forbidden anisotropy. Therefore, an analysis of the shape of the 
anisotropy can determine which order of forbiddeness is the correct one or 
can be used to confirm an independent conclusion drawn from the spectrum 
and lifetime. In this way, it has been possible to show that the decay of 
124Sb to the first excited state of 12*Te is probably first forbidden and not 
unique (5). Since the shapes of the second forbidden and unique first for- 
bidden spectra and anisotropies are similar, what has been said above also 
applies to distinguishing between unique and non-unique orders of forbiddeness. 

It may also be possible to distinguish between unique first forbidden and 
second forbidden transitions by anisotropy measurements. If a P,(cos 9) term 


(93) M. Yamapa and M. MORITA: ref. (24) (1953). 
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(i.e. a cost 0 term) is detected, then the transition is certainly second forbidden. 
However, if a P,(cos 0) term is not detected, no definite conclusion can be 
drawn; it may just be negligible. Then, an analysis must be made of the 
anisotropy. The unique first. forbidden anisotropy is easily computed from 
the relation 

Ay 


(102) — = — Fy(LI1,)(2I, + 1)#W (11.22; 21,) | 


gt 01 
Ko 


2) GL, + 9L,’ 
which is a special case of eq. (94). Notice that eq. (102) contains no unknown 
parameters. If there is a definite discrepancy between the anisotropy measu- 
rements and the above formula, then the 8 transition is not a unique first 
forbidden decay. If there is agreement or near agreement between the data 
and eq. (102), then we must investigate whether or not the data also agree 
with the corresponding second forbidden formula. The second forbidden for- 
mula can have the same energy dependence as the unique first forbidden 
formula only if we neglect all terms in the second forbidden A,(E), except 
those terms which are of the second degree in the Coulomb energy. Let us 
do so. Then the second forbidden anisotropy has exactly the same form as 

eq. (102), except that q?Z, must be multiplied by the unknown parameter 
— Yi/Yi. This parameter can conceivably be 1. Therefore, we can not be certain 
that the 8 transition is unique first forbidden if the formula (102) agrees with 
the data. However, if the agreement is good, we can make a plausibility sta- 
tement to that effect; and we can certainly say that the 6 transition is not 
second forbidden, unless the second degree Coulomb energy terms are do- 
minant and Y?/Yi~1. 

If we assume or know that the 6 transition is unique first forbidden, then 
eq. (103) can be used to establish the specific values of J,, J, and [,. This 
is possible because of the complete absence of unknown parameters in the 
formula. The sensitivity of the non-unique first forbidden anisotropy to matrix 
element interferences makes it extremely difficult to use it for independently 
determining the specific values of I;, Z, and I,. This is especially true, because 
these interferences can grossly affect the anisotropy without appreciably af- 
fecting the spectral shape. 


5. — Allowed Transitions. 


A non-vanishing pseudoscalar coupling constant would result in a deviation 
of the allowed @ spectrum from its usual shape. This effect has been used 
to determine upper bounds of 100 and 50 for G,/G, (5) from the 6 spectra 


(5) G. Araga, 0. KoroED-HANSEN and A. WintER: Dan. Mat. Phys. Medd., 28, 
No. 3 (1953). 
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of “He and "B respectively. FUJITA and YAMADA (5°) obtain — 52 < G,/G,< 19 
from the same spectra. The high kinetic energies involved in these decays 
enhance the determination of an upper bound. The formula used is a plane 
wave (Z = 0) approximation of the allowed { spectrum. 

It may also be possible to obtain upper bounds for G,/G, from measure- 
ments of allowed {-y directional correlations, since a non-vanishing pseudo- 
scalar coupling constant would result in a non-vanishing anisotropy. The 
anisotropy depends on the scalar element S(0), the tensor element (0, 1), 
and the two pseudoscalar elements Q(1) and @M’(1); these matrix elements 
are defined by eqs. (47). For the present purpose, it is desireable that the 
parent and daughter nuclear spins of the @ transition be unequal and that 
the nucleus be light or almost light. The first of these conditions eliminates 
the unknown scalar matrix element 5(0). The second condition as will be 
discussed enables us to neglect the pseudoscalar matrix element Q’(1). The 
net result is that the anisotropy depends only on the ratio of the pseudoscalar 
element (1) to the tensor element T(0, 1). According to the definitions (47), 
this ratio is 


(103) P(1)/T(0, 1) = V3 (G,/2MG,) , 


where M is the mass of a nucleon. Therefore, the anisotropy will contain 
only one unknown parameter, namely G,/G,. This is the basis of the present 
discussion. Of course, we assume that there is pure multipole y radiation. 

We first discuss the element Q’(1) since our ability to neglect this element 
is important to the entire procedure (*). For every term involving D(J) in 
the reduced matrix elements (58), there is another term exactly like it except 
that D(J) is replaced by w,(r, xb)P'(J). The factor w,(7, xb) is defined by 
eq. (44) and explicit formulae for it are given by eqs. (54) to (56). It is im- 
portant to note that the variable r in w,(r, xb) is actually an integration variable 
in the integral D'(J). (See the discussion in Sect. 2). For J > 0, the element 
DP'(J) has an order of forbiddeness two higher than D(J) according to the 
usual classification of matrix elements. For example, Q’(1)/M(1) would be 
represented by fo-xx/fo in the conventional cartesian notation. Therefore, 
except possibly for some «/ forbidden transitions », we would expect the fol- 
lowing order of magnitude relation to hold for the ratio of the M’(1) term to 
the D(1) term: 


È w(r, +1)|D'/D\|~ w,(R, +1)R?. 
When FR is small 


w,(R, 1)R? ~ — (Za)?/2. 


(6) J. Fusrra and M. Yamapa: Prog. Theor. Phys., 10, 518 (1953). This paper 
notes that the derivative terms (Q’‘(1) terms) are small when Zx< 1. 
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When Zx/ER is zero, w,(R, —1) is zero; when Za/ER is not small 
w.k,-1)R--1. 


These order of magnitude relations are obtained from egs. (54) to (56). It 
can be seen that D'(1) is unimportant compared with (1) in the xb = +1 
terms of the reduced matrix elements (58e) and (58d). Precise calculation 
shows that we can neglect D'(1) in these terms when Z — 50, because w,(R, 1)R? 
is then less than .1 for any reasonable value of EB. The only D'(1) element 
left to discuss is the one in the xb = — 1 term of (58c). With few exceptions, 
this term can not be neglected unless we can also neglect the entire D(1) term 
in (58c). Both terms have the same order of magnitude as long as Zx/ER is 
not small; and Zx/ER can be sizeable even for light nuclei. A formula for 
the anisotropy will now be derived in an approximation which is ‘adequate 
for our purpose and which automatically eliminates all of the pseudoscalar 
matrix elements in (58c). 

The steps in the derivation will be stated without giving the details of the 
calculation. We assume that the nucleus is light or almost light; this eliminates 
the D'(1) element in (58d). We assume that 7,4 I, wereupon S(0) vanishes; 
later we give a simple prescription for taking S(0) into account when J, —TJ,. 
The correlation parameters A,(£) are computed by using eqs. (2), (3) and (58). 
The anisotropy is contructed from these parameters by using eq. (75). Since 
the correlations under consideration are always isotropic or very weak, the 
anisotropy is 3a,/2a, to a good approximation. We can expand the anisotropy 
in powers of G, 2MG,. It is an adequate approximation to neglect those 
terms of the expansion which are of the second and higher degree in G,/2MG,; 
the error will be given below. This eliminates all of the pseudoscalar matrix 
elements in (58c), because they occur only in the neglected terms of the ex- 
pansion. The result for the anisotropy is 


104 Anisotr ed Gp 

er mit gid ta 365 2MG,’ 

where 

(105) N = $F,(L,1,1,(2v/6 (21, +1)*W(I,1,21; 11,) . 


Here the low Z approximations (87) to (90) have been used for the energy 
dependent coefficients in (104). F, is the pure y-ray directional correlation 
which is well tabulated (2%); LZ, is the y-ray multipole order. The expres- 
sion (104) if divided by 1+(5(0)/T(0, 1))® can also be used for I, = I, trans- 
itions provided there is a reliable way of estimating the ratio of the scalar 
to the tensor matrix element. The dominant error in the formula (104) due 
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to the neglect of terms of the second and higher degree in G,/2.M di is given by 


G 
(106) Relative Error > —£ 7 V(r) + 


Ef 9 5:2 og 
2MG,\ R ) 


CESENA 


Table VII gives some illustrative values of the anisotropy computed from 
eq. (104) by assuming that @,/@, = 100. These are listed for the only light 
or almost light nuclei which have measured {-y: correlations. The spin and 
parity changes in the decay of 24Na to the first excited state of **Mg are given 
by 4(+) > 4(+) + 2(+). We have arbitrarily set S(0)/T(0,1) =1 in this 
case. The spin and parity changes in the decay of ?*Na to the ground state 
of 22Ne are given by 3(+) > 2(+) > 0(+). The table shows how precise the 
measurements must be to obtain an upper bound of 100 or less for G,/G,. 
Obviously a considerable improvement is needed. 


TaBLe VII. — Anisotropies of B-y decays of ?2Na and *Na assuming that G,/G, = 100 
and letting 5(0)/C(0, 1) = 1 for ?*Na. 


Anisotropy 
- i E (MeV) 
computed measured (°°) | 
UNA .015 .02 + .019 | 1.56 
22Na — .055 — .005 + .041 -95 
— .004 — .021 + .027 .-79 


It is conceivable that an increase in the precision of }-y correlation measu- 
rements may turn up a non-vanishing (though very weak) anisotropy for a 
case where the 8 transition is allowed. This would not necessarily imply that 
G,/G,#0. Caution would have to be used in drawing conclusions, since the _ 
anisotropy may be due to certain second forbidden matrix elements which 
are normally neglected in 6 decay (9”). 


I wish to thank Prof. Frrtz CoRSTER for suggesting the topic of this thesis 
and for his help in making its completion possible. 


(66) D. T. Stevenson and M. DeuTScH: Phys. Rev., 83, 1202 (1951). Other re- 
ferences on *4Na are given by H. FRAUENFELDER, ref. (1°). 
(5?) M. MorITA and M, YAMADA: Prog. Theor. Phys., 13, 114 (1955). 
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APPENDIX 


Transformation between jj and LS Coupling (*). 


The unitary transformation which holds between the two particle states 
Ud AjjoJ M) and |W,34LSJM) implies the following relation between Clebsch- 
Gordan coefficients: 


(A.1) XD (Homo | JM) (L4ns |jm)(lotno80 | jomo) = 
i = X(jjo P(Uo44I) | LS) Y (LSNt|JM)(Uymn,| LN)(34880| 87). 


NT 


To obtain eq. (39) from eqs. (31) and (38), we replace so by — s in (A.1), 
multiply both sides of (A.1) by (—1)**, and use this modified eq. (A.1) to- 
gether with the relations 


(A.2) > (Mmm | LN) ¥"(Q)* ¥%(Q)* = 
is = [(4x)-(2L + 1)1(21 + 1)(24, + 1)]A(,00| L0) ¥2(Q)* , 


(A.3) > (44889|.91)(— 1)» = 2 8(8, 0)(8|1| 8) + se 4(S, 1)(s]o** |) . 


85) V2 V2 


Eq. (39) then follows from the definitions (16) and (17) of the solid harmonics 
and the fact that (LON0|JM) = 6(L, J)6(N, M). 
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We will consider the determination of time and discuss a device providing 
a new spectroscopic tool as well as a new kind of amplifier, oscillator and 
« molecular clock ». 

First, however, we shall look at the classical methods for determining time. 
Time is defined by the rate of rotation of the earth on its axis. This can be 
measured astronomically by the transit of a star to an accuracy of a few ms, 
which is equivalent to a few parts in 105 relative to one day (~ 10° s). A second 
more tedious but rather accurate way is to study the orbital period of the 
earth or the moon over 10 or perhaps 20 years (making the necessary per- 
turbation corrections). The results from the rotational and orbital methods 
respectively are found to differ at times by as much as one part in 20 mil- 
lions. The two orbital methods (earth and moon) agree with each other some- 
what better than this, which is taken to indicate a variation in the earth’s rate 
of rotation. 

Another method of time measurement is based on the oscillating quartz 
crystal, which is cut in a special way (small temperature coefficient) so that 
it has a sharp dimensional resonance that is quite accurate and constant. 
This type of standard is not absolute, because the frequency depends on the 
size and the variation of the crystal. The loss of one atomic layer (~1 A) 
from a crystal of dimensions of the order of 1 em is equivalent to a change 
in frequency of one part in 10°. A quartz crystal over a short period is con- 
stant to about 10-*, but over a longer period, say 1 year, only to 10-58, because 
molecules are lost from the surface. Close comparisons between the quartz 
crystal and the rotation of the earth show seasonal variations of the latter 
of the order of a few parts in 108 (connected with the winds), and in addition 
longer term variations. 
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Another method for obtaining an accurate clock is based on use of the fre- 
quency of a spectroscopic line. This is a quantity that depends, presumably, 
only on the fundamental constants. Fig. 1 shows the line shape plotting re- 
sponse versus frequency in a typical spec- 
troscopy measurement. 

The spectral region of radio frequencies A 
or microwaves is used because it is possible 
to divide these frequencies electronically 
down to a frequency that will « run a clock ». 

Recent technological developments now 
allow electronic techniques to, be used in the microwave region where many 
spectroscopic lines occur. The determination of the center of an absorption 
line can, for example, be done by measuring the resonance absorption shape 
with a microwave oscillator and locating the peak, or by finding the two 
Symmetrical points A and B (Fig. 1). The accuracy to which this can be done 
is about 10-?. A better technique is one using molecular beams (RABI, 
ZACHARIAS, ESSEN, etc.) whereby a somewhat Sharper line is obtained. The 
work of ZACHARIAS is still in development; however preliminary comparison 
with a quartz crystal oscillator indicates that it will at least provide an 

accuracy of one part in 10°. 

A new method has been developed recently at 
Columbia by Gordon, ZEIGER and TOWNES which 
seems to allow great stability and accuracy. In this 
method, a line in the spectrum of the NH, mole- 
cule is used, so let us look first at this molecule. 
Structurally, ammonia has the form: 


Piste 1: 


Vv 


vali 
N—H 
NH 
Fio. 2. 

This gives rise to a molecular potential of the 
form indicated by Fig. 2. Each of the vibrational energy levels shown in 
this figure is actually a double level. The lowest of those doublets is shown 
in Fig. 3. 

Transitions between these two states gives a frequency near 24000 MHz, 
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- which can be regarded as the frequency with which the molecule inverts. In 
an electric field there is an electric dipole matrix element connecting the two 
States, which gives a second order perturbation splitting, repelling the states. 
The splitting is represented schematically as a function of the field in Fig. 3. 
The experiment is done in a type of molecular beam apparatus. <A block 
diagram is shown in Fig. 4. 

As we shall see, the focusser acts so as to pick out only the NH; molecules 
in the upper state. Normally, these have a very small probability of decay 
— their usual mean life is of the order of 1 day. In the cavity, however, the 

molecules can be made to decay. If one quan- 
tum of the resonance energy is present, it will 
be trapped in the cavity. It will stimulate 
emission of additional quanta which again are 
trapped, and so forth as the process accele- 
rates and the molecules decay. This can be 
seen to be analogous to a chain reaction in a 
nuclear reactor, where the quanta correspond 
to the neutrons, the cavity is a reflector, and 
no moderator is needed. 

Let us look more closely at the focussing 
field. A cross-section of the focusser in shown 
in Fig. 5. This will be seen to give an electric 
‘quadrupole field; zero at the center and strong at the edges. The potential 
in such a field may be written as 


V= avy, 


and the components of the field are therefore 


i V 
E,=—- = =— Wy; KE =— =—_— 4%, 


and | E|j? = a?r?. 

Since the Stark effect is of second order, the energy will be proportional 
to the square of the field. That is AH = uE?, where uw depends on the dipole 
matrix element. But since E oc r?, AH cc r?. This means we have a harmonic 
oscillator situation. For the upper level the energy increases with in- 
creasing field, so with increasing r, and molecules in this state will therefore 
be turned toward the axis by the «oscillator restoring force » and focussed. 
The lower level has decreasing energy for increasing field and therefore is 
defocussed. The focussing condition is not critical since we want simply to 
upset the Maxwell-Boltzmann distribution and have a preponderance of ex- 
cited states entering the cavity. 

In the cavity there may not be sufficient molecules for sustained oscillations. 


| 
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In this case one can introduce microwave power in the input guide; this power 
will stimulate the decay of the molecules. The power coming out will thus 
be amplified just at the resonant frequencies. In our analogy to a nuclear 
reactor, we can think of this as a reactor below critical acting as a neutron 
amplifier. Clearly in addition to being a very narrow band amplifier, the device 
is also a molecular beam spectrometer; except that here we do not detect the 
molecules themselves as in a usual beam experiment. Also, in this device 
beams of about 10! molecules/s are needed. This is substantially higher than 
the usual beams experiments, where about 106-109 molecules/s are used. 

As a spectrometer the device is not as sensitive as an ordinary micro- 
wave absorption spectrometer, but the important difference is that one gets 
much higher resolution with the new device because of a sizable reduction in 
the Doppler width. This reduction is achieved by making the radiation 
mostly perpendicular to the direction of motion of the beam. To do this, one 
decreases the diameter of the cavity and lengthens it in the direction of the 
beam motion. This may be achieved by increasing the phase volocity of 
the radiation. Since the Doppler width is given by Av = v(v/e,) where v = ve- 
locity of molecules and c, = phase velocity of radiation, an increase in c, 
makes Av smaller. In actual practice the lengthening has the effect of 
making e, ~ 156, and thus resolution is put up by a factor of 10 or 12. 

Thus far we have talked only of the simple inversion line. Actually the 
levels ar split into many levels by the h.f.s. interactions both of the nitrogen 
quadrupole moment and of the hydrogen nuclear magnetic moment. Nitrogen 
has nuclear spin 1, and in our case, the three hydrogen nuclei are always in 
a spin-parallel state. Thus the nitrogen will split a level into three levels, 
and the hydrogens each of these levels into four. Transitions between the 
two sets of twelve levels give rise to a complex spectrum, but one that can 
be quite completely resolved by this device. 

AS a microwave amplifier this device works as a highly tuned amplifier, 
and its peculiar feature is that is it very noise-free. Particles coming in 
are uncharged, so they do not produce any variation of field in the cavity. 
In vacuum tubes we have electrons moving with a relatively high energy; 
in the microwave region this will give a noise spectrum which is about ten 
times the one expected from pure thermal fluctuations. In our case, each 
mode of vibration of the field is thermally excited to a relatively high energy, 
so that kT > hy. In fact, kT/hy = 200 and zero point fluctuations in the 
vacuum are negligible compared to thermal fluctuations of the field. One can 
improve the signal-to-noise ratio by having low temperatures in the cavity. 
This narrow band amplifier is applicable at the moment only to the amplific- 
ation of molecular spectral lines, but it may prove useful for radio-astronomy, 
where microwaves of comparable wavelengths are observed, and where the 
signal-to-noise ratio is of primary importance. 
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As an oscillator and as a time standard its applications are more imme- 
diate, and its main advantage is its high stability. This can be tested by 
coupling two similar oscillators with slightly different frequencies (20 or 30 Hz 
difference), and by observing the beats through a non-linear device (a Si crystal). 
The fluctuations of frequency observed in the beat frequency are less than 
10-! Hz so that the relative fluctuations of frequency of each oscillator are 

of the order of 


1051 5 
ni ii rio 
This shows that the oscillator is much more 
monochromatie than those from any other 
source known. This result can be interpreted 
theoretically by the following considerations. 
If we represent the signal by means of the 
Fig. 6. rotating vector A (Fig. 6) the effect of noise 
can be represented by a small vector N, 
forming a random angle with A. The amplitude of noise is proportional to 
VEkTAv, where Av is the width of the spectral line, while the amplitude of 
the signal is proportionat to the square root of the power P, brought in by 
the incoming molecules. The noise causes a change of phase in the signal; 
when N is at right angles with A, this change of phase is a maximum and 

is equal to the ratio between the noise and the signal amplitudes: 


Sp, = (ES 


This is the change in phase for one fluctuation; the number of fluctuations 
during the time t is Avt and since they occur with random phase, we have 
to multiply the expression given above by the square root of this number 
on order to get the total change of phase during time t due to random flue- 
tuations : 


VETTA 
NB VR VtAp . 
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The fractional change in phase is obtained by dividing A@ by the total phase 
during time t: 


2rvt 


Ao _{/iT x 
Il P, v2a/t ’ 


Av/y =1/Q, is the fractional width of the spectral line; in our case it is 


RECENT DEVELOPMENTS IN MEASUREMENT OF TIME 


bo 
bo 
SI 


about 0.2-10-6. The fractional change is therefore: 


pa VTP 
~ 5108-27’ 


P, depends on the number of molecules one feeds into the cavity; normally 
Po ~ 10-” or 10-9 W, many orders above noise. Thus we find: 


€ 2-10-43, 


at room temperature and for #t = 18. This is about a factor of ten less than 
the upper limit set by present experimental observations. 

Aside from random fluctuations there are systematic variations in the 
oscillation frequency. These are a little different from the first, since they are 
produced by changes in the molecules and in the cavity. The most important 
change is due to pulling of the molecular oscillator by the cavity. That is, 
we have two coupled oscillators, one pulled by the other. The resonances we 
have correspond to the molecular resonance with a. reciprocal width of Q,~5-108 
and that of the cavity of Q » 5-103. The frequency is primarily determined 
by Q,. However, a change of Q or of the cavity frequency may give an effect 
on the combination of the two, and one must examine how big an effect like 
this can be. In order to examine this, let us consider molecules uniformly di- 
stributed inside the cavity. They simply provide a type of dielectric medium 
with unusual properties. The dielectric constant £ may be written: 


e=1l+4ay'+4niy". 


z' is the real part of susceptibility and zy’ the imaginary part. The unusual 
feature is that 7’ has such a sign that the medium is not « lossy » but rather 
such that a wave travelling through it gains energy. 

_ If there is a small hole in the resonance cavity, the power that comes out 
at a given frequency is given by: 


Cc 


P= Gp — ay lo SP? 


C being a constant. 39 — 277" is the width due to losses in the cavity, 30 being 
the width of the resonance in the cavity if no molecules are in it. vy, is the 
resonance frequency of the cavity with molecules. When we put in the mole- 
cules they provide energy given by 2zy", instead of a loss. Thus coming out 
of the cavity we do not have the usual thermal noise and a width given 
by the cavity response. Instead, the frequency of the cavity may have chan- 
ged due to 7’ and the width of the response is necessarily changed because 
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the losses have been decreased. In fact, the resonance response is extremely 
narrow since 27y" ~ 30. If the gain due to the molecules is just equal to the 
losses in the cavity 4Q = 277" and if y = x we would get infinite power out- 
put. But 3Q —27y" does not quite to go zero because of non-linearities. 
Once the molecules start to radiate their energy, they change y" slightly, be- 
cause a molecule does not contribute a positive value to y" after radiation. 
Furthermore, there are only a finite number of molecules which can 
contribute, so that only a finite amount of power is produced before an appre- 
ciable fraction of them have radiated. Thus the denominator does not quite 
go to zero but it goes to a very small value. 

v', the resonance frequency of the cavity, is given by vi =»,(1 + e’)? 
there », is the frequency without molecules in the cavity. e’ is the shift due 
to the molecules, and it is given by e'= 4ny'. y' varies almost linearly near 
the center of the line, y/= y"(r — »))/Av where », is the frequency of resonance 
of the line, Ay the width of the line and y’< 170. By putting this together, 
we get the effect of the change of the frequency of the cavity by the molecules 
given by: 


7 
ve + (Ye — 7° 

where 7/0, is ~ 10-8. If », — » is measured to 1 part in 10%, then v' is known 
to 1 part in 10°. 

The main questions are: how constant can we maintain a cavity and how 
closely can we set v, =v). First let us look at the constancy. The temperature 
coefficient of invar is about 10-5 per °C, so if we temperature-stabilize to 
1/1000 °C and if we have Q/Q, ~ 1/1000, we arrive at an accuracy of 1 
part in 10", but this is probably too optimistic. Over longer periods of time 
the metal may change (relaxation of strain and so on), The Bureau of Stan- 
dards, within their accuracy, have found no variations in the dimensions of 
the standard meters, over 25 years, so one may estimate an accuracy of 
10-7 for the cavity stability or 10-!° for the constancy of the oscillator 
over long periods. For shorter periods of time one can no doubt do better 
than this. 

A few things should now be mentioned that could be done with this im- 
proved time measurement — 1 or 2 orders of magnitude better than previous 
methods. There are a number of technological applications, for example the 
testing of quartz crystals for use in navigation. One might think that there 
should also be many scientific applications waiting, for such accuracy. But if 
there were any physical quantity involving time which could be measured with 
an accuracy comparable with this new time measurement, then this quantity 
would most likely already have been used inversely as a «clock». One can, 
however, investigate the earth’s rotation, its variations and fluctuations, 


a 
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and over a period of a year or so hope to map this out to an accuracy of 10-°. 
This should give valuable information about changes in the earth’s moment 
of inertia. A different type of useful experiment is to compare an instrument 


of this type with another, the two being un- 
der different conditions. One such exper- 
iment is the measurement of the red shift 
due to gravitation (see Fig. 7). Aw/e? is the 
expected fractional change in frequency. For 
a mountain 3000 meters high, this effect is 
of the order 3-10-'* and is therefore not 
immediately in view. Another kind of red 
shift is the one which is usually attributed 
to the expansion of the universe. Some theo- 


MOUNTAIN 3000 m 


Fig. 7. — Representing a difference 
in gravitational potential of Ay. 


ries prefer to attribute it to a change in the physical constants or to a change 
in gravitational time as compared with atomic time. The expansion of the 
universe has taken about 5-10° years and the red shift from sources as far 
away as they have traveled in this time has been found to be near 100 °Thus; 
in the «change of time » explanation, we would have to say that time has 
varied 100% during the time 5-10° years; and therefore during a time of 
one year a change of 2:10-! would be expected. This might be measurable 
if careful astronomical measurements were made over a period of a few years 
and compared with atomic time as taken for instance from the NH, molecule. 
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tion for one-dimensional scattering. — 3. Asymptotic form for patho- 
logical wave functions. — 4. Case where there is no bound state corres- 
ponding to a pole of the reflection coefficient. — 5. Case where bound states 
exist but the reflection coefficient does not have a corresponding pole: 
reflectionless potentials. — 6. Pathological character of the reflection coef- 
ficient <+1|S(E)|— 1). — 7. Generalizations. 


4. — Introduction. 


In a previous paper (') we have given the Gelfand-Levitan equation which 
enables one to obtain the potential from the reflection coefficient and the 
eigenvalues and normalization of the bound states. The equation we obtained 
was quite general. However, we emphasized the conditions on the reflection 
coefficient and the point eigenvalues which would lead to potentials V() 
which vanished identically for x < —, where «x is some positive number. 
This requirement was used because such potentials might be regarded as 


(*) The research reported in this article has been made possible through support 
and sponsorship extended by the Geophysics Research Directorate, Air Force Cambridge 
Research Center, under Contract No. AF-19(604)1705. 

(1) I. Kay and H. E. Moses: Nuovo Cimento, 3, 276 (1956). Also Institute of Ma- 
thematical Sciences, Division of Electromagnetic Research, Research Report N. CX-20 
(1955). 
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having the characteristics of more general potentials which vanished very 
strongly as # >— co. Furthermore, such potentials would guarantee that 
we would obtain from our theory the same reflection coefficient that we started 
with. It was found that in order to obtain potentials V(x) which vanished 
identically for x < — a it was sufficient that 1) the reflection coefficient have 
the form b(k) = g(k) exp[— 2ik«], where g(k) is an analytic function of k such 
that g(k) > 0(k-1) as |k|— oo, and g(— k) = g*(k) for real k; and: that 2) the 
poles of b(k) in the upper k-plane lie on the positive imaginary axis in such 
a way that the point eigenvalues are the squares of the poles and the nor- 
malization is obtained from the residues of b(k) at the poles. Reflection coef- 
ficients which satisfied both conditions 1) and 2) were shown to determine V (a) 
uniquely. 

We shall call scattering problems in which the reflection coefficients satisfy 
2) «normal scattering problems ». Those scattering problems for which 2) is 
not satisfied will be called « pathological scattering problems ». 

The motivation for distinguishing between normal and pathological scat- 
tering arises from the consideration of the integral equations which the « out- 
going eigenfunctions » of the continuous spectrum of H and the proper eigen- 
functions corresponding to point eigenvalues of H must satisfy, namely: 


3TE] exp[i|k|je — a’ |]V(a')¥R"(a') da’, 


—_ o 


(11) Pra) = exp[ika]— 


+0 


1 PERE n 7 / / r 
(1.2) Wp (xr) = som |e [—V/— EH, |v — 2'|]V (a')W, (0) da’ , 


t 


_ o 


where £, is a point eigenvalue of H (H; < 0). Now let us consider equation (1.1) 
for X> 0, so that |k|=k. If we continued the solution as a function of k 
in the complex k-plane to k = îv— E,, then we should have 


1 
(1.3) Wo) = exp[—VEe]— 57 — 


+ 0 
va [— /— E;|e — 2'|]V (era )de' . 


—_ o 


But (1.2) is a homogeneous equation for the function ‘7, E; of the form AY, E; 0 
whereas (1.3) is an inhomogeneous equation of the form AY, = exp[— VE], 
where the operator A is the sum of the identity and the integral operator with 
the kernel (— 1/2(— E,)*) exp |— V— E;|e— a’ |]V(x 
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Now in usual algebraic cases, if the homogeneous equation Ax = 0 has a 
non-trivial solution, then in general the inhomogeneous equation Ax = y 
cannot have one. Thus since the homogeneous equation (1.2) for ‘7, is 
assumed to have a solution, we may expect that there is no solution of the 
inhomogeneous equation (1.3). Thus the solution of (1.1) for k>0 should 
«blow up» or have a singularity in the k-plane when continued to values of 
k = i/— E;, where E, is any point eigenvalue of H. In particular, let us 
consider the asymptotic form of ¥e"(x) for K > 0. Then 


(1.4) im yeux) = exp [tka] + b(k) exp[— dka], k>Q0, 
where b(k) is, by definition, the reflection coefficient. If the analytic conti- 
nuation of ¥°"(x) has a singularity at k = iV— E,, we might expect the asymp- 
totic form (1.4) to have such a singularity also. This singularity clearly would 
have to appear in the reflection coefficient b(k). 

Now, in what we have called the normal scattering problem, this condition 
is satisfied. However, in the case of the pathological scattering problem this 
condition is not satisfied and the usual intuitive arguments given above are 
not valid. 

We shall consider in the present paper the special class of reflection coef- 
ficients which lead to pathological scattering potentials, namely those reflection 
coefficients which satisfy condition 1), p. 231, but not condition 2). Instead of 
imposing condition 2) we shall assume that the reflection coefficient b(k) has 
poles on the positive imaginary axis which do not correspond to point eigen- 
values, and conversely that there are point eigenvalues which do not corres- 
pond to such poles (*). ; 

It will be shown that the potentials V(x) obtained from such bound states 
and reflection coefficients will behave like the sum of decaying exponentials 
as «—>—co. Hence even in this case the original reflection coefficient will be 
obtained when one considers the asymptotic forms of the outgoing waves. 

We shall consider two special examples. 


1) The reflection coefficient has a pole on the positive imaginary axis 
to which there corresponds no bound state: 


In this example, we shall take the reflection coefficient arising from the 
use of an attractive 6-function potential. Such a reflection coefficient will have 
a pole corresponding to the bound state which the 6-function potential sup- 


(*) These situations are analogous but not identical to the case of « redundant 
zeros » which occur in the discussion of the radial equation (e.g. (?)). 
(7) S. T. MA: Phys. Rev., 69, 668 (1946). 
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ports. However, we shall obtain another potential which has the same reflec- 
tion coefficient, but not the bound state. 


2) There exist bound states, but the reflection coefficient has no poles. 
corresponding to such bound states: 


In this case we shall take b(k) = 0. The potentials which we shall obtain 
in this manner will be perfectly reflectionless, i.e., every particle will be trans- 
mitted whatever its initial energy. These curious potentials are discussed else- 
where (*) in more detail than will be given here. In (*) all such « transparent »- 
potentials are given explicitly and their properties discussed. 


2. — The General Gelfand-Levitan Equation for One-Dimensional Scattering. 


The most general Gelfand-Levitan equation for the one-dimensional scat- 
tering problem is 


(2.1) e|K|o') = — <a|Q|)a'> - [xl dee" |Qla'>, (a > x’), 


where 
+0 


(22) <2|f2|0'> = = Jo) exp[— dk(a + a')] dk + 


+— Y(-L)texp[V= Ele + #')I[0(B) | A(B,)|?, 


(see (1), equations (6.1) and (6.14). For simplicity we have taken and shall 
take e = 1. This procedure is equivalent to solving the Gelfand-Levitan 
equation for e{x|K]|x') rather than for {a|]K|x)). 

In equation (2.1), b(k) = <—1|S(k*?)|+ 1> is the reflection coefficient. 
Although the reflection coefficient is defined only for k > 0, one can show by 
analytic continuation that 


(2.3) b(— k) = b*(k) , for k real. 


Hence b(k) is defined along the whole real axis. 
The quantities E, are the point eigenvalues of the total Hamiltonian. The 
constants C(4,) are positive and are the normalization constants of the eigen- 
(*#) I. Kay and H. E. Moses: Institute of Mathematical Sciences, Division of Electro- 
magnetic Research, Research Report No. EM-91 (1956); also, Jour., of Applied Phys. 
(in press). 


234 I. KAY and H. E. MOSES 


states of H corresponding to the eigenvalues HE; in a sense to be described | 
shortly. The constants A(#;) are essentially arbitrary and can be chosen to 
have any convenient value. 

The sense in which C(£,) are the normalization constants is that the bound 
states («| H; E;) of H, obtained from 


(2.4) <e|H; E) = <a | U|Ho; Bò = <o[Hg Di + [colle da’<x'| Hy; E}), 
where 
exp [— #(7/4)] 


(2.4a) <a|Ho; E = A(E;) DIVA 


(— #,)-* exp [./— E; a], 


(cfr. (1), equation (5.5)) will have the normalization C(E,), i.e. 


(2.5) (H; E;|H;E> = (E). 


3. — Asymptotic Form for Pathological wave Functions. 


As in (') where normal scattering was considered we shall assume that the 
reflection coefficient b(k) has the form 


(3.1) b(k) = -g(k) exp [— 2tka] , 
where 
(3.1a) 1 jim. g(k) > O(k-) . 


Hence, from equation (7.17) of (!) we have 


(3.2) a [ow exp[— ik(x +’))]dk= > M;exp[t,(x+ #')], for a+ a'< — 2a. 


In (3.2) the constants t; are real and positive and 
(3.2a) tT; =—tk;, 
the quantities k; being the poles of g(k), or equivalently b(k), on the positive 


imaginary axis. (As was shown in (1), the only possible positions of the poles 
of g(k) in the upper half-plane are on the positive imaginary axis). Further- 
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(Se) 
oO 


more, M; are real constants given by 
(3.2b) M; = tr; exp [2t,a], 


where r,; are the residues of g(k) at the poles k;. Hence, from (2.2), we see 
that for a + w'’< — 2a we have 


(3.3) <a 


Io. = pi M, exp [t,(« + a’)] + > N, exp [V— E(x + a’), 
(0 + w'< — 2a), 


where 


1 
(3.3a) N;= re (— E) *[C(E,)]:|A(E,)|?. 


In (') the eigenvalues #; and coefficients N; were chosen so that the first 
sum of exponentials cancelled the second sum, term by term, and hence 
(| Q\a> = 0 for dr + a< — 2x. In the pathological case, however, we shall 
assume that such cancellations, if they occur at all, are not complete. Hence, 
generally, we shall write 


(3.4) <0|Q|a') = Y P,exp[r(e +o), (m+a'<—2a), 


gal 
where the constants v; are real and positive, and P, are real and of any sign. 


The equation for <x|K|x') becomes the following, when e'<x<— a: 


(3.5) <e| K|a'> LS Py exp [ye + 0)]— Sp; 


j=1 j=1 


foe K|a"> exp [»,(w" + a')] da" . 


— 0 


We shall indicate how (3.5) is to be solved. On obtaining the solution one 
will then be able to use 


d 
(3.6) V(a)=2 x ‘e|K|a), 


to find Va) explicitly when x < — a. 
Let us make the Ansatz 


N 
(3.7) <e|K|x'> = > Pg,(x) exp [v,0']. 
j=1 
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One obtains the following equations for g;(x) by substituting (3.7) into (3. 5) 
and identifying the coefficients of the exponents exp [v;']: 


(3.8) DO Big; = — P} exp [ve], 
j i 
where 
(3.9) B,, = (PP; exp [(% + #,)@] Oe, oe 
; Di + 5 


One can then show that the potential V(x) is given by 


2 
(3.10) V(a)=—2 E log det B , LZT- A 


where B is the matrix whose elements are B;;. By examining (3.9) and (3.10) 
- carefully (see (?)), we see that V(x) decays exponentially as e—— co. The- 
refore the reflection coefficient b(k) which we used originally will be reproduced 
by the potential. 


4. — Case where there is no Bound State Corresponding to a Pole of the Reflec- 
tion Coefficient. 


As an especially simple case, let us take as a reflection coefficient 


iB' 1 
2 k— (iB/2)’ 


(4.1) b(k) = B>0. 


If we require that there be a bound state whose normalization and eigenvalue 
correspond to the pole and residue of b(k) in the upper half plane as in (+), 
we should obtain as the scattering potential V(«) = — Bd(x). This potential 
was, in fact, derived in (!). 

In the present case, however, we shall require that the potential have no 
bound states. Then, on using 


(4.2) <e|Q|a'> = Lain x — a) exp[(B/2)(7 + «')], 


we have as the Gelfand-Levitan equation 


B 
(4.3) |K|o) = n(— © —2') exp[(B/2)(@ + 2)] + 


B x 
+ s [Ea a — x) exp[(B/2)(a"+ w')|da". | 
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The solution of this equation is 


) exp[(B/2)(x + 2')] 
2 — exp [ Ba]) 


(4.4) ~- <a|Kla’) = 


a si 


B 
+5 Mme + a") + By(w)y(— 0 — a) exp [(B/2)(a +2), 


where, as usual, 7(#) is defined by 


ne) =1, x>0, 
(4.40) 
| MU Gi Or 


Then, since 


By(— x)exp[Bx] B 


= n(x) , 


(4.5) Li data parere Tae ay 


we have for the scattering potential 


4B2y(— x) 


a : ne d a ee SI 
(4.6) V(a) = 2 — <w| K| a> = — Bo(x) * @—exp[ Bap? 


exp [Bz]. 


This scattering potential differs from the « normal » scattering potential V(x) = 
= — Bò(x), which has a bound state, by the exponential tail when 7 < 0. One 
might think that such a change in potential is so slight that it could not 
greatly change the ability of the potential to support a bound state. However, 
we note that the potential V(x) given by (4.6) has as its integral 


+0 
(4.7) fre de =B>0, 


—-o 


+a È 
whereas the integral | V(x)dx for the normal potential has the value — B. 


The fact that one integral is positive whereas the other is negative is essential 
and indicates why one potential can have a bound state and the other cannot. 

For the sake of completeness we shall give the elements of the matrices 
<a|u_(E)|a'), <a|u-!(E)|a'), <a|u+(E)|a'> and the elements of the scattering 
operator <a|S(£)|@'). These quantities are obtained in a manner similar to 
that used in the examples of (!). We have 


(4.8) <alu_(E)|a') = sa È 
—iB VE +iB/2 VE + iBj2 
2VÈ VE — iB/2 VE 
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(4.9) {a|u2(E)|a') = > o 
iB 1 VE 


2.VE-iBl  VE+iBj2 


VE — iBJ? iB VE iB/2 


4.10 VE 2VE:\VE + iB/2 
pe! Ca|u,(E)|a') = ; 
0 1 
VE iB VE — iB/2 


VE + iB/2 2 (VE + iB/2)? 
(4.11) a|S(E)|a') = A 


iB 1 VE 
2 .\/ BiB)? VE + iB/2 


It is, perhaps, interesting to note that none of the elements of the scattering 
operator, except the reflection coefficient, <—1|S(#)|+ 1> (which was given 
initially), shows the presence of a pole in the upper k-plane. 


5. — Case where Bound States Exist but the Reflection Coefficient Does not 
Have a Corresponding Pole: Reflectionless Potentials. 


The case which we shall consider is one in which the reflection coefficient 
is identically zero for all energies, i.e. 


(5.1) b(k) =<—1|S(E)|+1) =0. 


The potentials which give rise to such reflection coefficients will be called reflec- 
tionless potentials. In the presence of such potentials, particles which start 
out at x = — oo will always go to + oo, whatever the initial energy. 

If we did not want the potential to have bound states, it is clear from (2.1) 
and (2.2) that <#|K|a#’> =0, and hence V(x) = 2(d/da)(e|K|x) =0. The- 
refore, in order to have a non-trivial answer we shall assume that the potential 
supports a finite number of bound states. Under the requirement that there 
are N bound states, the Gelfand-Levitan equation becomes (see equations 
(2.1) and (2.2)) 


(5.2) <alK 


N 
x) == Y N exp[V=Ble + «)]— 
Pe | 


ae a 
Te x, [elle exp[v— E;(e°+ 2)]de", 
j=1 
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i 
(5.2a) N;= a POLAR), 


and hence the N; are positive. The quantities 4; are the (negative) point 
eigenvalues which we require the potential to support. Since the reflection 
coefficient is identically zero, the reflection coefficient, of course, has no poles 
corresponding to these point eigenvalues. 

Equation (5.2) can be solved by the method used to solve equation (3.7). 
In fact, the equations (5.2) and (3.5) are essentially the same, the latter 
being valid only for «<—«, whereas the former is valid for all x. 

The potentials which are obtained are discussed in detail in (3). They are 
shown to be given by 


(5.3) V(a) = — = log det B, 


where B is the matrix whose elements are 


(5.4) Bi = (NN, P [O/— Ei + /— #,)a] 


VEE E dgr. 


In (*), it is shown that because the quantities N, are positive, the poten- 
tials V(x) are everywhere finite. Furthermore, it is shown that they decay 
exponentially as |a] co and that all reflectionless potentials are given 
by (5.3) and (5.4). Hence we can choose reflectionless potentials by picking 
any finite set of positive numbers N; and corresponding negative numbers £;. 

To be more explicit, let us assume the potential supports only one bound 
state. Hence only N, and H, are given. Then the solution of (5.2) is 


N exply= ie +0) 
Î + exp[2V— E,] 


(5.5) {a|K|e') = — 


N, 
2V— Ei 
Furthermore, V(x) is given by 
— Pac E, N, exp [2\/— E,e] 


(5.6) V(«) = 
exp [2./— E, all 


= 2H, sech? »/— H,(x — a), 
+5 Sa 


log (2V— #;/N,) 
2./— E; ù 


(5.64) ty = 
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In order to find the elements of the scattering operator we shall proceed 
in a simpler way than heretofore. The simplicity of the present procedure 
arises from the fact that b(k) = 0, or equivalently 


(5.7) <—1|S8(#)| +1 =0. 

Hence on using (5.7) above and equations (8.12) and (3.8) of (1), we have 
(5.8) <e|H, A; Bj +1 = <@}H, fe E, +1), 

where 

(5.9) <@lH, As E, +Ds= 


x 


= (| Ho, Ao; E, +1 + [<a] |a)" | Hoy do; E +1)= 


a 
— o 


(E)? [ N, exp [2V— Ba] eps 
- qb as exp [iV.Ex]. 
Ivi N, exp [2V— a GF 
| If Ei ( 1 + ) 
‘On taking the limit 
(5.10) lim <e|H, A; E, +.1)-= lim <|H, 4; E, +1), 
Y->+0 L—>+ 00 


we have for the transmission coefficient, on using (5.9) above and eq. (2.13) of (1), 


x i /E+iV- E, 
(5.11) < 1 S E 15 = MALI . 
RISO ati 


(Incidentally, if we write k= H, for k > 0 and E> 0, then when <+1|8(2)| +1) 
is continued analytically as a function of k, it has poles in the upper half- 
plane corresponding to the point eigenvalue). 

On using the fact that generally 


(5.12) <a|S(E)|a') =<—a'|SE)|-a), 


we obtain 


VE+iV— E, 


(5.13) —1/S8(F)|— >= 1|S(E 1)— re =; 
(-1|S${2)|-1) = (+ 1|8(B)|+ Va eaten 


If we then use the fact that the scattering operator is unitary, we obtain the 
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remaining element, which is the reflection coefficient at + co: 


(5.14) {+ 1|S(E)/-1) =0. 
Hence, 
VE+iV-= E, 1 
/ hi — iV E; 
(5.15) <a|S|a’> = È gon 
R NG Ee ty oh 
MESIN=E, 


It should be mentioned that BARGMANN (4) has constructed analogous 
potentials for the radial equation, corresponding to zero angular momentum, 
which give zero phase shift. He uses what appears to be a special method 
to construct such potentials and it is not clear whether all potentials which 
give zero phase shift can be obtained by his procedure. It would appear to 
be possible that the use of the Gelfand-Levitan equation for the radial equa- 
tion (°) might lead to all such potentials. 


6. — Pathological Character of the Reflection Coefficient <+1|S(H#)|—1). 


One can ask whether the reflection coefficient from the other side, namely 
c(k) = <+ 1| 8(#)|— 1), is « pathological » when b(k) is a «normal » reflection 
coefficient. The third example of (1), where c(k) has a pole in the upper 
half-plane which does not correspond to a bound state, is just such a case. 

In fact, it appears that ¢(k) is generally pathological when b(k) is normal 
and hence the potential generally will have an exponential tail for #—> + co 
even when the potential is identically zero for sufficiently small #. In parti- 
cular, it has been possible to prove that if b(k) has the form 


where A(k) is a polynomial in k of degree higher than one, then ¢(k) will 
have poles in the upper half-plane which do not correspond to bound states. 
When A(k) is linear in k, the only possible potential which does not lead to 
pathological reflection coefficients c(k) is the 6-function potential. These points 
will be discussed in subsequent papers. 


(4) V. BARGMANN: Rev. Mod. Phys., 21, 488 (1949). 
(9) R. Josr and W. Koun: Det. Kgl. Danske Vidensk. Selskab, Mat.-fys. Medd., 
27, 9 (1953). 
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Incidentally, the example of Sect. 4 of the present paper offers a case where 
e(k) is normal but b(k) is pathological. The example of Sect. 5 gives reflection | 
coefficients b(k) and e(k) which are both pathological. 


7. — Generalizations. 


In (1) and in the present paper we have required that the reflection coef- 
ficient satisfy conditions (3.1) and (3.1a). These conditions are merely suf- 
ficient conditions to assure us that the potential which is obtained will give 
back the reflection coefficient with which we started. ‘The Gelfand-Levitan 
equation, however, is a necessary condition which must be satisfied for all 
potentials for which a reflection coefficient can be defined. Hence there are 
far more reflection coefficients which yield meaningful results than those satis- 
fying (3.1) and (3.1a) and it would appear that potentials leading to even 
more «pathological » or bizarre types of scattering are possible. 
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CoNTENUTO. — 1. Introduzione. — 2. Le basi sperimentali. — 8. Le basi 
teoriche. — 4. Le regole della somma. — 5. I modelli a particelle indipen- 
denti. — 6. Il modello a shell. — 7. I modelli collettivi. — 8. Conclusione. 


1. — Introduzione. 


L'importanza delle reazioni fotonucleari si è venuta sempre più affermando 
in questi ultimi anni; il loro studio presenta notevole interesse sia per la deter- 
minazione del meccanismo della interazione dei raggi y con i nuclei atomici, 
sia per le indicazioni che dànno circa la validità di questo o quel modello 
nucleare. Le varie teorie non riescono allo stato attuale ad interpretare in tutti 
i dettagli il vasto materiale sperimentale che si è venuto via via accumulando, 
sebbene tutte riescano a render conto delle caratteristiche generali di queste 
reazioni; il risultato sperimentale più vistoso è quello per cui le curve della 
sezione d’urto delle reazioni fotonucleari fatte per diversi elementi esibiscono 
un massimo molto pronunciato nella regione di energia tra 10 e 30 MeV; si 
è potuto stabilire che la diminuzione della sezione d’urto oltre il massimo 
non è dovuta a processi competitivi, ma che si tratta di una vera e propria 
risonanza da parte dei nuclei. 

Nella maggior parte dei casi le esperienze sono fatte con raggi y di brems- 
strahlung e ciò rende talora più incerte le misure; sarebbe per questo molto 
importante fare sistematiche esperienze con raggi y monocromatici, le quali, 
oltre che perfezionare e rendere più sicuri i dati odierni, permetterebbero di 
ricavare ulteriori informazioni quali, ad esempio, una eventuale struttura fina 
nella zona della risonanza gigante che potrebbe essere il riflesso di una strut- 


244 V. DE SABBATA 


tura a shell del nucleo. Infatti la regione di energia della risonanza gigante si 
trova proprio al limite di validità del modello a shell; qualitativamente si può 
dire che una transizione è più o meno debole a seconda che le autofunzioni 
nello spazio dei momenti dello stato iniziale e di quello finale si sovrappongono 
meno o più fortemente. Il principio di indeterminazione ci dà una misura di 
quanto queste autofunzioni si sovrappongono poichè ci consente di determi- 
nare la estensione nel momento del nucleone nel suo stato iniziale e vedere 
se questa è abbastanza grande da raggiungere in maniera considerevole la 
corrispondente distribuzione dei momenti nello stato finale. Se questo è il caso, 
si può assumere, secondo WILKINSON, che il modello a shell possa essere ragio- 
nevolmente applicato: è così possibile determinare approssimativamente questo 
limite di validità che si trova per una energia del raggio y 


R =.1.2: As 10-2 ems 


n yer 
V = 60 MeV. 


E, RV ow ~55 A* per { 
Al disopra di questo #, il modello a shell non dà più una buona descrizione 
della transizione; questo dà circa 10 MeV per nuclei pesanti e 20 per i leggeri. 

Si potrebbero inoltre avere informazioni migliori sul rapporto (o(y, p)/o(y, n), 
che sperimentalmente si trova essere più grande delle previsioni della teoria sta- 
tistica, studiando come esso varia in funzione del numero di massa A del nucleo, 
sia per vedere come agisce la barriera coulombiana che potrebbe fornire indi- 
cazioni sulle dimensioni nucleari, sia anche per vedere qual’è l’influenza che 
su questo rapporto possono avere nuclei con un grande momento di quadrupolo; 
grande importanza ha infine lo studio della componente a più alta energia 
dei fotoprotoni e dei fotoneutroni e della loro distribuzione angolare. 

In questa rassegna ci limiteremo alle considerazioni delle reazioni foto- 
nucleari nella zona della risonanza gigante in rapporto con le varie teorie 
proposte; dopo aver fatto un breve cenno sulle basi sperimentali e teoriche 
del problema, esporremo il metodo che usa le regole della somma e passeremo 
a considerare i modelli a particelle indipendenti soffermandoci in modo parti- 
colare sul modello a shell; da ultimo considereremo i modelli collettivi; ci riser- 
viamo di esporre dettagliatamente in un secondo tempo i vari risultati speri- 
mentali ottenuti, confrontando fra loro i diversi dati a seconda del tipo di 


esperienza. 


2. — Le basi sperimentali. 


Una delle prime esperienze è quella di CHADWICK e GOLDHABER che nel 
1934 (1) bombardano il deutone usando raggi y da 2.62 MeV del ThO’. Il deu- 
tone è il nucleo più semplice che si possa esaminare e la fotodisintegrazione di 


(1) J. Cuapwick e M. GoLDHABER: Nature, 134, 237 (1934). 
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questo nucleo è stata studiata a fondo. Lo studio di questa fotoreazione si è 
dimostrato particolarmente agevolato dal fatto che la soglia del processo è 
eccezionalmente bassa: la soglia corrisponde all’energia di legame del deutone 
che risulta essere 2.23 MeV. Altro nucleo che presenta una soglia altrettanto 
bassa è il *Be e anche questo infatti è stato studiato da lungo tempo ed è stato 
usato come prima sorgente di neutroni; si ha infatti che la soglia del processo 
(y,n) è in questo caso 1.67 MeV e il nucleo *Be lo si può pensare come for- 
mato da due particelle x e un neutrone debolmente legato (la cui energia di 
legame è quindi 1.67 MeV) che viene usualmente chiamato neutrone ottico. 

Con i raggi y provenienti da elementi radioattivi naturali non si arriva più 
in là della disintegrazione del berillio e del deuterio per via della piccola energia 
di questi y. Però nel 1937 BoTHE e GENTNER (?) utilizzano i raggi y da 17.6 MeV 
provenienti dalla reazione "Li(p,y)fBe e con questi studiano la fotodisintegra- 
zione di diversi elementi. In questa maniera non si poteva tuttavia studiare 
la dipendenza dall’energia della sezione d’urto fotonucleare poichè se si eccettua 
la reazione “Li(p, y)*Be detta o la D(p,y)T che dà y da circa 19 MeV, non 
vi sono praticamente altre reazioni al disopra della soglia fotonucleare che 
diano y con intensità sufficiente. Solo nel 1941 si cominciarono esperienze siste- 
matiche con l’uso di betatroni da 25--30 MeV. Tuttavia in questa maniera 
la valutazione dei dati sperimentali è molto difficile a causa dello spettro con- 
tinuo di bremsstrahlung dei y. I primi a ottenere delle curve di sezioni d’urto 
che mostravano un carattere di risonanza furono BALDWIN e KLAIBER nel 
1948 (3) e da questo momento si cominciò a pensare a come si potesse spie- 
gare teoricamente questo comportamento risonante. 

In questa prima parte del lavoro, come si è già detto, non entreremo nei 
dettagli delle varie esperienze e dei vari risultati sperimentali; cosa che faremo 
solo in un secondo tempo; qui vogliamo invece dare uno sguardo generale alle 
varie teorie. Brevemente i risultati sperimentali che le teorie si preoccupano 
di spiegare sono: 


a) il comportamento di risonanza esibito dalle curve delle sezioni d’urto 
per tutte le fotoreazioni esaminate; 


b) l'energia E, a cui si ha il massimo per la sezione d’urto di foto- 
disintegrazione; questa energia varia da circa 22 MeV a 14 MeV nel passare 
dagli elementi leggeri a quelli pesanti (si ha circa #,, oc A~5, dove A è il numero 
di massa); 


c) la sezione d’urto massima 0,,,, (questa è approssimativamente 0.1 barn; 
più in dettaglio si trova che o,,. aumenta con A per i processi (y, n) mentre 


(2) W. BorHE e W. GENTNER: Zeits. f. Phys., 106, 236 (1937). 
(8) G. C. BALDWIN e G. S. KLAIBER: Phys. Rev., 73, 1156 (1948). 
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è quasi costante per i (y, p)); 
d) la sezione d’urto integrata o,,, (si ha 0,, = | odH ~ 0.02A MeV: barn); 
e) la larghezza J’ della risonanza (è J’~ 5 MeV); 


f) il rapporto o(y, p)/o(y, n). 


Inoltre risultati sperimentali di estrema importanza che possono dare indi- 
cazioni più stringenti sul tipo di teoria, sono quelli riguardanti la distribuzione 
angolare dei fotoprotoni e dei fotoneutroni come pure la loro distribuzione 
energetica. 


3. — Le basi teoriche. 


Fondamentalmente la teoria delle fotoreazioni si basa sulla teoria quanti- 
stica della interazione delle particelle cariche con un campo elettromagnetico; 
teoria che è stata ben verificata nel caso dell’assorbimento e dell’emissione dei 
fotoni da parte di elettroni legati agli atomi. Usualmente si separa il campo 
elettromagnetico nei vari multipoli elettrici e magnetici e si ha che le transizioni 
permesse sono forti e quelle proibite sono deboli. Così, fino a che la lunghezza 
d’onda A dei fotoni incidenti è molto più grande del raggio nucleare R, si può 
descrivere l’assorbimento nucleare dei fotoni con la teoria classica. L’assorbi- 
mento di dipolo è più grande di quello di quadrupolo per un fattore (7/R)? 
e in generale le transizioni proibite non interessano (fino a che non si con- 
sideri il caso del deutone ove interviene anche la fotodisintegrazione per dipolo 
magnetico). 

Si deve tuttavia notare che fin da lungo tempo è noto che, se si eccita un 
nucleo con pochi MeV, le transizioni di dipolo elettrico sono dello stesso ordine 
di grandezza di quelle di quadrupolo elettrico; ciò è dovuto al fatto che le 
transizioni di dipolo, che dovrebbero essere molto più forti, sono ridotte dalle 
correlazioni tra i moti dei nucleoni (*); qualitativamente infatti si può dire 
che affinchè avvenga assorbimento di dipolo, occorre che il centro di massa 
nucleare sia spostato rispetto al centro di carica e le forti correlazioni tra 
nucleoni entro il nucleo rende difficile una tale separazione eliminando così 
il fotoeffetto di dipolo. È però chiaro che non appena ci si porta a più alte 
energie di eccitazione come quelle che consideriamo noi nella zona della riso- 
nanza gigante cioè intorno ai 20 MeV, questo non sarà più il caso, e potranno 
eccitarsi vibrazioni di dipolo perchè le correlazioni tra i nucleoni saranno vinte 
dalla più elevata energia di eccitazione. La transizione di dipolo elettrico sarà 
perciò quella predominante in questa regione energetica. 


(4) H. A. BeTHE: Rev. Mod. Phys., 9, 71 (1937), pp. 87-90. 


Let 
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Il caleolo teorico della sezione d’urto del processo non lo si può fare esat- 
tamente che in pochi casi: infatti vi interviene l’elemento di matrice di tran- 
sizione per dipolo elettrico che presuppone la conoscenza delle funzioni d’onda 
iniziale e finale; e queste non sono note che in casi eccezionali; così calcoli 
precisi sono stati fatti nel caso del deutone (5-8) e anche il caso del *Be che è, 
come si è detto, schematizzabile in due particelle x più un neutrone ottico, 
è stato variamente studiato (*-!4). Per i nuclei più complessi occorre prendere 
delle funzioni d’onda approssimate e basarsi su opportuni modelli. Si sono 
così fatti i calcoli sia con modelli a particelle indipendenti (IPM) sia con modelli 
collettivi; accanto a questi casi più estremi sono stati considerati modelli inter- 
medi, come quello a particelle x di LEVINGER e BETHE (1°) 0 quello a quasi 
deutone di LEVINGER (1%). 


4. — Le regole della somma. 


Un altro metodo che, almeno fino a un certo punto, non ha bisogno di 
modelli nucleari, è quello che fa uso delle regole della somma. Qui, come è 
noto, è sufficiente la conoscenza della funzione d’onda per il solo stato ini- 
ziale, e cioè fondamentale, del nucleo. Questo però è vero fino a che non si 
introducano potenziali che non commutano con le coordinate di posizione; 
in caso contrario è necessario introdurre opportune modificazioni alle regole 
della somma: così se si usano potenziali di scambio, la modificazione che si 
deve apportare dipende, anche se in misura non considerevole, dal particolare 
modello nucleare usato. 

LEVINGER e BETHE (!) (nel seguito indicati con LB), fanno il calcolo della 
sezione d’urto d’assorbimento integrata usando le regole della somma di Thomas- 
Reiche-Kuhn modificate sia per la « carica effettiva » che per la presenza delle 
forze di scambio. Il calcolo è basato su una approssimazione del tipo di Hartree: 
LB considerano un nucleone che si muove nel potenziale dovuto a tutti gli 
altri nucleoni escludendo qualsiasi correlazione tra i nucleoni (a parte le con- 


H. A. BeTHE E R. PereRrLs: Proc. Roy. Soc., A 148, 146 (1935). 
H. A. BeTHE e R. F. BaAcHER: Rev. Mod. Phys., 8, 82 (1936). 
H. A. BETHE e C. LONGMIRE: ch Rev., 77, 647 (1950). 

J. S. 


VAL i ana Phys. Zeits. Satna. 9 (1936). 
A. BorseLLINO: Nuovo Cimento, 5, 263 (1948). 

F. ScHLòGL: Zeits. f. Naturfor., 3a, 299 (1948). 

V. De SaBBAaTA: Nuovo Cimento, 6, 368 (1949). 

E. GutH e C. J. MuLLIN: Phys. Rev., 76, 234, 682 (1949). 
(15) J. S. LEVINGER e H. A. BeTHE: Phys. Rev., 78, 115 (1950). 
(16) J. S. LEVINGER: Phys. Rev., 84, 43 (1951). 
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siderazioni sulla carica effettiva) e trascurando anche gli effetti di superficie 
dovuti alle dimensioni finite del nucleo; considerano il caso di pure forze cen- 
trali e usano come parametro la frazione di forze di scambio tra neutrone e 
protone. Quanto alla carica effettiva, questa, come si è già detto, interviene 
per via delle correlazioni tra nucleoni: lo spostamento dei nucleoni va contato 
dal centro di massa del nucleo; qualitativamente si può dire che se un protone 
viene espulso dal nucleo per effetto fotoelettrico, anche un neutrone può essere 
espulso per via della interazione elettrica che agendo sul resto del nucleo lo 
spinge via facendo sì che un neutrone resti libero. Si trova così (17) che occorre 
attribuire una carica effettiva eN/A ai protoni, e — eZ/A ai neutroni (dove A 
è il numero di massa, Z il numero atomico e N=A — Z il numero dei neutroni). 

Tenendo conto di questo, la regola della somma dà per la sezione d’urto 
integrata o,,, il risultato 


2nzeh NZ neh A 
Me A Me 2 


(1) Oint - fo dW= = 0.015A MeV-barn, 


(in luogo della o,,, = (21r°e/Mc)Z), con ovvio significato dei simboli e dove 
si è fatto uso della NZ/A ~ A/4. 

Inoltre il tener conto delle forze di scambio porta ad un aumento della o,,,. 
Già nel 1936 FEENBERG (18), e SIEGERT (1°) nel 1937, hanno mostrato che la 
regola della somma va modificata se si tiene conto delle forze di scambio; il 
primo nel considerare l’esistenza di stati eccitati nella particella x e il secondo 
nello studio dell’interazione tra i nuclei e la radiazione elettromagnetica. Il cal- 
colo mostra che le forze di scambio portano circa a raddoppiare il risultato 
che si ottiene dalle regole della somma usuali. 

LB trovano per la sezione d’urto integrata: 


(2) Om, = 0.015 A(1 + 0.8”) MeV-barn, 


dove x è la frazione di forze di scambio e il coefficiente 0.8 deriva dall’uso di 
un gas degenere di Fermi come modello nucleare; si trova che quando si tiene 
conto della interazione di scambio anche il risultato che si ottiene con la regola 
della somma non è più indipendente dal modello nucleare, perchè il modello 
interviene nella determinazione del coefficiente della parte dovuta allo scambio 
(vedi Tabella I). Se inoltre non si trascurassero gli effetti della superficie del 
nucleo, si troverebbe per il coefficiente 0.8 una dipendenza da A. Con questo 
metodo LB non possono predire l’andamento della curva o(W): essi predicono 


(18) E. FEENBERG: Phys. Rev., 49, 1328 (1936). 


(1?) H. A. BeTHE: Rev. Mod. Phys., 9, $ 87-90 (1937). 
(19) A. J. F. SIEGERT: Phys. Rev., 52, 787 (1937). 
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TABELLA I. 
buca quadrata YUKAWA 
To 1.5 1:37 1.5 1:37 
senza interferenza 1+1.48x 1 +1.96x 1 + 6.5x 1+8.5x 
con interferenza 1+0.80x 1+ 0.91z 1+ 0.69.2 1 + 0.71x 
n 
(Vedi equazione (2)) si noti la variazione del coefficiente che appare nel termine contenente la 
frazione x di forze di scambio; LB chiamano « funzioni di interferenza » quelle date dalle equa- 
zioni (20 e (21) (*): mostrano che queste funzioni valgono 1 per piccoli % (dove k è il numero | 
d’onda massimo per i protoni nel nucleo = (92)4/27,). 


invece la sezione d’urto integrata, l’energia media d’assorbimento e l’energia 
armonica media; per quest’ultima trovano un valore estremamente piccolo 
(vedi Tabella II) rispetto ai risultati sperimentali: essi mostrano tuttavia che 
un migliore accordo lo si può ottenere nell’ipotesi di un nucleo formato da 
sotto-unità che, ad esempio, potrebbero essere particelle x, oppure comunque 
introducendo correlazioni tra le particelle nucleari. 


TABELLA LIE 


Po 1.37 1.50 
W (MeV) 19 16 (Cu) 
W, (MeV) 5 (Cu) 
1 (per Vuranio) 


Il valore di W varia con 7, come 1/rî ma è indipendente da A. 
Wy non sente invece la dipendenza da ro. 


In un successivo lavoro LEVINGER e KENT (2°) mostrano che il valore del- 
l’energia armonica media può essere aumentato di un fattore tre per il Ou 
e quattro per il !8!Ta se si tiene conto di correlazioni tra i nucleoni: essi usano 
un IPM, ma introducono il principio di Pauli. Ricordando che l’energia armo- 
nica media W, e l’energia media W sono definite come segue: 


(3) Wa= > font foal(Bn— Bo] = om] | (o/W) an 


(4) W = ¥ fonlE, — E) i ise | oW AW /ous 


(2°) J. S. LEVINGER e D. C. KENT: Phys. Rev., 95, 418 (1954). 
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dove l’indice «0» si riferisce allo stato fondamentale e l’indice «n», ai vari 
stati eccitati, E, — E, è uguale all’energia del fotone W che provoca una 
transizione da «0», ad «n» o,, = =f odW ed é: 


Tin 


> fon = [2M(E, aa E,) |? 


{2 
prepn AT | = leaf Add? s 


(mentre per forze ordinarie si ha semplicemente > for = NZ/A), si vede che 
n 


il denominatore della (3) e il numeratore della (4) dipendono dalle correla- 
zioni tra i nucleoni. Infatti si ha (1): 


> fon! ( En — Ey) ar = 2M/h? Dil (N/A) 25% Fi (Z/A) ) D Alon} 


dove l’ndice «i», sta per i protoni e l’indice «j», per i neutroni. Conside- 
rando, per esempio, il termine per i protoni, si ha: 


> (Deson(D 2) no = ( (> 2 ‘Joo + (> Dd 22) Joo =D +B. 


n a i i at’ 


Se non vi è correlazione nello stato fondamentale tra le coppie di protoni, 
allora il termine con i i’ è sempre zero, mentre tenendo conto del principio 
di Pauli, si trova per il termine non diagonale un contributo negativo. Questo 
diminuisce il denominatore della (3) aumentando l’energia armonica media W,. 
Nella approssimazione N = Z il fattore di correzione C per W, è dato da 

= (1+ B/D)!, dove, come si è detto, è B< 0. 

Per il calcolo esplicito di C, LEVINGER e KENT usano come modello nucleare 
un gas degenere di Fermi di densità costante in una sfera di raggio È; nei 
calcoli viene trascurato il contributo del termine superficiale dovuto al fatto 
che la densità cambia bruscamente da un valore costante all’interno del nueleo 
a zero sulla superficie nucleare. Trovano allora che l’energia armonica media 
W, è più grande di quella (W,),, di LB per un fattore C,: 


(5) Le Fe CW oes G 


Il fattore C, è indipendente dal parametro 7, del raggio nucleare Rk = 
= 7,A*-10-13 em. 

Il calcolo di C viene fatto anche usando un IPM in una buca di potenziale; 
qui il fattore C dipende leggermente dal parametro 7,; il fattore 0, vale circa 2 
per i nuclei medi e pesanti e cresce al crescere di A; perciò W,, che secondo LB 
è dato da (W,),, = 464-* MeV, decrescerà con A meno rapidamente di A+ 
per via della (5). Nel caso della buca 0 cresce con A circa come A°-* e questo 
diminuisce fortemente la dipendenza secondo A-? di W, come data da LB. 
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In conclusione LEVINGER e KENT trovano, nell’ipotesi di sole forze ordinarie, 
che W, risulta aumentato rispetto a quella di LB per due motivi: le correla- 
zioni tra i nucleoni a causa del principio di Pauli e l’uso di un parametro 7, 
più piecolo per il raggio nucleare; un ulteriore aumento lo si ottiene poi, come 
si è già detto, se si includono anche le forze di scambio (in genere per i cal- 
coli viene usato il valore # =} per 1’x che compare nella (2)); trovano quindi 
un migliore accordo con i dati sperimentali; se si tiene conto infatti di tutte 
queste tre cose insieme (principio di Pauli, parametro 7, più piccolo, forze di 
scambio) si trova per W, un valore di 17.8 MeV per il 6*Cu, in buon accordo 
con il valore sperimentale di circa 20 MeV. 

LB trovavano invece per W, il valore di 2.9 MeV (con n = 1.5 e senza 
forze di scambio); tenendo conto del principio di Pauli si raggiunge il 
valore W,= 8.1 MeV (sempre per 7 =1.5); diminuendo n (m=1.2) si 
trova W,= 12.7 MeV e infine tenendo conto delle forze di scambio 
W, = 17.8 MeV. Calcoli analoghi sono stati fatti per l’energia media W; in 
Tabella III riportiamo oltre a W,, l'energia media W e la sezione d'urto 
integrata pesata sullo spettro di bremsstrahlung o, per il Cu e il !81Ta; si vede 
che i valori per la o, sono in buon accordo con quelli sperimentali se si usa 
il parametro più piccolo » = 1.2. 


TABELLA III. 


IPM in buca con il forze di valore 


LB 
principio di Pauli scambio | sperim. 
Pe Oe eet ae ea v9, ae Le (Tue 22) 

at BOY 2.9 8.1 12.7 LR ADO: 

de Peaks { 181'Ta 1.4 6.0 8.7 19:38 el Be 

w 6Cu 16. 9.0 13° 32. 25. 

| 181Ta 16. .5 10.4 30. 20. 
n -{_ Cu 0.34 0.12 0.08 0.08 0.08 

= (oW414dW 
pi fe { 181Ta 1.9 0.45 0.31 0.31 0.32 
(barns) 


Nella prima colonna (LB) il calcolo è fatto senza tener conto del principio di Pauli; nella seconda 
e terza colonna si tiene conto del principio di Pauli e si usano due diversi valori di 7; nella 
quarta colonna oltre al principio di Pauli si è tenuto conto delle forze di scambio; infine l’ultima 
colonna dà i risultati sperimentali. 


Invece per quello che riguarda i valori dell’energia media W, il confronto 
è più difficile per l’incertezza dei risultati sia teorici che sperimentali, e perciò 
ha meno significato. Infatti nel calcolo del fattore di correzione C per la W, 
l’effetto di superficie, che qui viene trascurato, diventa di estrema importanza, 
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e il trascurarlo conduce ad errori notevoli (per esempio, 0 diventa negativo 
per grandi valori di A, il che è assurdo). Tuttavia gli Autori fanno notare che 
un IPM è naturalmente una idealizzazione e che, ad esempio, si potrebbe ten- 
tare di introdurre forti correlazioni tra coppie di nucleoni. È quello che ha 
fatto LEVINGER (!') cosinderando un modello del nucleo a « quasi-deutone ». 

In questo lavoro di LEVINGER si confrontano i risultati teorici con quelli 
sperimentali per energie dei y incidenti molto più elevate di quelle che inter- 
vengono alla risonanza gigante, alla quale ci vogliamo limitare; perciò non 
ci occuperemo di questo modello a quasi-deutone che probabilmente funziona 
molto bene a energie elevate alle quali si può pensare che il y incidente inter- 
agisca solo con piccole parti del nucleo o addirittura con una sola particella 
nucleare. 

Vi è invece un altro lavoro di LEVINGER (?!) in cui si considera ancora 
un IPM, questa volta con un potenziale armonico anzichè con una buca. 
LEVINGER usa come potenziale, 3}M?r2, dove il paramento © è espresso in 
funzione del parametro 7); anche qui trova risultati che non sono incompatibili 
con quelli sperimentali per quello che riguarda la sezione d’urto integrata, 
pesata sullo spettro di bremsstrahlung, o, = | oW-dW, lao,.= il odW e l’energia 
armonica media W, (che in questo caso particolare dell’oscillatore armonico, 
nell’ipotesi di sole forze ordinarie, coincide con la W e vale iw). In conclusione 
VIPM dà risultati ragionevoli qualora si tenga conto del principio di Pauli, 
dell’uso di un più piccolo parametro 7 (r = 1.2) e delle forze di scambio. 
I risultati numerici sono infatti i seguenti: per un potenziale armonico con 
sole forze ordinarie W, = fi = 424-* MeV; per la sezione d’urto integrata 


pesata sullo spettro di bremsstrahlung o, = | oW-!dW e approssimata con 
F 


0, =0,,,/W, Si ha il risultato o, = 0.36A-* mb. Se si tiene conto anche delle 
forze di scambio, prendendo, per esempio, le forze di Serber, si trova un 
aumento di circa il 40% per la o,, © perciò per W, si ha W, = 604-* MeV. 
Questo valore è ancora un po’ basso rispetto ai dati sperimentali sebbene non 


sia in grave disaccordo. 


5. — I modelli a particelle indipendenti. 


Questi calcoli che LEVINGER ha fatto usando le regole della somma, sono 
stati fatti anche direttamente da BURKHARDT (°°), che usa un IPM in una 
buca di potenziale e da Wu (?*) che usa un IPM con un potenziale armonico. 


J. S. LEVINGER: Phys. Rev., 97, 122 (1955). 
J. L. BURKHARDT: Phys. Rev., 91, 420 (1953). 
S.S. Wu: Tesi, Università dell’ Illinois (Urbana, 1951, non pubblicata). 
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In particolare BURKHARDT si riferisce al caso del nucleo Cu facendo un 
calcolo dettagliato dell’assorbimento per dipolo elettrico; egli confronta poi i 
risultati ottenuti con quelli sperimentali di KATZ e CAMERON (?'). BURKHARDT 
conclude che PIPM è definitivamente inadeguato perchè trova per Venergia 7,, 
a cui si ba il massimo della sezione d’urto, un valore di 8.4 MeV (usando 
79 = 1.5) in contrasto col valore sperimentale di KATZ e CAMERON di — 17 MeV. 
Come abbiamo visto (vedi Tabella III) anche LEVINGER e KENT quando non 
tengono conto delle forze di scambio trovano per #, un valore di 8.1 MeV, 
il che mostra che il calcolo che usa le regole della somma coincide con il calcolo 
diretto per le transizioni ai vari stati eccitati (come d’altra parte deve essere). 
Tuttavia, come si è detto, il lavoro di LEVINGER e KENT mostra che questo 
valore può essere raddoppiato se si usa un 7, più piccolo e se si includono gli 
effetti delle forze di scambio. Per questa ragione si può ritenere che VIPM 
non sia un modello inadeguato. 

Anche i calcoli di Wu con un IPM in un potenziale armonico dànno un 
picco ben pronunciato all’energia £, che rappresenta la differenza di energia 
tra i livelli nucleari (che in questo caso sono ugualmente distanti); i risultati 
sono dati per vari nuclei con 7, = 1.37 (vedi Tabella IV). 


TABELLA IV. 


Em (MeV) | 36 | 29 | 24 | 16 


Valori di £,m secondo i calcoli di Wu (IPM in un potenziale armonico; 7)= 1.37). 


Tuttavia Wu non crede molto a questo modello, e la ragione principale, 
a parte il fatto che viene trascurato l’accoppiamento spin-orbita, e che il 
potenziale armonico non viene troncato a una certa distanza finita ma con- 
tinua indefinitamente, è, secondo Wu, che difficilmente l’IPM può ritenersi 
valido per gli stati eccitati. 

Probabilmente una approssimazione migliore è quella di REIFMAN (2°), il 
quale cerca di collegare i moti indipendenti con moti collettivi; REIFMAN parte 
infatti da un IPM in una buca di potenziale infinita considerando inoltre oscil- 
lazioni di superficie; i nucleoni si muovono indipendentemente dentro la buca 
senza interagire tra loro, mentre la sola interazione si ha per via delle oscil- 
lazioni della superficie del nucleo. 

Egli interpreta così la frequenza di risonanza come dovuta alla eccitazione 
di una singola particella, mentre la larghezza della risonanza è dovuta al tra- 


(24) L. Karz e A. G. W. CameRrON: Can. Journ. Phys., 29, 518 (1951). 
(25) A. REIFMAN: Zeits. f. Naturfor., 8a, 505 (1953). 
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sferimento della energia dalle singole particelle a modi collettivi di moto attra- 
verso l’interazione di superficie. 

Tuttavia il pregio degli IPM sta soprattutto nelle deduzioni che si possono 
trarre riguardo alla distribuzione angolare e all’energia delle particelle emesse; 
così BURKHARDT considera le previsioni della teoria circa la distribuzione 
angolare dei neutroni emessi; trova che questa è del tipo A+ sin? #, con 
B/A <1: ciò è in buon accordo con l’esperienza (25). Tuttavia con questo 
modello, BURKHARDT trova che il gruppo ad alta energia comprende solo il 
0.3% dei neutroni totali, e questo è un valore troppo piccolo. Infatti, secondo 
le misure di BYERLY Jr. e STHEPHENS (27), circa il 10% dei neutroni e protoni 
hanno energie più grandi di quelle che si aspettano dalla evaporazione. 

Sono proprio le considerazioni sulla distribuzione angolare e sulla distri- 
buzione energetica che portarono alla interpretazione delle fotoreazioni nucleari 
come processi diretti. Anche la inaspettatamente grande sezione d’urto (y, p) 
induce a pensare a un processo diretto di fotodisintegrazione. 

Così COURANT (#8) suppone che il y sia assorbito da un protone nel nucleo; 
il protone è emesso senza che avvenga la formazione di un nucleo composto. 
Il modello è il seguente: l’interazione tra i nucleoni è supposta essere intera- 
mente rappresentata da una buca di potenziale, così che ogni nucleone ha la 
sua funzione d’onda indipendente; si tratta cioè di un IPM. Courant calcola 
l’elemento di matrice per assorbimento fotoelettrico tra questo stato iniziale 
e uno stato finale in cui uno dei protoni è nel continuo mentre gli altri sono 
lasciati indisturbati; per facilitare il calcolo, trascura la barriera coulombiana 
che viene però fatta intervenire alla fine, moltiplicando la sezione d’urto risul- 
tante per la probabilità di penetrazione della barriera. 

Con questo metodo, COURANT pur trovando una sezione d’urto per il pro- 
cesso (Y, p) più grande di quella ottenuta con la teoria statistica, ha tuttavia 
un risultato più piccolo di quello sperimentale; ciò d’altra parte non deve 
sorprendere in vista della crudità del modello usato; prima di tutto VIPM è 
solo una approssimazione; inoltre anche ammesso valido VIPM, non è detto 
che la maniera migliore di trattarlo sia quella di prendere una buca quadrata; 
vi è poi l’uso del fattore di penetrazione per tener conto della barriera invece 
della esatta funzione d’onda coulombiana; va infine osservato (?*) che l’uso 
di un più piccolo raggio nucleare e Vinclusione delle forze di scambio dànno 
un valore più grande per la sezione d’urto, in miglior accordo con l’esperienza. 

Quanto alla distribuzione angolare dei protoni, questa dipende dal momento 
angolare iniziale e finale del protone. Per una transizione 1 +1+-1, il calcolo 


(26) A. PRICE: Tesi, Università dell’Illinois (Urbana, 1952, non pubblicata). 
(2°) P. R. ByrERLY jr. e W. E. STEPHENS: Phys. Rev., 88, 54 (1951). 

(28) E. D. COURANT: Phys. Rev., 82, 703 (1950). 

(29) J. S. LEVINGER: Ann. Rev. of Nuclear Science, 4, 13 (1954). 
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mostra che la distribuzione angolare è della forma 
(6) A+ Bsin?#, 


dove il rapporto B/A dipende dal particolare momento angolare del protone. 
COURANT considera oltre alle transizioni 7 >/+1 che dànno come distribu- 
zione angolare oc U(/-+1) + 4(1+1)(1+2) sin? 9 (ossia B/A = (l+2)/21), anche 
quelle / +1—1, trovando una distribuzione angolare cc I(l+-1)-+ H(1 — 1) sin? è 
(cioè B/A = (1 — 1)/2(1+1)). 

Così, per esempio, se B/A > 1.5 (il che significa che l’intensità dei protoni 
emessi a 90° è 2.5 volte più grande di quella a 0°), vi devono essere certamente 
protoni che compiono la transizione 1 =0-+1=1, poichè per 1 >1 si ha 
B/A <1.5. Effettivamente CURTIS (3°) e DIVEN (81) trovano proprio B/A > 1.5 
per il gruppo di protoni di più alta energia emessi dal Rh, Ag e Al. Per esempio, 
DIVEN considerando le fotoreazioni su argento ed alluminio studia l’energia 
‘ e la distribuzione angolare dei protoni emessi e trova una netta indicazione 
che lo spettro dei protoni osservati è composto di due componenti che si sovrap- 
pongono: un gruppo a bassa energia, che é in accordo con il modello statistico- 
evaporativo del nucleo, ed un altro gruppo a più alta energia, decisamente al 
di fuori dallo spettro che ci si attende da tale modello. Tuttavia solo il gruppo 
ad alta energia mostra una asimmetria angolare, con preferenza attorno ai 90°, 
ciò che conferma l’ipotesi che questi protoni siano emessi prima che l'energia 
d’eccitazione sia distribuita statisticamente nel nucleo. 

Che nelle fotoreazioni avvengano processi diretti, è indicato anche nelle 
esperienze di LEVINTHAL e SILVERMAN (82): i risultati indicano che i protoni 
al di sopra di 30 MeV derivano principalmente dalla interazione dely con pic- 
cole sotto-unità del nucleo (protone, deutone e particella «) di cui il protone 
sia un costituente piuttosto che attraverso la formazione di un nucleo com- 
posto eccitato. La ragione è questa: la sezione d’urto è una funzione molto 
più lentamente variabile con l’energia di quello che uno si aspetterebbe da un 
processo evaporativo senza riguardo a quanto varî con l’energia la sezione 
d’urto d’assorbimento dei y, ed inoltre contro il processo evaporativo sta il 
fatto che la distribuzione angolare dei protoni intorno ai 30~40 MeV mostra 
un forte picco in avanti; va tuttavia notato che per protoni da 10 MeV la 
distribuzione angolare è sfericamente simmetrica. 

Il calcolo viene fatto nella ipotesi più semplice che il y interagisca diret- 
tamente con il protone. LEVINTHAL e SILVERMAN partono dall’espressione di 


(9) N. W. Curtis, J. HornBostEL, D. W. LEE e E. O. SALANT: Phys. Rev., 77, 
290 (1950). 
* (31) B. C. Diven e G. M. ALMY: Phys. Rev., 80, 407 (1950). 
(*2) C. LEVINTHAL e A. SILVERMAN: Phys. Rev., 82, 822 (1951). 
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BETHE e PEIERLS (*) della sezione d’urto per transizioni di dipolo elettrico, usando 
come funzione d’onda iniziale del protone nel nucleo quella data da CHEW e 


GOLDBERGER (3%) nello spazio dei momenti, inserendovi i dati di YORK 


(a) 
5 


a 
n 


= 


Sezione d'urto relativa per MeV per St per Q 


10 20 30 40 
Energia dei protoni emessi 


50 


dal carbonio 


60MeV 70 


Fig. 1. — Dipendenza della sezione 
d’urto dall’energia. La curva so- 
lida è calcolata (v. il testo), mentre 
i punti sono sperimentali. «Q» è 
l'energia totale del fascio divisa per 
l'energia massima dei 
Emax =.920 MeV. 


max 


raggi Y. 


(6) 
deutoni da neutroni 
di pick-up) come determinazione 
empirica della distribuzione dei momenti; 
dopo aver moltiplicato la sezione d’urto per 
lo spettro di: bremsstrahlung come dato da 
HEITLER (*°), confrontano la curva teorica con 
quella sperimentale facendo coincidere le due 
curve a 41.5 MeV. Il risultato è mostrato in 
Fig. 1; si vede che tra 30 e 70 MeV Vaccordo 
è buono, mentre al disotto i valori sperimen- 
tali sono più alti; questo si può capire assu- 
mendo che la maggior parte dei protoni a 
bassa energia sono di evaporazione. Ciò è coe- 
rente col fatto che per energie di 10 MeV la 
distribuzione angolare dei protoni è sferica- 
mente simmetrica. Quanto ai valori assoluti 
delle due sezioni d’urto (calcolata e osservata) 
essi sono: 


sulla produzione di 
(reazioni 


o = 8.3-10-28 em?, 


calcolata 


lo) = L07ASTCMEE 


osservata 


Probabilmente un miglior accordo, sia nella distribuzione in energia sia nella 
sezione d’urto assoluta, lo si può ottenere con una scelta meno rudimentale 
della funzione d’onda iniziale per i protoni, ma noi non insisteremo su questo 
poichè i dati di LEVINTHAL e SILVERMAN si riferiscono a energie più alte di 
quelle di cui ci vogliamo occupare, attorno alla risonanza gigante. 


‘6. — Il modello a shell. 


Vogliamo invece prendere in considerazione il modello di WILKINSON (8°). 


Egli parte dal fatto che certamente lo stato iniziale 


è ben descritto dal modello 


a shell e pensa quindi che sia possibile esprimere anche lo stato finale, cioè 


ETRE 


. CHEW e M. L. GOLDBERGER: Phys. Rev., 


77, 470 (1950). 


(38) J. e e H. YoRK: Phys. Rev., 80, 345 (1950). 
(35) W. HEITLER: The Quantum Theory of Radiation (Oxford 1944), p. 170. 
(36) D. H. WILKINSON: Proc. of the 1954 Glasgow Conference on Nuclear and Meson 


Physics, p. 161. 
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quello della risonanza gigante, per mezzo di funzioni d’onda del modello a shell. 
A questo modo di vedere le cose è condotto dalla considerazione del modello 
« ottico » di WEISSKOPF (5) (la «sfera di cristallo opaca ») che ha già ottenuto 
diversi successi (nella spiegazione, per esempio, della sezione d’urto totale nel 
processo neutrone-nucleo per neutroni tra 0 e 3 MeV). 

Secondo WEISSKOPF, infatti, il modello a nucleo composto non va più bene: 
lo studio dettagliato delle reazioni nucleari mostra che esistono diversi risul- 
tati in disaccordo con l’ipotesi di N. BoHR; occorre introdurre un nuovo stadio 
nel corso delle reazioni nucleari, cioè lo stadio a particelle indipendenti; quando 
una particella entra nel nucleo, essa si può trattare indipendentemente dalle 
altre particelle: cioè il nucleone incidente può penetrare nel nucleo e muo- 
versi entro i suoi limiti senza formare un sistema composto: in questo caso il 
nucleo agisce sul nucleone incidente come una buca di potenziale; la formazione 
di un sistema composto avviene solo con una probabilità minore di uno, 
una volta che la particella è entrata nel nucleo; il nucleone ha cioè una 
probabilità finita di lasciare il nucleo senza aver formato uno stato in cui 
ha scambiato energia e momento col resto del nucleo: la reazione può allora 
essere descritta con un potenziale complesso la cui parte reale causa solo dif- 
fusione della particella mentre la parte immaginaria dà luogo all’assorbimento; 
è questo assorbimento che conduce alla formazione del secondo stadio della 
reazione: quello della formazione di un sistema composto. 

WEISSKOPF sottolinea la differenza tra sistema composto e nucleo com- 
posto: nel nucleo composto, secondo N. Bonr, la particella incidente è indi- 
stinguibile da ogni altro nucleone del nucleo reagente e la energia e il momento 
della particella incidente vengono rapidamente distribuiti su tutti i costituenti 
del nucleo: la particella incidente si è, per così dire, fusa col nucleo e vi è una 
completa perdita di memoria per quanto riguarda il modo di formazione del 
nucleo composto. Il sistenia composto è invece qualcosa di più generale; si 
ha tutte le volte che la particella incidente è stata spostata dal canale di entrata. 
Esso comprende quindi il nucleo composto come caso particolare ma include 
anche stati in cui la particella ha interagito direttamente con la superficie 
provocando vibrazioni di superficie, include interazioni dirette di volume o 
eccitazioni di altri moti collettivi, include infine stati in cui la particella inci- 
dente ha scambiato energia e momento solo con una o poche altre particelle 
del nucleo, in cui cioè l'interazione ha avuto luogo direttamente tra la parti- 
cella incidente ed uno o pochi nucleoni del nucleo; in questo caso l'energia 
della particella incidente non è divisa tra tutti i costituenti del nucleo e quindi 
non si ha perdita di memoria come nel nucleo composto; si può dire così che 
le reazioni nucleari avvengono in tre stadi: 


(37) V. WEISSKOPF: Phys. Rev., 96, 448 (1954). 
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a) stadio a particelle indipendenti, 
b) formazione del sistema composto, 
c) decadimento del sistema composto. 


WILKINSON estende queste considerazioni di WEISSKoPF al caso delle foto- 
reazioni dove quindi tratta il primo stadio, quello dell’assorbimento del quanto y 
e della formazione di un nucleo eccitato, come stadio a particelle indipendenti: 
l’eccitazione del nucleo si presenta quindi come eccitazione di una singola 
particella; egli considera transizioni di dipolo limitandosi al caso in cui le fun- 
zioni d’onda radiali non presentano nodi (cioè, per esempio, transizioni 1p — 1d) 
perchè si può dimostrare che le transizioni in cui intervengono funzioni d’onda 
radiali con nodi (come, ad esempio, 1p — 2s oppure 2s + 2p) sono molto più 
deboli delle altre. Tuttavia le transizioni del tipo 1p — 1d, si estendono per 
diversi MeV per il fatto che vi sono diversi membri appartenenti a una mede- 
sima configurazione iniziale e questi hanno diversi possibili parenti nella con- 
figurazione finale sicchè risulta che vi sono diversi stati accessibili nella con- 
figurazione finale e questi si estendono per diversi MeV; inoltre questo grande 
numero di possibili stati finali fa sì che le transizioni individuali siano piuttosto 
deboli. Il risultato è che il contributo di tali transizioni alla sezione d’urto 
integrata si estende per diversi MeV e non è concentrato entro pochi MeV 
come avviene nella risonanza gigante. Occorre allora trovare un meccanismo 
che riduca il numero dei possibili parenti in maniera che la transizione avvenga 
ad una energia ben definita e sia inoltre abbastanza forte così come lo richiede 
l’esperienza. 

WILKINSON propone la considerazione dell’accoppiamento j-j; questo gli 
permette di risolvere la questione; tuttavia la dipendenza di E, (l’energia a 
cui si ha il massimo della sezione d’urto) dal numero atomico A è più forte di 
quello che non si abbia sperimentalmente e il suo valore troppo piccolo. Un 
accordo migliore con l’esperienza, sempre per quello che riguarda £,, lo si 
ottiene se si tiene conto simultaneamente di queste tre cose: 


1) Venergia d’accoppiamento (la « pairing energy »: è il «6 » della formula 
semi-empirica di Weizsicker, il termine responsabile della maggiore 
stabilità dei nuclei pari-pari); 


2) un raggio r, più piccolo; 
3) la «massa effettiva » (DANOS (88) e WHEELER (*°) mostrano che la 


massa effettiva di un nucleone dentro la materia nucleare è più pic- 
cola di quella di un nucleone libero). 


(38) M. Danos: Zeits. f. Naturfor., 6a, 218 (1951). 
(39) J. A. WHEELER: Proc. of the 1954 Glasgow Conference on Nuclear and Meson 
Physics, p. 38. 
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La teoria di WILKINSON presenta inoltre un notevole interesse per quello 
che riguarda Pemissione dei protoni; com’é noto e come si è già detto, il rap- 
porto o(y, p)/o(y, n) tra la produzione dei fotoprotoni e dei fotoneutroni è molto 
più grande sperimentalmente rispetto alle previsioni del processo evaporativo. 
Già COURANT aveva trovato con la sua teoria del fotoeffetto diretto un accordo 
migliore ma vi era ancora un fattore 10 che non tornava; invece WILKINSON 
trova proprio il giusto ordine di grandezza per questo rapporto. A questo pro- 
posito si può notare che MORINAGA (#°) dà una possibile spiegazione dell’alto 
rapporto osservato o(y, p)/o(y,n) mediante l’effetto delle regole di selezione 
dello spin isotopico. 

Vi è inoltre da notare che mentre COURANT considera transizioni sia da 
4->1+1 che da {+1—1, la teoria di WILKINSON' tiene conto solo della 
l->1+1; (in realtà più recentemente (4) WILKINSON considera anche transi- 
zioni del tipo / + 1—1 mostrando tuttavia che queste sono trascurabili rispetto 
alle {> + 1 quando non siano addirittura proibite dal principio di eselu- 
sione); il fatto notevole è che se è vero che le transizioni del tipo 11 > 1(14+1) 
sono più forti delle DI 2(l’+-1) per la questione dei nodi delle autofunzioni, 
avendosi quindi una preferenza per gli 2 grandi (i piccoli / nel caso di n = 1 
sono proibiti per il principio di Pauli, essendo livelli già occupati), si ha tuttavia 
che se l'< quelle del secondo tipo possono dare più protoni per effetto della 
minore barriera centrifuga; questo è vero anche per i neutroni, tuttavia nel 
‘caso dei protoni si deve aggiungere che quelle del secondo tipo saranno fa- 
vorite ossia daranno più protoni anche per via del minor effetto della barriera 
coulombiana (essendo in questo caso «ny più elevato e quindi trattandosi in 
generale di protoni ad energia più elevata). Uno studio accurato della distribuzio- 
ne angolare dei protoni emessi potrebbe chiarire questo punto: ci si dovrebbe, per 
‘questa ragione, aspettare una differenza tra la distribuzione angolare dei pro- 
toni e quella dei neutroni, essendo le transizioni per i protoni limitate a quelle 
«di basso momento angolare (quindi con una più marcata anisotropia nella di- 
stribuzione angolare). Infatti i risultati teorici di WILKINSON (4) danno, nel 
caso del piombo, una distribuzione angolare dei neutroni — 1 + 0.7 sin? 2 e 
quella dei protoni — 1 + 1.4 sin? 9. 

In una recente esperienza, FERRERO e coll. (42) studiano i fotoneutroni 
‘emessi dal Bismuto. In particolare si riferiscono al gruppo di neutroni veloci 
e trovano che questi mostrano lo stesso comportamento di risonanza gigante 
quale si ha dallo spettro totale dei neutroni e che la distribuzione angolare di 
questo gruppo veloce è in accordo con le previsioni del modello a shell; inoltre 


(4°) H. Mortnaca: Phys. Rev., 97, 435 (1955). 

(7) D. H. WILKINSON: Relazione al Congresso di Amsterdam (1956). 

(42) F. FERRERO, A. 0. Hanson, R. Matvano e C. TrIBUNO: Nuovo Cimento, 4, 
-418 (1956). 
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questa frazione di neutroni veloci è compatibile con l’ipotesi che l'assorbimento 
del protone avvenga come transizione di una singola particella. 

Un risultato analogo era stato trovato da PRICE (4%) che pure studia il 
comportamento dei fotoneutroni ad alta energia, trovando che essi sono emessi 
principalmente ad angolo retto (la rivelazione dei neutroni è fatta con ?7Al(n, p) 
e ?8Si(n, p), elementi sensibili a neutroni di energia > 4 MeV): la deviazione 
da una distribuzione isotropa è, secondo PRICE, più marcata per i fotoneutroni 
provenienti da nuclei pesanti che non per quelli da nuclei leggeri. 

Più dettagliatamente FERRERO e coll. trovano che il numero relativo di 
neutroni veloci è circa il 7% del numero totale dei neutroni emessi; che la 
distribuzione angolare può essere rappresentata da un valore sperimentale di 
B/A (vedi formula (6)) dell’ordine di 0.9 + 0.1: ciò è coerente con le dedu- 
zioni del modello a shell. 

Anche l’esperienza di LEJKIN e coll. (44) che studiano i fotoprotoni dal rame 
e dal nickel indica una forte anisotropia nella distribuzione angolare, e un 
eccesso di protoni veloci. L’esperienza è fatta usando un sincrotrone con y 
di bremsstrahlung aventi una energia massima di 30.5 MeV. Lo studio è fatto 
per diverse energie massime; nel caso del rame trovano una maggiore devia- 
zione dalla simmetria sferica quando lavorano con energie massime di 19 e 
24 MeV, mentre a 30.5 MeV l’anisotropia diminuisce; a quest’ultima energia 
trovano per la distribuzione angolare dei fotoprotoni B/A—0.8. Trovano 
inoltre un eccesso di protoni veloci (rispetto alla teoria statistica) sia dal rame 
che dal nickel. 

Per concludere faremo notare che secondo il modello di WILKINSON che è 
basato sul modello a shell, la risonanza gigante potrebbe mostrare, con espe- 
rienze molto delicate, una eventuale struttura fina. 


7. — I modelli collettivi. 


Per concludere questa prima parte della rassegna, ci restano da prendere 
in esame i modelli collettivi. 

Questi sono basati su una approssimazione opposta a quella degli IPM; 
infatti negli IPM si fa l’ipotesi estrema che i nucleoni non interagiscono fra 
loro, mentre i modelli collettivi poggiano sull’ipotesi di nucleoni fortemente 
interagenti. Si ha allora che secondo gli IPM il y è assorbito da un solo nucleone 
mentre secondo i modelli collettivi un gran numero di nucleoni è coinvolto 
nell’assorbimento del y; 1a ragione per cui ambedue i modelli riescono altrettanto 
bene nello spiegare i risultati sperimentali per quello che riguarda le caratte- 


(4) G. A. PRICE: Phys. Rev., 93, 1279 (1954). 
(44) E. LEJKIN, R. OsoKINA e B. Ratner: Suppl. Nuovo Cimento, 3, 105 (1956). 


LE REAZIONI FOTONUCLEARI E LA RISONANZA GIGANTE - I 261 


ristiche qualitative generali (energia HE, a cui si ha il massimo, dipendenza 
di E, da A, sezione d’urto integrata) è probabilmente dovuta al fatto che i 
modelli IPM (che funzionano molto bene alle basse energie, dove la effettiva 
interazione tra due nucleoni è indebolita per via del principio di Pauli) vanno 
bene nella stessa regione di energia dei modelli collettivi. Della validità del 
modello a shell fino al limite della zona energetica della risonanza gigante si 
è già detto nella introduzione; quanto ai modelli collettivi, è noto che essi 
danno una descrizione classica del nucleo: ciò significa che per la validità di 
una tale descrizione, è necessario che la frequenza dei moti collettivi sia molto 
minore della frequenza dei singoli nucleoni entro il nucleo: è questa condizione 
che limita la regione di energia entro cui è valido il modello collettivo. 
Furono GOLDHABER e TELLER (4) i primi a stabilire il carattere di dipolo 
della grande sezione d’urto per i processi fotonucleari e a proporre tre diversi 
meccanismi d’assorbimento basati su oscillazioni armoniche dei neutroni e 
protoni e trattati classicamente; in uno di questi, ogni protone ed ogni neutrone 
oscilla attorno alla propria posizione di equilibrio; trovano così che la frequenza 
del primo livello eccitato, che è in diretta relazione con l’energia £,, a cui si 
ha la massima sezione d’urto, è indipendente dal numero di massa A; in un 
altro fanno l’ipotesi che neutroni e protoni si comportino come due fluidi incom- 
pressibili e interpenetranti: durante la vibrazione di dipolo i due fluidi si spo- 
stano uno rispetto all’altro in modo che vicino alla superficie nucleare non si 
sovrappongono più; con questa ipotesi trovano che l’energia di risonanza varia 
rispetto al numero di massa, come A-*; come risultato numerico, con un op- 
portuno valore della costante di richiamo K che appare nel termine di energia 
potenziale, trovano hw = 404-* MeV, valore assai inferiore a quello sperimen- 
tale, e per la sezione d’urto totale d’assorbimento integrata: o [(odW= 


int T 


= (a*he?/Me)(A/2) (cioè lo stesso risultato che si ha con la regola della somma 
— vedi formula (1) —). Infine in un altro meccanismo, proposto da GOLDHABER 
e TELLER e sviluppato in dettaglio da STEINWEDEL e JENSEN (4), si suppone 
che le oscillazioni di dipolo avvengano in maniera da variare le singole den- 
sità 9, € 0, dei due fluidi (neutronico e protonico), pur restando costante la den- 
sità totale 0 = 0, + 0,3; cioè ogni diminuzione locale della densità neutronica 
è compensata da un corrispondente aumento della densità protonica; si fa in 
questo caso l’ipotesi che neutroni e protoni abbiano posizioni fisse l’uno rispetto 
all’altro sulla superficie nucleare. In questo modo trovano che Em Varia se- 
condo A-* e precisamente #@ — 60A- MeV. Anche in questo caso il valore 
di E, è troppo piccolo rispetto a quello sperimentale e per avere il giusto valore 
occorre circa raddoppiare il valore della costante K di richiamo che appare 
nel termine dell’energia potenziale K(0, — e,)°/00, rispetto al valore usuale 


(4) M. GOLDHABER e E. TELLER: Phys. Rev., 74, 1046 (1948). 
(49) H. SteINWEDEL e J. H. D. Jensen: Zeits. f. Naturfor., 5a, 413 (1950). 
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inserito nella formula empirica di Weizsacker (47); per la sezione d’urto inte- 
grata o,,, trovano il solito valore 


,,, = 0.0154 MeV-barn . 


DANOS (#8) fa notare che la massa del nucleone che interviene nella o,,,, 
non è necessariamente la stessa massa del nucleone libero poichè neutroni e 
protoni durante le oscillazioni di dipolo si scambiano mesoni e questo riduce 
l’effettiva massa inerziale; questo effetto tende ad aumentare sia la frequenza 
di risonanza che la sezione d’urto integrata. DANOS e STEINWEDEL (8) hanno 
anche esaminato quale influenza sui risultati di questi calcoli ha il tener conto 
dell’energia coulombiana e di una distribuzione non uniforme dei protoni nel 
nucleo originale; trovano che il primo effetto è trascurabile, mentre il secondo: 
diminuisce leggermente la dipendenza A-* della frequenza di risonanza. 

Va notato che con questi modelli collettivi, non si riesce a render conto 
bene del grande valore sperimentale del rapporto o(y, p)/o(y, n); infatti, in 
questo caso, i neutroni e protoni vengono emessi per evaporazione ed è noto 
che il processo evaporativo favorisce l'emissione di particelle di bassa energia 
(perchè allora il nucleo residuo viene lasciato in una zona energetica ove la 
densità del livello è più elevata) e ciò ovviamente favorisce i neutroni, dovendo. 
i protoni superare la barriera coulombiana. Tuttavia SCHIFF (*°) fa alcune 
considerazioni teoriche che portano ad un aumento nella emissione di parti- 
celle di alta’ energia, in una zona cioè in cui la barriera coulombiana ha molto 
meno effetto nel trattenere i protoni: ciò porta chiaramente ad un aumento 
del rapporto o(y, p)/o(y, n). 

Le considerazioni di SCHIFF sono basate sulla osservazione della differenza 
che vi è nel carattere del nucleo composto formato dall’assorbimento di un 
nucleone oppure dall’assorbimento di un quanto y; nel primo caso lenergia 
cinetica e di legame del nucleone incidente è rapidamente divisa tra tutte le 
particelle del nucleo e il risultato è un nucleo composto il cui stato è una 
sovrapposizione dei diversi modi di oscillazione del nucleo come un tutto; nel 
caso del y, invece, il campo elettromagnetico della radiazione incidente 
varia lentamente lungo le dimensioni del nucleo (nella regione d’ener- 
gia della risonanza gigante) cosicchè tutti i protoni risentono della mede- 
sima forza; questo fa sì che il nucleo composto possa essere descritto da un 
numero molto piccolo di modi di oscillazione; questo grado di regolarità degli 
stati composti formati dall’assorbimento del y si riflette anche sugli stati del 
nucleo residuo che risulta dalla emissione di un protone o un neutrone (que- 


47 


(47) V. WEISSKOPF: Theoretical Nuclear Physics (1954), p. 229. 
(48) M. Danos e H. STEINWEDEL: Zeits. f. Naturfor., 6a, 217 (1951). 
(49) L. I. Scutrr: Phys. Rev., 73, 1311 (1948). 
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st’ultima affermazione si può dedurre dalle considerazioni del processo inverso: 
solo una piccola frazione di tutti gli stati possibili del nucleo residuo può assor- 
bire un protone o un neutrone per formare quel particolare nucleo composto). 

Il risultato è che la densità di questi particolari livelli del nucleo composto 
(detti «livelli regolari »), cresce meno rapidamente con l'aumentare dell'energia 
di eccitazione che non la densità di tutti i livelli energetici: è per questo che 
saranno perciò emessi nucleoni di energia relativamente più alta; secondo il 
calcolo di ScuiFF la densità dei livelli regolari è proporzionale a In (E/a) 
(E =energia di eccitazione, a — 20/A MeV) anzichè alla exp [2(E/a)}] che si 
ha dalla teoria statistica; in questo modo l’accordo con i dati sperimentali è 
migliore. 

Va inoltre notato che nel modello di Steinwedel e Jensen, non si tiene conto 
del fatto che o, e 0, cambiano sulla superficie nucleare: infatti il cambiamento 
della densità di ciascuno dei due fluidi sulla superficie del nucleo porta ad una 
variazione nella energia di superficie anche se non si considera un movimento 
come un tutto dei protoni contro i neutroni, come fanno GOLDHABER e TELLER; 
STEINWEDEL e JENSEN trascurano l’energia dovuta a questo cambiamento rite- 
nendola piccola rispetto all’energia di simmetria; GOLDHABER e TELLER invece 
considerano solo l’influenza del cambiamento di densità alla superficie dovuto 
allo spostamento dei due fluidi come un tutto; nel loro modello o, € 0, sono 
costanti. 

DE SABBATA e SUGIE (5°) hanno allora considerato un modello in cui oltre 
allo spostamento dei due fluidi come un tutto, si tiene conto anche della varia- 
zione delle densità 9, e 0,; l'accoppiamento fra i due tipi di moto appare nel- 
l’energia cinetica: si trova così una soluzione doppia per le frequenze di riso- 
nanza. Le costanti delle forze di richiamo vengono usate come parametri: 
sono considerati i due casi in cui o si identifica la frequenza più alta con la 
risonanza gigante oppure quella più bassa; nel primo caso la frequenza più 
bassa si trova proprio nella regione della soglia del processo fotonucleare cosic- 
chè non appare come un picco nella sezione d’urto (misure di assorbimento 
nucleare di fotoni potrebbero eventualmente indicare l’esistenza di questo 
livello, se c’è). 

La presenza di questo livello potrebbe spiegare il maggior valore del rap- 
porto o(y, p)/o(y, n) rispetto a quello dato dalla teoria statistica: infatti la 
presenza di questi moti ordinati diminuisce (44) la densità dei livelli energetici 
proprio nella regione di energia in cui viene lasciato il nucleo residuo quando 
è emesso un nucleone di bassa energia (essendo la differenza di energia tra i 
due livelli risonanti circa uguale all'energia di legame di un nucleone); ciò 
diminuisce allora la probabilità di emissione di nucleoni a bassa energia aumen- 
tando perciò la probabilità relativa di emissione di nucleoni a più alta energia 


(59) V. DE SABBATA e A. SuGie: Nuovo Cimento, 3, 16 (1956). 
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dove la barriera coulombiana agisce meno fortemente nel ridurre la emissione 
di protoni. 

Tuttavia in questo caso il rapporto fra la larghezza /°, e quella totale I’, 
cioè /,/I'— o,,,/o,, € inoltre il valore della sezione d’urto integrata sono troppo 
piccoli rispetto ai risultati sperimentali. 

Un migliore accordo con l’esperienza si ha invece nel secondo caso, quando 
cioè si identifichi il livello più basso con la risonanza gigante (in questo caso 
la frequenza più alta è così elevata che per tali energie la lunghezza d’onda 
del è troppo piccola per potersi applicare l’ordinaria approssimazione di dipolo, 
e comunque la larghezza di questo livello è molto piccola); si trova il corretto 
ordine di grandezza per il rapporto 1°," e per la sezione d’urto integrata. In 
tutti e due i casi si ha un migliore andamento della frequenza di risonanza in 
funzione del numero di massa, che è qualcosa tra A7* (dipendenza secondo il 
modello di GOLDHABER e TELLER) ed A7* (secondo STEINWEDEL e JENSEN): 
i valori sperimentali variano circa come AT. 

Vi è tuttavia da notare che si è dovuto cambiare il valore della costante 
che appare come coefficiente della energia di simmetria nella formula semi- 
empirica di Weizsacker, che d’altra parte è in questa formula assai ben deter- 
minata. È probabile che una analisi più approfondità di ciò che avviene sulla 
superficie nucleare e l’inclusione di un termine di energia superficiale, dovuto 
al cambiamento della distribuzione della densità neutronica e protonica sulla 
superficie del nucleo, conduca a risultati migliori. 

Anche FERENTZ, GELL-MANN e PINES (5!) applicano la descrizione collet- 
tiva dell’interazione tra nucleoni per investigare la risonanza gigante nei nuclei 
pesanti. Il metodo segue da vicino quello di BoHM e PINES (5?) che considerano 
l'interazione elettrone-elettrone nei metalli. 

FERENTZ e coll. partono da un sistema di nucleoni individuali, interagenti 
per mezzo di forze a due corpi a corto raggio e investigano fino a che punto 
queste forze conducono a un comportamento collettivo. Trovano che la parte 
del potenziale nucleone-nucleone V,; che è proporzionale a tit? può condurre a 
una oscillazione del nucleo come un tutto, simile alle oscillazioni di dipolo de- 
scritte da GOLDHABER e TELLER (3°). Il livello eccitato corrispondente a questa 
oscillazione si trova ad una energia iw = W,A~* al disopra dello stato fonda- 
mentale dove un calcolo approssimato indica che W;~ 80 MeV in accordo 
con l’esperienza. 

Gli Autori calcolano anche la larghezza J’, di questo livello trovando che 
essa è proporzionale ad A? e usandola per ottenere la sezione d’urto per assor- 
bimento e diffusione dei raggi y in questa regione. Poichè trascurano gli effetti 
di superficie, l'applicazione è limitata ai nuclei pesanti. Per la sezione d’urto 


(51) M. Ferentz, M. GeLL-MANN e D. Pines: Phys. Rev., 92, 836 (1953). 
(52) D. Boum e D. Pines: Phys. Rev., 85, 338 (1952). 
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integrata trovano il solito risultato | odE =477(e*h/Mc)A, identico a quello di 
LEVINGER e BETHE (!), mostrando che il livello di dipolo «esaurisce» la regola 
della somma; il disaccordo invece per quello che riguarda l’energia media e 
l’energia armonica media, rispetto ai risultati di LEVINGER e BETHE sono da 
attribuirsi al fatto che questi ultimi (LB) trascurano le correlazioni delle fun- 
zioni d’onda dello stato fondamentale del nucleo dovute al principio di Pauli. 

Per terminare questa rassegna, va menzionato il lavoro di BUSINARO e 
GALLONE (5) i quali pure usano un modello collettivo: la risonanza è dovuta 
alla eccitazione di un modo collettivo di moto e la larghezza al suo decadi- 
mento attraverso la eccitazione di una singola particella. 

BUSINARO e GALLONE considerano un modello simile a quello di GOLDHABER 
e TELLER in cui il complesso dei protoni si sposta rispetto al complesso dei neu- 
troni introducendo, per calcolare la forza di richiamo, l'ipotesi semplificativa 
che la profondità del potenziale nucleare medio sia proporzionale al valore 
locale della densità nucleonica; essi trattano allora il potenziale associato allo 
spostamento di una sfera di raggio uguale al raggio nucleare R contenente pA 
nucleoni uniformemente distribuiti, rispetto a una sfera dello stesso raggio 
contenente i restanti (1—q)A nucleoni, come una perturbazione. Trovano 
così il corretto ordine di grandezza per l’energia di risonanza e una dipendenza 
della stessa dal numero di massa A secondo qualcosa che sta fra AT e AT. 
Inoltre per la larghezza I’ della risonanza, nell’ipotesi che le oscillazioni col- 
lettive si smorzino a causa del trasferimento dell’energia alla eccitazione di 
una singola particella trovano /'—4 MeV in buon accordo con l’esperienza. 


8. — Conclusione. 


Abbiamo così preso in esame la teoria delle fotoreazioni nucleari sulla base 
dei diversi modelli. Che i modelli a particelle indipendenti, in particolare quello 
a shell, ed i modelli collettivi riescano altrettanto bene nello spiegare le carat- 
teristiche qualitative generali del fenomeno è, come si è già detto, probabil- 
mente dovuto al fatto che entrambi i modelli sono validi circa nella stessa 
regione di energia. 

A parte il fatto ben noto che il modello a shell va molto bene nel descri- 
vere gli stati fondamentali del nucleo (anche nella sua formulazione più sem- 
plice di IPM, e questo perchè la effettiva interazione tra due nucleoni è inde- 
bolita per via del principio di Pauli che permette un libero cammino medio 
di un nucleone in materia nucleare più grande del raggio del nucleo) esso si 
può estendere, come si è visto nella introduzione, fino ad una energia 
E, 55.A* (che dà un limite superiore che va da 10 a 20 MeV nel passare 


(5) V. L. Bustnaro e S. GALLONE: Nuovo Cimento, 1, 1285 (1955). 
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dai nuclei pesanti a quelli leggeri) cioè proprio vicino alla regione energetica 
della risonanza gigante; d’altra parte anche i modelli collettivi sono validi 
proprio in questa regione d’energia, essendo il limite di validità imposto dalla 
frequenza dei moti collettivi che deve essere piccola rispetto a quella dei sin- 
goli nucleoni entro il nucleo. 

Lo stato attuale delle conoscenze sperimentali non permette di stabilire 
con sufficiente sicurezza quale dei due modelli (collettivo o a particelle indi- 
pendenti) sia più adeguato, benchè la anisotropia nella distribuzione angolare 
dei fotoprotoni e dei fotoneutroni e la loro distribuzione energetica sembri 
indicare una preferenza per gli IPM e in particolare per il modello a shell di 
WILKINSON. Tuttavia quest’ultimo modello, come si è visto, dà un valore troppo 
basso per l’energia E, a cui si ha la risonanza e occorre tener conto contem- 
poraneamente di tre cose: a) l'energia d’accoppiamento, b) un raggio nucleare 
più piccolo, c) la massa effettiva, per ottenere il corretto risultato, e questo 
sembra per il momento (cioè allo stato attuale della conoscenza di queste tre 
quantità) introdurre un margine troppo vasto di arbitrarietà; d’altra parte 
nella formulazione dei modelli collettivi si dovrebbe porre maggiore attenzione 
a quello che avviene sulla superficie nucleare, formulando una teoria della 
distribuzione della densità sulla superficie, e cercare di precisare quantitati- 
vamente l’effetto di una variazione della densità superficiale combinandola 
energeticamente con le variazioni interne di densità. 

È quindi necessario da una parte raffinare il materiale sperimentale e dal- 
l’altra perfezionare i modelli teorici per potere ottenere risultati che rappre- 
sentino un migliore accordo tra teoria ed esperienza e che ci permettano quindi 
di decidere sulla bontà di un modello piuttosto che di un altro. 
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